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Abstract

We develop a direct paradifferential approach to nonlinear graph integral operators arising in contour
dynamics. The main methodological result is an abstract structure-preserving paralinearization theo-
rem, valid in arbitrary dimension, for a class of homogeneous kernels whose nonlinear dependence on
the graph is expressed through normalized finite differences. The theorem covers both critical principal-
value kernels and subcritical locally integrable kernels, gives explicit formulas for the principal symbols,
and separates the finite-order symbolic contribution generated by the homogeneous singularity from
order-zero far-field terms and arbitrarily smoothing remainders. A structural feature of the reduction is
the cancellation of the intermediate symbolic order; at the critical endpoint the construction also pre-
serves the exact skew-adjoint structure of the original singular integral.

As a main application, we consider the three-dimensional two-phase free-boundary Euler equations
with constant interfacial background vorticity. We first derive an autonomous contour-dynamics equa-
tion in canonical surface variables and then apply the abstract theorem directly to the singular integral
operators generated by the Birkhoff-Rott formulation. This yields the complete paradifferential structure
of the system without taking the Dirichlet-Neumann reduction as a starting point. After introducing an
Alinhac good unknown and diagonalizing the resulting system, we obtain local well-posedness for small
Sobolev perturbations in the stable Kelvin—Rayleigh-Taylor regime, uniformly on compact subsets of the
stable parameter set.

Keywords: Paradifferential calculus, Paralinearization, Singular integral operators, Contour dynamics, Free bound-
ary problems, Water waves, Vortex sheets, Kelvin-Helmholtz instability.
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B.4 Proof oflTheorem B. 1

1 Presentation of the problem and main contributions

The analysis of fluid interfaces governed by contour-dynamics formulations leads naturally to nonlinear,
nonlocal evolution equations driven by singular integral operators. Such equations arise in a broad range
of models in fluid dynamics, including vortex sheets, water waves, surface quasi-geostrophic sharp fronts,
porous-media interfaces, and related free-boundary problems. Their analysis has traditionally proceeded
along two complementary directions: through the geometric and singular-integral structure of the underly-
ing contour equations, and through paradifferential reductions designed to capture their quasilinear char-
acter. To the best of our knowledge, however, a general framework directly connecting nonlinear singular
contour-dynamics operators with their paradifferential counterparts, while retaining the structural proper-
ties of the original formulation, has not been developed.

The purpose of this work is to provide such a framework. We introduce a direct paralinearization strat-
egy for singular contour-dynamics operators, yielding a robust procedure for reducing nonlinear, nonlocal



interface equations to paradifferential systems while preserving their essential structural features. The strat-
egy is formulated at the level of an abstract class of homogeneous kernels, in arbitrary dimension, whose
nonlinear dependence on the interface enters through normalized finite differences of the graph function;
it covers both critical principal-value kernels and subcritical locally integrable ones, produces explicit prin-
cipal symbols, and isolates the finite-order symbolic contribution of the singularity from far-field terms and
smoothing remainders. In particular, this approach makes it possible to work directly with the underly-
ing singular integral operators, without first reformulating the problem in terms of a Dirichlet-Neumann
operator, as is customary in the analysis of water-wave equations.

Because the reduction is carried out on the kernel itself rather than on a specific model, it applies uni-
formly to a number of contour-dynamics operators that have so far been treated by model-dependent tech-
niques. In the corresponding small-interface regimes, the singular parts of the circular Kelvin—-Helmholtz
operators, the local parts of the operators governing a-SQG sharp fronts for a € (1,2), and the compensated
critical kernels of the three-dimensional Muskat equation all fall within the abstract class, with periodic
coefficients, non-integer orders, and compensated finite-difference structures handled by the extensions
of the abstract structure-preserving paralinearization theorem. These examples, collected in
indicate that the framework is not tied to any particular free-boundary problem but reflects a common
paradifferential structure shared across contour dynamics.

As a flagship application, we consider the motion of two immiscible, incompressible, inviscid fluids sep-
arated by a smooth interface and allowing for interfacial vorticity. This setting contains both the one-phase
water-wave regime and the Kelvin—-Helmholtz regime as distinguished limiting configurations of the density
parameters. While substantial progress has been achieved for the water-wave problem [6,21,(79,/106,(107],
and the two-dimensional Kelvin—-Helmholtz problem has a long and well-developed theory [33,94}/95], the
three-dimensional two-phase system with general density ratio and interfacial vorticity remains largely
open. In this setting, the main difficulty stems from the singular and nonlocal velocity field induced on
the interface by the Birkhoff-Rott integral. We address this problem within the general framework devel-
oped here: we obtain a direct paralinearization of the governing singular integral operators, identify the
full quasilinear structure of the system, and use this reduction to establish local well-posedness in Sobolev
spaces.

Notation 1.1. Throughout the manuscript we adopt the following notational conventions to distinguish
scalar, vector, and matrix quantities:

e scalar quantities (functions, operators, symbols, etc.) are denoted by lower-case letters (e.g., a, b, ¢, .. .);
* two-coordinate vector quantities (functions, operators, symbols, etc.) are denoted by upper-case let-
a |,
a ’

¢ three-coordinate vector quantities (functions, operators, symbols, etc.) are denoted by lower-case

ters (e.g., A, B,C,...) and shall be written in components as A =

relatively to the first two

bold letters (e.g., a, b, c,...), such vectors shall be decomposed as a = [;4
3

and last component;

* two-by-two matrix quantities (functions, operators, symbols, etc.) are denoted by upper-case bold
letters (e.g., A, B,C,...);

* two-by-three matrix quantities (functions, operators, symbols, etc.) are denoted by Fraktur upper-
case letters (e.g., A,*B,C,...).

The principal exceptions to this rule are the spatial variable x € R? and the frequency variable ¢ € R?, which
we keep in lower case to avoid excessively heavy notation. This convention leads to some nonstandard
choices, such as denoting the Dirichlet-Neumann operator by 4 instead of the usual G. We believe, however,
that the improved clarity afforded by this unified notation system justifies these departures from standard
conventions.

We emphasise that this convention is restricted to the unknowns and operators that compose the system
under study, and shall be expecially useful and handy in[Section 5} standard mathematical objects such as



Banach and Hilbert spaces, norms, inner products, and other common objects of functional analysis retain
their usual notation.

We denote generic elements in the plane and space as x := [? € R? and x := [; € R3. The corre-
2 3
: : : 2 3 a)C1 \
sponding gradient operators in R“ and R” are defined as V := 5 and Vy := PRE We define
X2 X3
0 -1
vii= V, = .
J J 1 0 ]

Given a finite time T > 0, we shall work on the finite time interval I := (—T, T). The interface separating both
fluids is denoted I'(#) and is parametrized by y (¢, x), namely

I(0):={y(tx) eR| xeR?}.
In what follows, we shall make the assumption that the interface I'(#) is a graph on R? parametrized as
(£, %)~y (£, %) = (x,n(t,0) € C' (I x R%;R3). (1.1)

The elevation function 7 : I x R> — R is one of the main quantities of interest in our study. It separates R3
into two open and simply-connected sets

QT (O :={t,x)=(t,x,x3) e [xR> st x3>n(x)},
Q (0:={t,x)=(tx,x)e xR st x3<nx)}.

We assume that the domains Q* (¢) are filled with inviscid, immiscible fluids, with constant densities
p - =pt=0.

The associated velocity and pressure fields are denoted u* and p*, respectively. The fluid is considered to
be incompressible in both phases, i.e.

divyu® =V, -u* =0, in IxQF. (1.2)

Here and in the sequel, the notation u- v := uT v stands for the usual Euclidean scalar product. The evolution
of the fluids is described by the incompressible non-homogeneous Euler equations

p* (0:u™ + (U™ Vi) u™)=-Vyep™ —gp~ es, in IxQ*(. (1.3)

where g € R is the gravitational constant and es := V, x3. Since the fluids are immiscible, the interface I'(#) is
transported by the normal velocity component. Specifically, we define the velocity field u* by continuous
extension to the interface, acknowledging that while the normal component is continuous, the tangential
component may exhibit a jump across I'(z). Thus, the interface evolves according to the transport equation:

-V
(07 = |y ) -v =0, v=v(y):= Oxlrxamr:[ ln]' (1.4)

Given a vector field QF defined on Q* (¢) with trace w* on I' (), we denote

0w +w’

[0*] =0 -0, {(w*): 5

Moreover, we define the Atwood number

a:=a(p*):= —2 P €0,2]. (1.5)



The boundary condition for the pressure is given by the equation

Hpi|F(t)u =0k (y), (1.6)

where o = 0 is the surface tension coefficient and £ (y) is the mean curvature of the surface y which, under

the assumption|Eq. (1.1)} becomes

Vin
K(Y)’y(x):(x,n(x)) ==Vy- K(VTI), K(Vn) e (1.7)

\/1+|Vx17|2

We complement the system identified by[Egs. (1.2)|to|(1.4)|and(1.7)| by fixing a constant background sheet
strength Q € R? and working in the centered Galilean frame in which the common horizontal velocity at
infinity vanishes, i.e., we impose

ol
0

- 1
ui(t,x,z)lzl—oo>i§

, (1.8)

and assume that the perturbations of these constant far-field states have the Sobolev regularity specified
below. We also assume that
Vexutf=0 in Q uQ'.

The system that we finally obtain, and that we shall study along the manuscript, is the following

p*(0:u™ + (U™ -Vy)u*)=-VypT—gpTes, in IxQ*(1),
(007 = ) - v=0, in IxT(t),
V1P| =k ), in IxT(2), (1.9)
Ve ut=0, in IxQ*(),
Vexu®t =0, in IxQ*(.

It is well known that the irrotationality assumption in [Eq. (1.9)|implies that there exists ¢p* : I x Q* (1) — R
such that

Vet = ut, in  IxQ*(1). (1.10)

Remark 1.2. Let us mention that the two limiting cases a = 0 and a = 2 correspond to the Kelvin-Helmholtz
and deep gravity-capillary 3D water-waves systems, respectively. ¢

1.1 Functional setting
Given a function u € L' (R?;C), we denote with

1

=— | u@e *dx, ¢eR?
27 Jr2

i(g):
so that, if i € L1 (IRE2 ; C), we can recover u from i via the classical inversion formula
1 ~ ix-&
ux)=—1, aée*>dé.
27 Jr2

Itis immediate that u is real valued if and only if 7 () = @ (—¢). We define, for any s € R the non-homogeneous
Sobolev space H® := H® (R?;C) as the closure of CZ° (R%;C) functions w.r.t. the norm

Il = ¢ [RGRILIGIR =\ 1+181%

We use the notation

Uy
Uz

U1
U2

Uiy urv2
U1 U2

UV = ® =y’ =




Notation 1.3. Let T,r >0and se R.
1. wedenotewith I:=[-T,T];

2. for u e H*, we set
el s = llull gs;

3. forueC(I; H®) and Uy := (uy, ..., up), we set

= supluoll, [0yl i= ma ],
4. we denote with
Bs(I;r):=Bx (0,1), X =C(I H* (R%0Q)).
5. we denote with
Bsr(I;r):=Bx (0,1), X =C(I; H (R%R)).

All symbol, kernel, and smoothing-operator classes below are scalar. Their statements and estimates
apply componentwise to finite-dimensional vectors and matrices. A separately estimated argument written
in brackets does not define a new class: it denotes the evaluation of a continuous linear map with values
in the corresponding Fréchet space, according to Such an argument is not included among
the small backgrounds and is not required to be small. Time is suppressed in pointwise formulas, and all
estimates are uniformin 7 € I.

1.2 Main results

We organize the main results around the three steps that connect the free-boundary Euler system to the
Cauchy theory: the autonomous canonical contour-dynamics formulation; an abstract paralinearization
theorem for graph integral operators, together with its application to the canonical CDE; and the local well-
posedness theorem.

1.2.1 The contour-dynamics formulation

The first step is to eliminate the bulk variables and close the evolution on the interface. At the level of
contour dynamics, one could already obtain a closed system by working with the elevation ) and the surface
vorticity Q0. We do not use these variables, however, since the natural Hamiltonian coordinates for the two-
fluid problem are the elevation and the density-weighted trace potential ¥ defined by
[o*v*] e
Yi=———, Y=, (1.11)
=) (”

Passing from Q to v therefore does more than close the equations in scalar surface variables: it puts the
contour dynamics directly in the canonical coordinates which will later be compatible with the Hamiltonian
symmetrization and the energy estimates.

Since the prescribed background Q € R? is represented by an affine, and therefore non-Sobolev, poten-
tial, we further separate it by setting

T :=xt-Q,  Vig=Q, Gi=y-. (1.12)

The Bernoulli gauge is fixed as in [Eq. (2.21)} so that the flat configuration (n,@) = (0,0) is stationary. The
resulting reduction is the following.



Theorem 1.4 (The vortex-sheet equations as an autonomous canonical Contour Dynamic Equation (CDE)).
Let o, p* = 0 with {p*) >0, let g € R, and let Q € R?. There exist s) > 0 and ro > 0 such that, in the class of

graph configurations for which 1 and v are defined by|Egs. (1.1)| and|(1.11), ¥ is given by|Eq. (1.12), and
1 € By, r (I;10) the free-boundary Euler system|Egs. (1.8) and|(1.9)|is equivalent to

{m=y* () [2[2] ()] +g (aln) [¥], (1.13a)
V=7 (0%, Q|n,v). (1.13b)

The objects appearing in|Eq. (1.13)|are defined, in their order of appearance, as follows.

* The operator g* (n) is the normal-velocity operator in vorticity variables defined by

v V* Q] vn-Q)-q(n)Q)*

g5 () Q:=v* Q1 (n)- _717 . v QI(n):= s ((1’77))] _|(% (”)[_;Z)(n)]lé(") Il aae
where the singular integral operators By and q are given by
1 z

Bo (1) [w] (x) := Ep.v.fmz - w(x—2) dz, (1.15a)

(|z|2+(5zn(x))2)2
7(n) 0] (0) :=——p.x. f 0N) -2 dz, (1.15b)
47 R

(122 + (B 0)?)”
with 6.1 (x) :=n(x) —n(x-2).
* The canonical background vorticity is
Q[Q] (n):= S(aln) v,

where the potential-to-vorticity map S (a|n) is defined by

S(aln)y:=v*t(1+aro(n) v,
To(n)y:= ATV (Bo () [V VEw] - g (n) Vi + (B () - Vi) Vi),

where the operators By and q are given in|Eqs. (1.15a)|and|(1.15b)}

(1.16)

* The generalized Dirichlet-Neumann operator in canonical variables is

g(aln):=g"(n)oS(aln),

with g* and S as in|Egs. (1.14)| and|(1.16)|
s The function 7 (p*,Q|n, ¥) in|Eq. (1.13b)|is the shifted Bernoulli function defined by

7 (0%, Q|n, @) := 1" (0%|n, 2 [Q] (n) + S (a|n) %) — cq»

where

n* (p*[n,Q) = <<:—i>>v~?c(vn) —gan - Q- V* Q] (n)

5 oIV 1 ) -] @1 () + 403 100 (1) V* 101 () -v + 3 2L

)

where X, V* and v} are given in|Egs. (1.7)|and|(1.14)| The Bernoulli gauge

a, -
szi=—§|9|2

gives 7 (p*,0/0,0) = 0.



1.2.2 Paradifferential reduction of the CDE

The second, and main technical, result of the manuscript consists in the paradifferential reduction of the
CDE|Eg. (1.13)| This is achieved via a two-steps process:

i we prove an abstract theorem (Theorem 1.5) that allows us to paralinearize arbitrary nonlinear convo-
lution kernel operators in any dimension d = 1 with suitable integrability hypothesis and;

ii we apply this abstract result to paralinearize the terms in the CDE for the 3D vortex-sheet equation that
resists classical tools of paradifferential reduction, mainly the singular integral operators By and ¢ in
[Egs. (1.15a)|and|(1.15b)] Next, we perform a careful analysis of every term involved in the reduction in
order to obtain the final paradifferential system.

At this stage we deliberately avoid introducing the full paradifferential framework needed for a com-
pletely quantitative formulation, including the precise symbol and smoothing-operator classes and their
associated tame estimates. The statement below should therefore be regarded as a concise preview of the
paralinearization mechanism, whose notation and precise meaning are developed in[Section 4] Throughout
this preview, the Sobolev estimates are understood for every s = sy, where s is a sufficiently large regularity
threshold whose value is not made explicit. The techniques developed in the manuscript would in principle
allow one to track an admissible value of s,. We have chosen not to do so, since this would require a substan-
tial amount of additional computations and low-order estimates without introducing any new conceptual
ingredient, while considerably burdening the exposition.

Paralinearization of abstract nonlinear convolution operators in arbitrary dimensions. This is one of
the main methodological contributions of the paper. We consider d € N* and graph integral operators on
R? of the schematic form

t(n)(n)[w](x)=f h(zn)k(n(x)_n(x_z))w(x—z)dz, O<nsd, 2:=—, (1.17)
Ra |Z] |zl |z]

where the functions & and k are smooth (cf. for the precise regularity requirements) and
the integral is understood in the principal-value sense in the critical case n = d whereas in the subcritical
case the convolution kernel is locally integrable around zero. Thus the singular or weakly singular kernel
depends nonlinearly on finite differences of the graph itself. This interaction between the z-singularity and
the nonlinear geometry prevents a direct application of standard paralinearization techniques.

Rather than analyzing such operators on a case-by-case basis, we develop an abstract structure-preserving
paralinearization theorem which generalizes the mechanisms introduced in [24,85]. The theorem works in
arbitrary dimension, covers both the critical and subcritical regimes in[Eq. (1.17)} and captures the struc-
tural cancellation of the intermediate symbolic order. This is one of the main technical innovations of the
paper and provides the operator-level foundation for the paradifferential reduction of the vortex-sheet sys-
tem. The proofis correspondingly divided into two parts: the critical case is established in[Section 5.1} while
the subcritical case is proved in[Appendix B} here we present a statement that is common to both critical
and subcritical case.

Theorem 1.5 (Critical and subcritical paralinearization of graph kernel operators). Letd =1,0<n <d,
and let (h, k) be an admissible homogeneous pair of order —n and vanishing order ¢ € N* in the sense of

[Definition 54 Set
f:=d-n=0.

When B > 0, assume in addition|Eq. (B.1)| There exists po = 0 such that, for every p = o, there exist so > d/2+1,
@ =0, and ry > 0 such that, for every s = sy and every

ne " RYR),  we B (RER), |0 s <o
the graph operator in[Eq. (1.17)| satisfies

ay) (] (1m;x,€)
aj_p-o) (m:%,¢)

n

£ (1) [w] = Op®™ Ai’f gl (mx,8) + "

o] w

+ RN (n,0)- [’7] . (1.18)

The objects in|Eq. (1.18)|are as follows.



» The principal vector symbol is

o) a"™" (v ),¢)

alhg (v (), ¢)

A’f}’fﬁ (W] (n;x,¢) :=

Its components have the following properties.
— The transported symbol a{l’k;" (Vn, &) e F; -1 IS given explicitly by

ELdJa-ah(a)k’(p-a)da(ﬁ), f=0,

2
h,k; .
o (pd):= h(2) .
f)((z)—k'(p~2)(1—e“z'f)dz, B>0,
[Rd

|Z|n+l

where y is the cut-off function introduced in|Eq. (4.7)

— The quasilinear symbol satisfies
hk; h,k; -
a’y “(Vn, &) - a’y “0,$)eT,
and is given explicitly by

—%fgdilsgn(ﬂ-f) h@) k(p-9)do (@), =0,

a"y (p.8) =

f X (2) h(zn) k(p-2)e *dz, B> 0.
Rd |zl

e The lower vector symbol satisfies

ao) [1el (HSO;FO) ’ a[_ﬁ_z] € F;f_z.

When 3 = 0, the second component can be chosen in the form
R;w

apa (m%,¢)=ialy (mx,),  ay el

where alﬁi‘é’] is real-valued and odd in ¢. In particular, there is no independent symbol of order — 3 — 1.

. Rl[ign] (n,w) is a generic real-to-real linear smoothing remainder in the sense of|Notation 5.1} its first
column is the evaluation of a map in L (H%; R®), while its second column belongs to ng-

When B = 0, the operator is exactly skew-adjoint,

h,k;w

a"ke = ia,"",

-B

with ag’k;w real-valued and odd in &, and its complete nonsmoothing quasilinear symbol acting on w is

i(aé"k;‘” (Vn(x),8) +a’y (m;x, f)) :

hence is purely imaginary and odd in . The two principal components satisfy|Eq. (5.23)l The complete critical
and subcritical statements are respectively[Theorems 5.7 and

Remark 1.6 (Scope of the model class). The class in [Eq. (1.17)|is intended to capture the basic singular
structure of the contour-dynamics operators arising in applications, rather than to provide an exhaustive
description of all possible kernels and operators. We record three extensions which are not needed for the

applications developed in the present paper.



i Non-homogeneous kernels. Exact homogeneity of the convolution kernel is not essential. Suppose, more
generally, that a kernel g admits near z = 0 a finite polyhomogeneous expansion of the form

J hj(Z

(2)
g(2)= Z ]n—' + 8rem (2).
j=olzl"™

Each homogeneous component may be treated separately by[Theorem 1.5| The expansion is continued
only until the localized remainder y grem has sufficiently many powers of z at the origin to belong to the
locally integrable kernel classes of [Proposition 4.35| At that point the remaining nonlinear dependence
is reduced by the usual Bony decomposition and [Proposition 4.35} while the part supported away from
the origin contributes an order-zero paraproduct modulo arbitrarily smoothing remainders by [Propo-|

fition 4.37; cf. also Consequently, only finitely many homogeneous components of the
kernel contribute to any prescribed finite portion of the paradifferential expansion.

ii Periodic interfaces. The same mechanism applies on T¢, after replacing the Euclidean paradifferential
calculus by its periodic counterpart. The singular analysis is entirely local near the diagonal z = 0 and
is therefore unchanged. In fact, the global part is simpler on the torus: after localizing the singularity,
the complementary geometric kernel is smooth. Its graph dependence contributes an order-zero para-
product modulo smoothing remainders. Thus no far-field decay assumptions, and no Euclidean tail
analysis at | z| — +oo, are required, as can be observed for instance in the works [24,29}85].

iii Higher-order contour-dynamics operators. The restriction n < d in|Eq. (1.17)|is likewise not intrinsic to
the paralinearization mechanism. Higher-order contour-dynamics equations naturally lead to compen-
sated singular integrals of the form

fR d }llz(lzn) k(Aan (1) 820 (x) dz, ne@dd+1)
and, for more singular kernels, to the corresponding expressions containing higher finite differences
07w. The finite differences provide precisely the cancellations required to compensate singularities
with n > d; for instance, an m-th order finite difference gives m powers of z at the origin, so that the nat-
ural locally integrable range becomes n < d + m, with the corresponding parity or moment cancellation
required at the endpoints.

We do not formulate a separate abstract theorem for these operators here. Nevertheless, repeating the
Bony decomposition, the homogeneous kernel analysis, and the compensated kernel-to-symbol reduc-
tions developed above yields their paralinearization by the same procedure. In particular, increasing the
differential order of the CDE changes the homogeneity of the resulting symbols but not the underlying
paralinearization mechanism.

iv Finite regularity of the kernel function k. Real-analyticity of k in[Definition 5.4]is used only in the proof
of[Lemma 4.45} to sum the convergent series[Eq. (4.72)|by Cauchy-type estimates. Since Definition 4.26|
only demands, at each fixed order N of z-differentiation, a tame boundeith aloss F‘]zir allowed
to grow with N, this convergent expansion may be replaced, order by order, by the Taylor formula with
integral remainder

N (/) , N+1 p1
kXx)=) k Oy X f a-oN kN (1 x)dt,
iz N!' Jo

estimating the remainder exactly as kjp) is estimated in the proof of[Lemma 4.45| the same mechanism
already used at order two in[Eq. (5.39)l Hence k € C* ((—ry, i) ; R) suffices in place of k € C* ((—r, 1) ; R);
the vanishing-order hypothesis|Eq. (5.14)|is unaffected, since it fixes only the first ¢ Taylor coefficients
of k.

Thus|Eq. (1.17)|isolates the basic homogeneous Euclidean model in which the method can be stated most
transparently, while the procedure itself is stable under the extensions described above.

¢
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Remark 1.7 (Representative contour-dynamics applications). In the corresponding small-interface regimes,
the mechanism of[Theorem 1.5 together with the extensions in[Remark 1.6} applies to the following contour-
dynamics operators. In each case, we use the notations of the corresponding papers [15}24}/53}85].

* Circular Kelvin-Helmholtz. With gy := 3log(1 +27), the singular parts of #{ and (1 +2n) Dy — I, are
the periodic critical models associated respectively with

(e, 0) = (0/m, (14 X3) " 2), (ko) =(Um X (1+X%) 7 1),

The remaining periodic and geometric corrections start at quadratic order in the chord variable and
are therefore lower order [85].

* a-SQG sharp fronts. For a € (1,2), after the analogous logarithmic change and the extraction of one
periodic chord through 6, f = 2sin(z/2) A, f, the local parts of Z and .7 have

n=a-1, B=2-a, =1, lr=2.
Their z-dependent periodic coefficients are handled by items (i)-(ii) of [24).
* Three-dimensional Muskat. Up to the physical prefactor, the graph equation is a sum over j € {1,2} of

compensated critical kernels with

)—3/2

d=n=2, hj@®=9;, kX=01+X*)"", (=2, w=0f

in which w (x — z) is replaced by 6 ,w (x). This is the lower-endpoint case of the compensated finite-
difference mechanism described in item (iii) of[Remark 1.6|(15}/53].

¢

The operators B (n) and ¢ () in|[Eqgs. (1.15a)|and|(1.15b)|are the d = 2 critical instances, with vanishing
orders ¢ = 2 and ¢ = 1, respectively; see [Lemma 5.13| and [Propositions 5.14| and [5.15| They provide the
singular-integral input for the application to the canonical CDE.

Paralinearization of the 3D Vortex-Sheet CDE. The second part consists in the application o
to the 3D Vortex-Sheet CDE, the complete statement is

Theorem 1.8 (Conditional paradifferential reduction). Leto =0, p* > 0 with {p*) >0, g € R, and Q € R%.
There exists po > 0 such that, for every o = po, there exist sy > 0 and ro > 0 with the following property. If

n€ Bg,r (I;70) ¥ eC(I; H' (R%R))
solve the canonical CDE|Eq. (1.13)}, then, setting

=[o)

one has Bw ) o L
0:Y = 0p°" (Q(a,Q|n,%; x,&) + B(a,Q|n, ¥;x, &) +1(Vean (0, Q|m, ¥; x) - €) 1de2) Y

- _ - (1.19)
7 v 7 -
+ OpBW([A?o] (@,Qn¥;x,8) AL (0,Q)n, 5 x, {)]) Y + Ry (a,Q|n,9) Y.
The objects in[Eq. (1.19)| have the following structure, in their order of appearance:
e The quasilinear symbol Q € (Fio)zxz is defined by
. 0 A +alg
Q:= —ga+a,”" +A1q7 0o | (1.20)
Its constituent symbols are defined explicitly in|Egs. (5.4)|to|(5.7)| In particular,
- 14
a,Q[0,0;¢) = - 2,
Q ( | 6) q (Cl, Q|E) 0
where )
- o 4—a? (QF-¢
q(a,Q[¢):=—ga- &%+ ( ) EER?\ {0}, (1.21)

=) S
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e The order-one symbol B € (FIZI)ZXZ has the Alinhac block form

_bcan 0

B:=-
bgan bcan

]M. (1.22)

The coefficient bcan, is defined in|Eq. (5.10)
e The transport velocity Vg, € (]—"”;0)2 is real-valued, independent of €, and satisfies
o a- o 2

Vean (0, Q[n, 7) := ZQJ_"‘{Vclgn(a'QMrW)’ ‘Vclélne (]:51) .

Its full formula is given in|Eq. (5.12)
» The remaining paradifferential symbols satisfy

0 \2 W —1)\2

A e(rs)”, AV e(rz) (1.23)

and hence form a two-by-two block of orders

0 -1
L]
s, T,
e The remainder -
9 X
R, € (RE))

is a tame smoothing operator in the sense of|Definition 4.5 and|Notation 5.1}

Remark 1.9 (Formal recovery of the one-phase water-wave structure). It is instructive to compare
with the classical paradifferential reduction of the one-phase water-wave equations. We stress that
the following discussion is only a formal identification of the quasilinear structures: no convergence result
as a — 2 and Q — 0 is intended, and we do not attempt to identify all the bounded symbols appearing in

Recall first that the endpoint a = 2 corresponds to p* = 0. By[Eq. (2.2)} at this endpoint ¥ = 2y ~. Thus,
when Q = 0, so that ¢ = v, the standard one-phase surface potential is

1.
Yww = 51//. (1.24)

This factor 2 is entirely due to the normalization of the canonical two-phase potential introduced follow-
ing [80]. In particular, quadratic expressions in the potential acquire the corresponding factor 4; this is
consistent with the quadratic dependence of the kinetic Hamiltonian on the surface potential and does not
represent a difference between the two dynamics.

The comparison is especially transparent at the level of the unbounded paradifferential terms, which
are the terms relevant for the derivative balance in the energy estimates. By[Eq. (5.4)}

oy (med) = {1+ o) e - (v

and the right-hand side is precisely the principal symbol of the one-phase Dirichlet-Neumann operator
appearing in Accordingly, after the normalization the order-one upper-right entry
of is the usual water-wave Dirichlet-Neumann contribution. Likewise, the order-one transport
and Alinhac blocks in [Egs. (1.19)| and |(1.22)| reduce formally to the standard transport velocity and good-
unknown structure encoded by V, B, and U = www — Tg7 in Notice in particular that letting
Q — 0 removes the prescribed affine background flow, but not the nonlinear water-wave transport velocity.

The lower-left entry exhibits the other essential correspondence. Since {p*) = p~/2 ata=2,
gives

2 VJ_ . 2
L e - 2 AT

aiy (1.25)
z p (1+|val*)*
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which is the usual order-two symbol of the linearized mean-curvature operator, with the physical one-phase
surface-tension coefficient o/ p~. After dividing the second equation by the factor 2 coming from ¥ = 2yww,
the gravity contribution —2g similarly reduces to the standard —g term.

Most importantly, the additional order-one contribution specific to the two-phase problem disappears
at the one-phase endpoint. Indeed, gives the nonlinear identity

g™ (2,0|n, 2y ww; x,&) =0,
because gf contains the factor 4 — a?. Thus the order-one lower-left term A, g in|Eq. (1.20)|vanishes iden-
tically. At the flat level the same mechanism is visible directly in|Eq. (1.21)} since

20 as(0,Q)— 2,0).

This is precisely the Kelvin—-Helmholtz order-one contribution which has no counterpart in the one-
phase water-wave equations.

Consequently, at the level of all positive-order terms, formally reduces at (a, Q) = (2,0), af-
ter the normalization {¥ = 2yww, to the standard nonlinear gravity—capillary water-wave paradifferential
structure recalled in[Eq. (1.39)} see [6}/8}25]. Moreover, because the two-phase order-one Kelvin-Helmholtz
contribution has vanished before any use of surface tension, one may formally set o = 0 in this endpoint:
the order-two curvature term in[Eq. (1.25)|then disappears and one recovers the corresponding unbounded
quasilinear structure of the pure-gravity water-wave system of [8]. The bounded order-zero terms, including
the nonlinear Taylor coefficient in the pure-gravity formulation, are not identified by the present compar-
ison; the statement concerns precisely the positive-order structure responsible for the derivative balance.

¢

1.2.3 Local well-posedness

At the flat state, the first line of [Eq. (1.19)[reduces to the linear symbol in [Eq. (3.3)l Fix o >0, g > 0, and
P« > 0. For this choice of physical parameters, define the renormalized densities

p;::p*(1+g), p;::p*(l—g), 0<a<2.

With p* = pZ, we isolate the parameter region in which the two dispersive branches are separated and
purely imaginary.

Hypothesis 1 (Strict Atwood-Weber stability).

gmax 2 T
0c>0, ga>0, Wa,ff:zkﬂzl—;|ﬂ|zw%<l' (1.26)
cap

* o is the surface tension coefficient. In particular, capillarity is present at every nonzero frequency.

e ga is the flat Rayleigh-Taylor restoring acceleration. In particular, the heavier fluid lies below the
lighter one when ga > 0.

* Kcap i the positive capillary wavenumber defined by

(o~ -p*)g

Kecap -=
P o

In particular, x¢cap > 0 under ga > 0.

* Ky is the maximal effective Weber wavenumber generated by the constant background shear and
defined by
-+
cmax. PP 152
W= e
In particular, KV“\‘,gX =0if Q = 0 or if one of the two densities vanishes.
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With these notations, the stability criterion[Eq. (1.26)|is equivalent to

(KVH\}gX)Z < 4K§ap.

By|Proposition 3.4} this implies that the two spectral branches of the flat linearized CDE are purely imaginary
and simple at every nonzero frequency.

For the Cauchy statement, we introduce the phase space
X% := H7 (R%R) x HY 7 (R4 R). (1.27)

Definition 1.10 (Stable parameter set). Let o >0, g >0, and p4 > 0 be fixed. We define the stable parameter
set by

Set:i={(a,Q) €(0,2) xR* | ga>0, W, q<1}u({2}xR?).
Thus S consists of the two-phase parameters satisfying the strict Atwood-Weber stability condition, to-
gether with the one-phase endpoint a = 2.

Remark 1.11 (Linear stability and strict hyperbolicity). The terminology in|Definition 1.10|is justified by the
linearized analysis. Indeed, by|[Proposition 3.4} one has

(0,0) eS¢ = 0(a,Q]¢)<0 forevery e R*\ {0},

where 0 (a,Q|¢) is defined in Equivalently, the two eigenvalues A4 (a,Q|¢) of the flat linearized
CDE, computed in[Section 3] are purely imaginary and distinct at every nonzero frequency, or, equivalently,
—iLy (£) has two distinct real eigenvalues. Hence Sg; is precisely the parameter region of strict full-frequency
linear hyperbolicity. ¢

The uniform gap provided by allows the positive-order block in [Eq. (1.19)| to be sym-

metrized and diagonalized; this reduction is carried out in[Section 6, The resulting energy estimate yields
the following local well-posedness theorem for the canonical CDE.

Theorem 1.12 (Uniform local well-posedness in the Hamiltonian scale). Leto >0, g >0, and px > 0. There
exists so > 0 such that, for every s = sy and every compact set K € S, there exist €y, c5 x > 0, depending only
on s and K, such that the following holds.

For every (a,Q) € K and every real-valued datum Yy := (n0,W0o) € X* satisfying

| Yoll xs < € <&,

the canonical CDE|Eq. (1.13), with densities * = pg, admits a unique real-valued classical solution
Vi= () €C (1= T Tel; X5 nC (T, T X572, Y (0) = Yo,

with
T, = cS,KE_l.

Remark 1.13. The strict Atwood-Weber threshold W, < 1is the CDE spectral form of the Kelvin-Rayleigh-Taylor
stability balance isolated by Lannes [80, eq. (1.1)]. Let us spell out the comparison. In our sign convention
[f*] = f~ - f*, Lannes’ nonlinear criterion reads

. 1 (pp")
[[ 0zp |z:(ﬂ > 4o (p_ +p+)2
where ¢ ({) is the geometric prefactor entering the two-fluid symmetrizer. The left-hand side is the Rayleigh—
Taylor restoring force, while the right-hand side measures the destabilizing Kelvin—-Helmholtz shear, regu-
larized by capillarity.
In the flat infinite-depth configuration one has ¢ (0) = 1, and the two quantities entering[Eq. (1.28)| be-
come exactly the constant coefficients appearing in the linearized CDE. More precisely,

[-0:p% o] = (0" =P )a VLol =1,

c@ [[VE =] o (1.28)
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up to the fixed J-rotation built into the vorticity variable Q = V+ [w*]. Therefore|Eq. (1.28)|reduces to

L (e70)" g

o —p)g>— Q. (1.29)
( ) Ao (p_ + p+)2 | i
On the other hand, since
4-a®> _ pp* o2 —p")
16 (p=+p*)* pmHpT

the inequality W, o <1 is equivalent to|Eq. (1.29)

Thus the two criteria express the same principal stability mechanism: Rayleigh—Taylor restoring force
and capillarity must dominate the Kelvin—-Helmholtz shear. In [80] this balance is formulated as a nonlin-
ear stability condition in physical variables, involving the actual interfacial velocity jump [V*| Z:(ﬂ. In the
present theorem the same balance is obtained from the eigenvalue calculation of the flat CDE around a state
carrying the prescribed affine background Q. The point is therefore not that the condition is a special case
of Lannes’ theorem, nor that Lannes’ criterion excludes nonzero shear; rather, the comparison shows that
our Atwood-Weber threshold is the constant-background spectral realization, in CDE variables, of Lannes’
Kelvin—Rayleigh-Taylor criterion. This is precisely the stability gap used below to construct the complex
symmetrizer and diagonalizer. ¢

1.3 Ideas of the proof

The proof follows the three layers used to present the main results. The first and the third are tied to the
vortex-sheet system, whereas the middle one is an operator-level statement which is formulated and proved
independently of it. We first reduce the Euler equations to an autonomous contour-dynamics system in
canonical variables. We then isolate the graph integral operators generated by this reduction and paralin-
earize them through a single abstract mechanism. Only after this singular-integral analysis has been com-
pleted do we return to the fluid system, assemble the real paradifferential CDE, and perform the diagonal
reduction compatible with the non-homogeneous energy at frequency zero. Schematically,

(u*, p*,y) — (n.%),
(hk),0<n<d— n (n) [w] — structure-preserving paradifferential reduction,

(n,9) — paradifferential CDE — Yy — U — W.

The second line is the model-independent layer of the argument. It extracts the local homogeneous struc-
ture responsible for the symbols from the particular fluid model, and is established on R? before the vortex-
sheet kernels are inserted. The critical endpoint is the case used in the vortex-sheet application; the sub-
critical result in the appendix records the robustness of the same construction beyond the principal-value
regime.

From the Euler system to an autonomous CDE. The starting point is the concentration of the vorticity on
the interface. Since the velocity fields are irrotational away from the sheet, the Biot-Savart law expresses
their traces through the three-dimensional Birkhoff-Rott integral. Once the interface is written as a graph,

the vorticity has the form w = , and the average trace of the velocity is described entirely by the

Q
Vn-Q
two singular operators B (1) and ¢(n) of [Egs. (1.15a)| and [(1.15b)| In particular, the kinematic condition
becomes

ne=g"(n) Q1.

At this stage the system is already supported on the interface, but it is not yet closed in the canonical vari-
ables, since Q is still an independent unknown.

The density-weighted trace potential ¥ in[Eq. (I.11)]is precisely the variable that allows us to eliminate
Q as an independent unknown. Indeed, writing ¢ := [y*], the Plemelj jump relations give

y=(d+aro(m))p,  Q=V'p.
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This is a second-kind boundary integral equation closely related to the one used in [49] to recover the vortex-
sheet amplitude in the two-dimensional Muskat problem. There are, however, substantial differences be-
tween the two settings. The analysis of [49] concerns a one-dimensional interface in a two-dimensional
fluid domain and exploits tools specific to that geometry to obtain a non-perturbative inversion result.
Here the interface is two-dimensional and the corresponding operator acts on functions on R?. We work
perturbatively around the flat interface: the Sobolev invertibility of Id + az¢ (1) follows from the smallness
of n, while the precise structure of its inverse required in the subsequent analysis is recovered by a mul-
tidimensional paradifferential parametrix construction, see [Lemma 5.23| and [Proposition 5.24] Thus the
mechanism in [49] provides a useful structural analogy, but does not directly apply to the present three-
dimensional problem. We therefore set

a=S(an)y,  S(aln)y:=v*(d+azo(n) "y, (1.30)

and substitute [Eq. (1.30)|into the kinematic and Bernoulli equations. This gives a closed system for (n,v).
Equivalently, the generalized Dirichlet-Neumann operator appearing in the first equation of [Eq. (1.13a)|is
not introduced as an abstract elliptic boundary operator, but is factorized as

g(aln)=g"(n)oS(aln). (1.31)

Thus both pieces of g remain explicit in terms of the Birkhoff-Rott kernels. This is important later: rather
than invoking the symbolic theory of the Dirichlet-Neumann operator, we recover its paradifferential struc-
ture directly from the underlying singular integrals. The factorization in[Eq. (1.31)]is also the point at which
the fluid problem meets the abstract theory: its nonlocal building blocks are critical graph-kernel operators
associated with the admissible homogeneous pairs of[Definition 5.4]

The constant background requires one further step. Its potential ¢ = x* - Q is affine and does not belong
to the Sobolev phase space. We therefore split ¥ = ¥ + ¥, absorb the background contribution into

Q[0] () = S(aln) v,

and subtract the constant Bernoulli gauge cg. The flat state is then represented by (n,%) = (0,0), while
the full background vorticity remains present through Q [Q] (). This gives exactly the autonomous system
all bulk quantities and the independent vorticity have disappeared, and every term in the right-
hand side is a function of (n,7) and of the fixed parameters.

Let us also stress how this reduction differs from the contour formulation used by Fefferman, Ionescu,
and Lie in [63]. There the interface is a curve in a two-dimensional fluid domain, no preferred parametriza-
tion of the curve is fixed, and the boundary vorticity is retained in the singular-integral representation in
order to study the geometry of a possible self-intersection. The one-dimensional character of the interface
also entails structural simplifications which are no longer available in the present setting: there is a single
tangential direction, whereas for a surface in three-dimensional space the tangential geometry is genuinely
two-dimensional and the associated singular and paradifferential operators carry a nontrivial angular de-
pendence in frequency space. Here we work in the graph gauge and eliminate the vorticity in favour of the
canonical trace potential. The distinction is therefore not that one formulation is a contour equation and
the other is not. It lies both in the geometry of the interface and in the choice of variables and purpose of the
reduction: our goal is an autonomous CDE on a fixed Sobolev phase space, suitable for a direct quasilinear
analysis.

The important output of this first reduction is not only the closed system itself. Its nonlocal geome-
try has been concentrated in a finite family of graph operators whose dependence on the interface occurs
through normalized finite differences. This is the model-independent structure isolated in the next step.

A structure-preserving paralinearization theorem for graph kernels. This is the main methodological
contribution of the paper. The singular operators produced by the contour reduction are not paralinearized
one at a time. Instead, their local geometry is encoded by an admissible homogeneous pair (A, k) of order
—n and vanishing order ¢, with 0 < n < d, in the sense of Here h is the angular profile of the
homogeneous kernel, whereas k describes its nonlinear dependence on the graph. At the level relevant for
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the symbolic analysis, every operator has the localized homogeneous core
tl(onc) () [w] (%) := fRdx (2) %k(Azn (X)) w(x-2z)dz,
Azn(x):= N =nr-2) Z), Z:= £,
|zl |z|

The space localization is obtained through the cut-off function y as in[Eq. (4.7)] When  =d—n =0, namely
n = d, the complete flat kernel is interpreted as a homogeneous principal-value distribution. The opposite
parities imposed on & and k make the full graph kernel odd under the exchange of the two spatial variables
and yield the exact skew-adjointness of[Lemma 5.6, When 8 > 0, the homogeneous core is locally integrable
and no parity condition is required. The global version treated in[Appendix Bis obtained by completing this
local homogeneous kernel with a sufficiently regular far-field tail. The nonlinear tail contributes an order-
zero paraproduct and smoothing remainders, without changing the local principal symbols. In either
regime the perturbative assumption is imposed only on the graph, so that the difference quotients remain
inside the analytic range of k; no smallness is imposed on w.

This formulation isolates and extends the mechanisms introduced in [24,|85]. Its point is not merely
to shorten the proofs of the two operators appearing below. It identifies, in arbitrary dimension, which
features of the paralinearization come from homogeneity, which come from the vanishing of k — k (0), and
which are specific to the critical endpoint. The singular dependence on z and the nonlinear dependence
on A,n occur at the same scale, and this is precisely why a standard paralinearization performed after the
integration in z does not reveal the correct symbolic structure.

The proofis organized around four operations which are reusable beyond the present fluid problem.

1. Isolation of the homogeneous core. Set k := k — k(0). The first step is to separate the contribution of
the kernel near z = 0 from its far-field tail. This distinction separates the singular principal symbols
from the order-zero tail contribution and its smoothing remainders.

For the critical operator, the decomposition is explicit:

13 (] (x) := k (0) p.v. f %w(x— z)dz,
R4 [Z

h(2) ~
£°¢ (n) [w] (x) := fRdx (2) %k(Azn(x)) w(x—z)dz,

| @)~
() w1 9= [ (112 |ZLIZd)k(Azn () o (x-2)dz.

Thus i
£ () [w] = " [w] + £°° () [w] + £ () [w].

The flat term retains the complete homogeneous principal-value multiplier. The local term contains
the singularity at z = 0 and produces the principal and subprincipal symbols. It is this term that is
analyzed by the Bony decomposition and the local Taylor expansion below.

By contrast, the last integral only sees the far field. On |2z| = 1, |A;7 ()| < 217" |7 ;«, so the vanishing
order ¢ of k supplies the decay 1z|~¢. BylEq. (5.32)|and|Proposition 4.37l for every prescribed p = 0,

+roza (1@ gL @1 ()

The function is given in|[Eq. (5.30)| It enters the generic order-zero coefficient of 7.

The subcritical case is organized in the same way: the homogeneous near-field component produces
the finite-order symbols, while the non-homogeneous far-field contribution is treated by the corre-
sponding tail estimates in

2. Bony decomposition at fixed convolution scale. For z # 0, set w, (x) := w (x — z). The localized nonlin-
ear product is decomposed before integration in z:

k(Azn)w, = 0p®Y (k(An)) w, +0p®W (w,) [k (An)] + REV [k (A1), 0]
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The three terms are respectively the quasilinear branch, in which the high frequency remains on w;
the transported branch, in which the high frequency is transferred to 7; and the localized Bony re-
mainder. The latter becomes arbitrarily smoothing after integration in z, by[Lemma 5.10in the critical
case and [Lemma B.3]in the subcritical case. Performing this decomposition before the z-integration
is essential: the powers of |z| which measure the Taylor order of the graph are exactly those which
determine the order of the resulting Fourier symbols.

. Extraction of the symbols from the local graph geometry. On the support of y, Taylor’s formula gives
An(x)=Vn(x)-2— %2TH17 (x) 2+ e (m;x,2),
where ey has local order two by[Eq. (5.38)] Therefore
(0om) = k(Vn-2) - 2K (V- 2) (27 ) i (. 2). (1.32)
The basic order conversion is
local kernel order n+j +~— symbol order — f—j.
The first term in gives the order-(—p) quasilinear symbol, while the transported branch

gives an order-one symbol linear in w. The remainder kz; begins two local orders later and is therefore
treated by|Proposition 4.35|at order — 8 — 2, modulo an arbitrarily smoothing operator.

After freezing p = Vn (x), the leading local kernels depend on z only through the homogeneous radial
factor and the angular variable 9 = Z. Analyticity of k allows us to separate this angular dependence
from the x-dependent coefficient:

aeNd

Thus each term of the series is the product of a coefficient p* and a convolution operator with a fixed
homogeneous angular amplitude 4 (9) 9%. For instance, the leading quasilinear branch is reduced
term by term to operators of the form

A) s

h
p“ p.v.f 1 (2) w(x—-2)dz.
Rd
The parity assumptions in|Definition 5.4 ensure that every nonzero Taylor coefficient produces pre-
cisely the odd or even angular amplitude required by the homogeneous multiplier formulas of[Propo-|
. The transported branch is reduced in the same way, after the symmetrization by (Zz)n, to
compensated homogeneous kernels of degree —d — 1.

At this point the cutoff no longer carries symbolic information. Indeed, the localized kernel and its
complete homogeneous model have the same singularity at z = 0, and [Lemmas 4.41|and |4.44| shows
that their high-frequency Fourier multipliers differ only by a rapidly decreasing symbol:

feef =tia (D) f+5pe (D) f,  Spa€ MﬂNf‘M,
€

where
h(2)z¢ . h(2) 2"
1% [w] (x) := p. vf ¥ (2) ——— Pl (x-2)dz, 1t (D) [w] (x):= p.v.fRd Pl (x—z)dz.
Consequently, all finite-order symbolic information can be computed from the complete homoge-

neous kernels. The degree-(—d) odd kernels give purely imaginary multipliers of order zero, whereas
the compensated even kernels arising in the transported branch give real multipliers of order one.
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Applying[Proposition 4.38|term by term and then summing back the analytic expansions reconstructs
k and k’, and yields

al"t* (p,¢) ::—%Ld_l sgn (9-&) h(9) k(p-9)do (9),

;" (p,&):= %L 19-Elh @)K (p-9)do (9),

a{:,k;n (p,&) = —Opag'k?‘” (p.¢)12].

The last identity is It shows that the two principal columns are not unrelated outputs of
the calculation: they are different manifestations of the same graph kernel. In the subcritical regime,
the corresponding principal symbols are the localized Fourier integrals in [Egs. (B.5)|and [(B.6)] Their
orders follow from the same local homogeneity, without an endpoint parity argument.

The angular variable survives the Fourier transform. The resulting symbols have the form
a(Vn(x),&)1ElY.

In the present application, d = 2 and 2 € S, so the graph geometry couples to a continuum of fre-
quency directions. This is a genuinely surface-level feature: for a one-dimensional contour, S =
{—1,1} and the corresponding angular structure collapses to two directions and simplify remarkably
the analysis.

. Preservation of the critical adjoint structure. The first lower-order contribution in the quasilinear
branch comes from two different sources. The principal symbol produces a first Bony-Weyl correc-
tion, while the next term in the Taylor expansion of A;n produces a geometric correction of the same
order. The two contributions are equal and opposite, as shown in[Egs. (5.50)]and[(5.56)] Hence no
independent symbol of order —1 survives in the critical case, and the first generic lower-order term in
the w-column has order —2.

There is a simple geometric way to understand this cancellation. Weyl quantization is centered at the
midpoint of the interaction. In the corresponding coordinates the graph difference takes the form
nX+2z/2)-n(X-2/2)

" =Vn(X)-2+0(z%).

There is therefore no correction of order |z|. When the calculation is first expanded around one end-
point, such a term appears separately as the first geometric Taylor correction and the first Weyl cor-
rection; their cancellation simply restores this centered structure.

In the critical regime, the parity assumptions have an additional role: they make the principal-value
operator exactly skew-adjoint. Accordingly, the principal Bony-Weyl operator is Op5W (iag’k"“’), with
aé”k;“' real and odd in ¢. Thus the cancellation above is also the symbolic manifestation of the ad-
joint structure of the original singular integral. The same centered-difference mechanism explains
the corresponding gap between orders — 8 and — -2 in the subcritical case; there, however, no parity
assumption is needed because the kernel is already locally integrable.

The fluid system enters only after this operator-level construction has been completed. By[Lemma 5.13

the two scalar components of B, (n) and the operator g4 (17) are critical instances with d = 2, n = 2, and there-
fore f = 0. The two components of B have vanishing order ¢ = 2, whereas ¢ has vanishing order ¢ = 1.
The former correspond to an odd angular profile and an even geometric nonlinearity; the latter to an even
angular profile and an odd geometric nonlinearity. Their paralinearizations|Propositions 5.14]and[5.15|are
therefore applications of the same critical theorem. The model-specific part is reduced to verifying admis-
sibility, evaluating the angular integrals, and assembling the composite operators of the CDE.

We then paralinearize S (a|n), the velocity traces, the generalized Dirichlet-Neumann operators, and

the Bernoulli terms, and combine them in|[Theorem 1.8 As a consistency check, the graph-kernel route
recovers the geometric principal symbol

2 (m5x,¢) = \/(1 +|Vn (x)|2) 62 = (Vn () -€)° = €11+ | Vim0 - €.
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Up to the normalization of the two-fluid potential, this is exactly the principal symbol of the Dirichlet-
Neumann operator. The abstract approach recovers this familiar geometry without treating the Dirichlet-
Neumann calculus as the point of departure, while keeping explicit control over the lower-order vorticity
and background contributions. The vortex-sheet system is therefore the main application of a graph-kernel
paralinearization method formulated before, and independently of, the model.

From the paradifferential system to the Cauchy theory. From this point onward no singular integral is
treated directly. We start from the real system in[Theorem 1.8] Its positive-order part contains the Alinhac
block B, which would lead to a loss of derivatives if it were treated perturbatively. We first remove it by the
real triangular transformation

0 0

Yp = GY, G::IdCz+OpBW( b 0
can

)_ (1.33)

The matrix symbol in |[Eq. (1.33)|is nilpotent, so the inverse is obtained exactly by changing its sign. The
transformation leaves 7 unchanged and replaces ¥ by the usual good unknown. It is important that this step
is performed in real variables: it removes the geometric derivative loss before the two dispersive branches

are mixed by the complexification; see|Proposition 6.2
Under the two branches of the flat linearized system are simple and purely imaginary.

Recall d (a,2|¢) defined in|Eq. (3.4)} we denote the positive dispersive frequency by

w3 (0,Q8):=1/-0,0 ).

For every ¢ # 0, the corresponding flat eigenvectors suggest the complex coordinate

Uhom = % (m:li (D)1 +im_1 (D) 1PA1), m_s (a0,0]¢) :=

This choice diagonalizes the flat system exactly away from ¢ = 0 and has the correct high-frequency orders.
The obstruction is confined to low frequencies. Indeed, by|Egs. (3.2)|and|(3.4)}

q (e, Q&) =2

—ga, o3 (@0))~ /St my (a0~

- 1
Hence m™} (a,Q|¢) grows like || 3 as ¢ — 0. The exact eigenvector normalization therefore makes the map
4

Nal — m:ll (D) np; singular at the origin; in particular, it does not define a bounded Fourier multiplier from
4

H*1 to H'. Equivalently, the squared Fourier weight carried by the n-component behaves like |¢ I_%.
This singularity is not present in the physical quadratic energy. At the flat state the latter contains

fRz (—q(a,fz\f) Iﬁ(ff)|2+'2ﬂ|17/(é)|2 dé.

Since —q(a, Q|§') — ga > 0, the gravitational term controls the low-frequency part of  with an ordinary L?
weight. Thus the factor | I_% is an artifact of the exact homogeneous eigenvector normalization, rather
than a degeneracy of the flat Hamiltonian. The homogeneous coordinate is therefore well adapted to the
high-frequency diagonalization, but not to the natural inhomogeneous Sobolev phase space.

For this reason we switch the homogeneous diagonalizer off near the origin. With the cut-off y of

Eq. (4.7), we set

u

u

mM =yt (I-y)moy,  Ui= |l =M(a,Q|D) Y, (1.34)
4

where M is defined in[Eq. (6.47)| This is a bounded and boundedly invertible map between the real inhomo-

geneous phase space and the complex Sobolev scale, and it preserves the conjugation condition U = [a .
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The price is that the flat operator is no longer exactly diagonal in the low-frequency region. The discrepancy
is the explicit constant-coefficient multiplier Aﬁ’hn of[Eq. (6.51)

At high frequency the remaining diagonalization has a classical algebraic core. An order-zero matrix first
diagonalizes the quasilinear block of order 3/2. The transport symbol has order one but is scalar in the two
complex components, and hence it is already diagonal. After this first conjugation, the only off-diagonal
positive-order term has order 1/2. It is removed by an order-minus-one generator S_;, chosen so that, at
the homogeneous symbolic level,

Hid)%éold, S_l]] + (L%)Off= 0.
This is the standard subprincipal mechanism: commutation with the separated principal branches divides
by their spectral gap and cancels the off-diagonal half-order term. In the notation of the proof, the com-
mutator generates exactly the opposite of the term containing ﬁg'pr |E Il/ 2 J: the cancellation is recorded in

What is less standard is making this formal cancellation into an admissible change of coordinates for
the problem at hand. Two kinds of difficulty arise. The first concerns the generator $_; itself. Being homo-
geneous, it has to be cut off near ¢ = 0. It is also built from the leading capillary part of the frequency, which
differs from the exact frequency by symbols that are lower order but not negligible. The cut-off then creates
further terms, localized on a fixed transition annulus.

The second concerns the resulting conjugation. Each conjugating operator must have a tame inverse on
the non-homogeneous Sobolev scale, and its time derivative must remain of an acceptable order. The full

L_L of|Eq. (1.34)| Finally, all these bounds

composition, moreover, must preserve the reality condition U =

must be uniform as (a, Q) ranges over compact subsets of the stable set.

Section 6.3| carries out this program in detail and produces an equivalent unknown W for which all
positive-order symbols are real and diagonal, as stated in[Proposition 6.7}

The final step is the energy estimate. At high frequency;, if d; is one of the diagonal entries of the positive-
order symbol, we choose the Sobolev weight to be a scalar function A, (d;). The potentially order-losing
Poisson bracket then vanishes identically:

{As(dj), dj}Z/l/s(dj){dj, dj}:(), (1.35)

This is the reason for diagonalizing the complete positive-order part rather than using a fixed power of (D)
in the energy.
At low frequency we return to the real Hamiltonian structure. Let

-q(a,Q)¢) o .
S = 0 K, S=(M) sEM
2

The low-frequency quadratic form in the complex variable is therefore exactly the pullback of the real
quadratic Hamiltonian, not merely an equivalent norm. The isolated defect Aﬁ’hn is not skew-adjoint on
the transition annulus, but it is not supposed to be considered in isolation: its symmetrizer defect is can-
celled by the transition part of the flat diagonal dispersion. The complete flat linear symbol contributes
exactly zero to the low-frequency energy balance, as shown in

Combining the high-frequency cancellation[Eq. (1.35)|with the exact low-frequency Hamiltonian iden-
tity gives the modified energy estimate

d 2
‘EES(I)’ Ss B (0 Eg (1) (1.36)

The energy E; is equivalent to the Hamiltonian low-high norm of It controls the full inho-
mogeneous elevation and the differentiated low-frequency part of ¥. The only missing component is the
undifferentiated low-frequency potential, which is propagated directly from its equation and grows at most
like €[¢t]. The Riccati estimate therefore closes on an interval of size ce~!. Existence follows by
Friedrichs regularization and compactness; the same reductions applied to the equation for the difference,
at one lower Sobolev index, give uniqueness, and a Bona-Smith approximation completes the proof of con-
tinuous dependence.
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1.4 Previous results

The literature on water waves, vortex sheets, and moving interfaces is vast; see, among others, the mono-
graph of Lannes and the survey of Wu [81,/108]. We recall here the developments that are most directly
connected with the Cauchy problem and with the reduction of a free-boundary evolution to a quasilinear
equation on the interface. We begin with the contour-dynamics approach to incompressible flows, which
provides the closest historical precedent for the point of view adopted in this paper: the bulk variables are
eliminated and the dynamics is encoded directly by nonlinear singular integral operators acting on the mov-
ing interface. We then discuss the one-phase water-wave problem, where the modern paradifferential strat-
egy was developed most systematically, and finally turn to two-fluid interfaces and to the Kelvin—-Helmholtz
mechanism, which is the setting of the present work.

1.4.1 Contour dynamics in incompressible flows

The modern contour-dynamics approach to incompressible flows emerged from the study of two-dimensional
Euler vortex patches. If the vorticity is piecewise constant, the Euler transport equation preserves this struc-
ture and the Biot-Savart law allows the motion to be described entirely through the evolution of the bound-
aries separating regions of constant vorticity. Thus a bulk transport equation is replaced by a nonlocal
evolution equation on a curve. Deem and Zabusky discovered families of steadily translating and rotating
finite-area vortices, the so-called V-states [60], and Zabusky, Hughes, and Roberts subsequently formulated
contour dynamics as a systematic method for the two-dimensional Euler equations [114]. This point of view
became a powerful numerical tool for resolving increasingly fine filamentation of vorticity interfaces; an im-
portant development was Dritschel’s contour-dynamics and contour-surgery framework [62]. On the ana-
lytical side, Burbea placed the construction of rotating vortex patches in a bifurcation framework [35]. The
global regularity theory of vortex patches was later established by Chemin and, by a different argument, by
Bertozzi and Constantin [31,{44]: an initially smooth patch boundary remains smooth for all times. These
results provided one of the first settings in which a genuinely nonlinear singular integral evolution of an
interface could be controlled globally through geometric cancellations.

The study of coherent vortex structures generated a second major branch of the contour-dynamics the-
ory. Building on Burbea’s formulation, Hmidi, Mateu, and Verdera proved smoothness of rotating Euler
patches close to the bifurcation circle [72]. Castro, Cérdoba, and Gémez-Serrano extended this program
to the generalized surface quasi-geostrophic family, constructing and proving regularity of rotating patch
solutions [41], and established analyticity for families of uniformly rotating patches in active scalar equa-
tions [42]. They later constructed compactly supported smooth vorticities rotating uniformly under the
two-dimensional Euler flow [43]. These works illustrate a recurring feature of contour dynamics: although
the geometric unknown is lower dimensional, the resulting equation contains singular nonlocal operators
whose precise cancellation properties determine both the regularity of the evolution and the structure of
special solutions.

A particularly influential development of this perspective, due in large part to Cérdoba, Gancedo, and
collaborators, concerns sharp fronts for the surface quasi-geostrophic equation and its generalized vari-
ants. Rodrigo derived a rigorous evolution equation for an SQG sharp front and obtained local existence
and uniqueness for smooth data by a Nash-Moser argument [93]. Cérdoba, Fontelos, Mancho, and Rodrigo
subsequently gave numerical and self-similar evidence for finite-time singularity formation in a family of
contour equations interpolating between Euler patches and the SQG sharp front [52]. Gancedo established
local-in-time existence in Sobolev spaces for the a-patch family, including the SQG endpoint [64]; Cor-
doba, Cérdoba, and Gancedo later completed the Sobolev theory at the SQG endpoint by proving unique-
ness [51]. Further developments include the local theory and blow-up criteria for generalized SQG patches
of Gancedo and Patel [66], and the low-regularity theory of Gancedo, Nguyen, and Patel, which allows SQG
fronts in H?*¥, for arbitrarily small s > 0, and hence permits unbounded curvature [65]. In the more singu-
lar generalized SQG regime, Cérdoba, Gémez-Serrano, and Ionescu proved global stability of the half-plane
patch under small localized perturbations [54]. Complementing these existence theories, Gancedo and
Strain ruled out splash singularities for SQG sharp fronts as long as the relevant regularity remains con-
trolled [67]]. More recently, the direct paralinearization of the singular contour operator has become a tool
for long-time analysis: Berti, Cuccagna, Gancedo, and Scrobogna derived a paradifferential reduction of the
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a-SQG sharp-front equation and used it to obtain an extended lifespan for small solutions [24].

The same contour-dynamics philosophy has played a central role in the analysis of porous-medium in-
terfaces. Cérdoba and Gancedo derived a contour formulation for the three-dimensional Muskat problem
and proved local well-posedness in the stable regime, together with ill-posedness in the unstable one [53].
Cérdoba, Cérdoba, and Gancedo developed the corresponding two-dimensional Sobolev theory under the
Rayleigh-Taylor sign condition [49] and subsequently established a three-dimensional local theory [50].
Constantin, Cérdoba, Gancedo, and Strain obtained global solutions under quantitative smallness and
slope assumptions [47]. The contour formulation also made it possible to study the failure of the stabil-
ity condition dynamically: Castro, Cérdoba, Fefferman, Gancedo, and Lopez-Fernandez showed that the
Rayleigh-Taylor condition may break down in finite time and, by the same mechanism, constructed turn-
ing water waves [39]; Castro, Cérdoba, Fefferman, and Gancedo later constructed solutions starting from
analytic data in the stable regime which enter the unstable regime and subsequently lose smoothness [38].
On the other hand, splash formation is excluded in the regular Muskat evolution by the geometric mecha-
nism identified in [67]. In this family of problems the sign of the principal singular operator therefore distin-
guishes a dissipative stable evolution from an unstable one, making the extraction of its principal symbolic
structure particularly transparent and important.

Contour dynamics was also used directly for inviscid free-boundary Euler flows. Cérdoba, Cérdoba,
and Gancedo studied the interface between two irrotational incompressible fluids in two dimensions and
proved local Sobolev well-posedness under the Rayleigh-Taylor condition through a contour formulation
[48]. For genuine vortex sheets, Castro, Cérdoba, and Gancedo analyzed the Birkhoff-Rott evolution in a
parametrization adapted to finite-energy sheets, obtaining a Cauchy theory for analytic data and exhibiting
the corresponding obstruction for nonanalytic amplitudes [40]. We return below to the Kelvin—-Helmholtz
instability and to the regularizing effect of surface tension in the discussion of the two-phase water-wave
problem.

Viewed together, the Euler patch, SQG, Muskat, water-wave, and vortex-sheet theories show that con-
tour dynamics is not merely a convenient reformulation of particular fluid models. It provides a common
analytic architecture in which the evolution is driven by nonlinear singular integral operators whose kernels
depend on finite differences of the unknown geometry. The degree of the singularity changes from model
to model, as do the parity and adjoint properties responsible for the available cancellations, but the central
problem is repeatedly the same: to extract from the nonlinear integral operator the quasilinear part which
governs the highest-order dynamics while controlling the remaining terms.

This is precisely the aspect of contour dynamics that is relevant to the present paper. Our purpose is not
to develop another model-specific expansion of a Birkhoff-Rott operator, but to isolate a general structure-
preserving paralinearization mechanism for this class of geometric singular integrals. In this sense, the
results of[Theorems 5.7/and [B.I|may be viewed as an abstract counterpart of the model-dependent singular
integral analyses appearing throughout the contour-dynamics literature: the homogeneous singular part
determines the paradifferential principal and subprincipal operators, the parity of the kernel retains the
relevant adjoint structure, and sufficiently regular nonhomogeneous tails yield order-zero paraproducts
modulo smoothing remainders.

1.4.2 The one-phase problem

At the endpoint p* = 0, equivalently a = 2, the upper phase is replaced by vacuum and [Eq. (1.9)|reduces to
the classical water-wave problem. In the irrotational graph setting, let ¢» be the velocity potential in

Q@ :={(xy)eR*xR|y<n(r, 0}, defl,2},

and let
v (t,%):= ¢ (1, x,1(1,x))

be its trace on the free surface. In this historical discussion only, we use the conventional notation G (n) for
the Dirichlet-Neumann operator,

G(’])WZ (ay(/)_vn'vd)”y:n'
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After normalizing the fluid density, the Euler equations are equivalent to the Zakharov-Craig-Sulem system

0m=G(n)y,

2 1+|vn|*

G +Vn-Vi)? (1.37)
0w +gn —odiv _vn +1|V |2 L(Gm)w+Vn-Vy) =0.

1+|vn|? 2

This is the canonical Hamiltonian system

OH OH 1 \/
GtHZ%, ath—gy H(’Iy‘//) :zngd [WG(U)W+9772+20( 1+|V77|2_1)

identified by Zakharov and subsequently developed in the Dirichlet-Neumann formulation by Craig and
Sulem [57}[115]. The reduction of the bulk Euler equations to[Eq. (1.37)|isolates the main analytic difficulty
in the nonlinear first-order elliptic operator G (n).

The first rigorous Cauchy theories for the exact equations concerned analytic data, small data, or special
geometries. Foundational contributions were made by Nalimov and Shinbrot [87},/99], and by Reeder and
Shinbrot [91}92]. Further perturbative theories were developed by Kano-Nishida, Yosihara, and Craig [56,
78,112,]113]. These works established that the exact free-boundary system admits a local dynamics, but they
did not yet provide a large-data Sobolev theory at the natural quasilinear level.

The decisive breakthrough was achieved by Wu. For the infinite-depth pure-gravity problem, she proved
local well-posedness for Sobolev data, without a smallness assumption, first for a one-dimensional inter-
face and then for a two-dimensional interface [106,107]. The argument combines a boundary-integral de-
scription of the harmonic velocity field with nonlinear changes of variables adapted to the geometry of
the interface. In the one-phase irrotational setting, the Taylor sign condition is generated by the equations
themselves under the standard geometric assumptions, and this positivity supplies the coercive mecha-
nism for the energy estimates. Wu later proved almost-global existence for small two-dimensional water
waves and global existence for small three-dimensional water waves [109}/110], revealing additional nonlin-
ear cancellations that are invisible in a direct Eulerian energy estimate. We also refer to the work of Beyer
and Gunther [32].

A complementary geometric and Lagrangian theory was developed for the free-boundary Euler equa-
tions, including flows with vorticity. Christodoulou and Lindblad obtained intrinsic a priori estimates un-
der the Taylor sign condition, Lindblad established the corresponding local existence theory, and Coutand
and Shkoller treated the free-surface problem with or without surface tension in Lagrangian coordinates
[46,/55,/83]. Shatah and Zeng subsequently formulated geometric energies for both free surfaces and fluid
interfaces and established local well-posedness in a framework that does not require irrotationality or sim-
ple connectivity [96498]. These approaches remain fundamental, especially when the bulk vorticity is part
of the dynamics.

The surface formulation[Eq. (1.37)|led to a different route, based on Bony’s paradifferential calculus [34].
Lannes derived tame estimates and shape-derivative formulas for the Dirichlet-Neumann operator and
used an Alinhac good unknown in a Nash-Moser construction of solutions under the Taylor sign condi-
tion [79]. Alazard and Métivier then obtained a precise paralinearization of G (1) and exposed the quasi-
linear structure of three-dimensional water waves [14]. Denoting Bony’s paraproduct by T, the notation
customary in this literature is

dx,

G vn-vV
B:= )y + v 1//, V:=Vy-BVp,

1+ |V1]|2

U:=y-Tgn, Am;x,€) = \/(1+|V7]|2)|5|2—(VTI-€)2-

(1.38)

The principal paralinearization takes the form

G(n)y=TyU-Ty-Vn+R(n,y),

where the remainder is smoother in the tame sense relevant to the energy method. If a denotes the Tay-
lor coefficient and ¢ the order-two principal symbol of the linearized curvature operator, the evolution is
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O +Ty-VYU+Tan+0Tm=fo.

The dispersive symbol of the symmetrized system is, at principal level,

Y~+vVAa+of),;

it has order 1/2 in the pure-gravity regime and order 3/2 in the capillary regime. Alazard, Burq, and Zuily
used this structure to establish the gravity-capillary and pure-gravity Cauchy theories by a direct paradif-
ferential symmetrization [6,(8]. Métivier’s general theory of paradifferential nonlinear systems supplies the
corresponding abstract Cauchy framework [84]. In this approach, the good unknown removes the apparent
loss in the shape derivative of the Dirichlet-Neumann operator, while the symbolic diagonalization turns
the free-boundary Euler equations into a transport-dispersive system amenable to energy and microlocal
estimates.

The reduction became a common starting point for several further developments. It is im-
portant to distinguish the paradifferential reduction itself from the additional mechanisms used after it:
depending on the problem, the latter may be semiclassical Strichartz estimates, Fourier resonances, nor-
mal forms, holomorphic coordinates, or KAM reducibility.

At the local level, Alazard, Burq, and Zuily developed semiclassical Strichartz estimates, a Cauchy the-
ory for nonlocalized data, and lower-regularity gravity theories [7,9,(10]. De Poyferré and Nguyen carried
the gravity-capillary reduction down to the quasilinear Sobolev threshold and combined it with Strichartz
estimates to allow non-Lipschitz initial velocity traces [58,59]. Nguyen proved Hadamard well-posedness
for the gravity flow constructed by the paradifferential method [88]. Using quantitative paracomposition,
he also established a sharp two-dimensional gravity-capillary Cauchy theory [89]. Ai further improved the
Sobolev thresholds for gravity waves through refined parametrices and lossless Strichartz estimates [1}2].
More recently, Ai, Ifrim, and Tataru developed balanced cubic energy estimates and used them in a low-
regularity local and global theory for two-dimensional gravity waves [3}|4]. These works progressively move
the Cauchy theory below the threshold accessible by a purely Lipschitz-coefficient energy estimate.

For small and localized data on Euclidean domains, the quasilinear analysis—written either in parad-
ifferential form or in equivalent boundary and holomorphic coordinates—has been combined with dis-
persive decay and nonlinear normal forms. Large-time control in long-wave regimes was established by
Alvarez-Samaniego and Lannes [18]. In the pure-gravity problem, Germain, Masmoudi, and Shatah proved
global existence in three space dimensions, while Ionescu and Pusateri,Alazard and Delort, Wang obtained
global solutions and modified scattering in two space dimensions [12}[1368,76}/103]. We refer to [11}{102/{104]
when the system is above a flat bottom and [71] when the system is irrotational with finite bottom. Hunter,
Ifrim, and Tataru gave a holomorphic-coordinate proof of local and almost-global existence, which was
followed by the global theory of Ifrim and Tataru [73,/74]. For long-term regularity results in three space
dimensions, we refer to [70,/116]. Moreover, Wu proved the case that the interface is not in C' [111]. For
capillary waves, Germain, Masmoudi, and Shatah proved global existence in three space dimensions, Ifrim
and Tataru obtained a cubic lifespan in two space dimensions, and Ionescu and Pusateri proved global reg-
ularity and modified scattering for the full two-dimensional system [69} 75,77, and Wang proved global
regularity, scattering, and the non-existence of small traveling waves for the three-dimensional finite depth
system in [105]. Deng, Ionescu, Pausader, and Pusateri established the corresponding global theory for the
three-dimensional gravity-capillary system [61]. In [117], Zhu proved the propagation result for gravity-
capillary system of general dimension. The proofs use different nonlinear structures, but all require an ac-
curate identification of the quasilinear principal and subprincipal dynamics before the dispersive analysis
can begin.

On compact spatial domains, where linear dispersion does not yield time decay, paradifferential con-
jugations instead enter Nash—-Moser, KAM, and Birkhoff normal-form schemes. Alazard and Baldi con-
structed gravity-capillary standing waves, Baldi, Berti, Haus, and Montalto constructed time-quasiperiodic
pure-gravity waves in finite depth, and Berti and Montalto obtained quasiperiodic gravity-capillary standing
waves [5}[22}/30]. Berti and Delort proved almost-global existence for periodic gravity-capillary waves, while
Berti, Feola, and Pusateri derived the quartic Birkhoff normal form and the associated long-time stability for
periodic pure-gravity waves [25}26]. For gravity-capillary waves with constant vorticity, Berti, Maspero, and
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Murgante developed a Hamiltonian paradifferential Birkhoff normal form and obtained almost-global exis-
tence for generic surface tension [29]. Paradifferential reducibility has also been combined with constant-
vorticity formulations in the construction of traveling quasiperiodic waves [27]; for a local Hamiltonian for-
mulation with general vorticity and its shallow-water stability, see also [21]. Thus, in the one-phase theory,
paradifferential calculus has become the standard device that separates the universal quasilinear geometry
from the problem-specific dispersive or Hamiltonian argument. For recent results about paradifferential
reducibility and KAM theory, We refer to [16}|17].

1.4.3 The two-phase problem

When both densities are positive, the interface carries two harmonic velocity potentials, or equivalently
two Dirichlet-Neumann operators, and the jump of tangential velocity becomes an independent dynamical
quantity. This changes the principal symbol in an essential way: in addition to the Rayleigh-Taylor restoring
mechanism, it contains the destabilizing Kelvin—-Helmholtz contribution generated by the velocity jump.
The Hamiltonian structure of the two-fluid problem was clarified by Benjamin and Bridges [23], but the
analytic behavior differs sharply from the one-phase endpoint.

In the genuine vortex-sheet regime, a nonzero tangential velocity jump and the absence of surface ten-
sion produce a high-frequency Kelvin—-Helmholtz instability [86]. Local solutions can be constructed in
analytic classes, as in the work of Sulem, Sulem, Bardos, and Frisch [100,/101]; Caflisch and Orellana subse-
quently obtained a long-time analytic theory for small perturbations of a flat sheet [36]. The complemen-
tary construction of singular solutions by Caflisch and Orellana proves ill-posedness in Sobolev spaces [37].
Lebeau later showed that, under a priori Holder regularity assumptions, any local two-dimensional Kelvin—
Helmbholtz solution must in fact have an analytic interface and analytic sheet strength [82]; see also Wu’s
survey [108]. This rigidity explains why one cannot expect a generic Sobolev Cauchy theory for unregular-
ized vortex sheets.

Surface tension suppresses the short-wave instability and restores a quasilinear energy theory. Ambrose
established local well-posedness for two-dimensional periodic vortex sheets with surface tension, and Am-
brose and Masmoudi treated three-dimensional vortex sheets [19,20]. Cheng, Coutand, and Shkoller proved
local well-posedness for three-dimensional vortex sheets with surface tension in the presence of bulk vor-
ticity [45]. The geometric framework of Shatah and Zeng gives a further local theory for fluid interfaces with
surface tension without assuming irrotationality or simple connectivity [97,98]. Pusateri obtained estimates
uniform in the surface-tension coefficient and in the density of the lighter phase, and used them to justify
the simultaneous one-fluid and zero-surface-tension limit [90].

A central paradifferential contribution in the two-phase setting is Lannes’ nonlinear stability criterion
[80]. Working with the two Dirichlet-Neumann operators, Lannes derived a symbolic condition that com-
bines the Rayleigh-Taylor coefficient, the tangential velocity jump, the density contrast, and surface ten-
sion. The criterion shows that gravity can control the shear at low and intermediate frequencies, whereas
capillarity controls the high-frequency Kelvin-Helmholtz component; it also yields estimates adapted to
singular asymptotic regimes and requires a symbolic decomposition of the bottom contribution into a prin-
cipal part and an infinitely smoothing tail. This work provides the closest Dirichlet-Neumann analogue of
the stability mechanism used below. Two-fluid geometry also imposes restrictions absent from the one-
phase problem: for instance, locally smooth two-dimensional interfaces with two positive densities cannot
develop a splash singularity [63].

The energy theories of Ambrose and of Ambrose-Masmoudi are already direct interface arguments.
What remained much less developed than in the Dirichlet-Neumann setting was a systematic symbolic pro-
cedure that converts the nonlinear Birkhoff-Rott operators themselves into paradifferential operators while
retaining their adjoint and parity structure. A recent step in this direction is the work of Murgante, Roulley,
and Scrobogna on vortex sheets close to a circle, where a direct paralinearization of nonlinear singular inte-
gral operators is combined with Hamiltonian Birkhoff normal forms to obtain almost-global stability below
a Weber threshold [85].

The present paper addresses the corresponding methodological problem for three-dimensional graph
interfaces. Rather than first replacing the contour dynamics by a Dirichlet-Neumann system, we paralin-
earize the singular integral operators themselves. The abstract results of and [B.1]isolate the
homogeneous singular structure, preserve the adjoint and parity information needed by the energy method,
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and reduce nonhomogeneous tails to order-zero paraproducts modulo smoothing remainders. Applied to
the two-phase contour-dynamics equation, this yields the complete quasilinear symbolic system and the
Sobolev local well-posedness result proved in the sequel.

1.5 Structure of the paper

In[Section 2} we recast[Eq. (1.9)]as an autonomous Contour Dynamics Equation (CDE) in canonical surface
variables. is devoted to the linearization of the canonical CDE at the zero equilibrium and to
the analysis of the associated dispersion and stability conditions. In[Section 4} we introduce the functional
setting and the paradifferential tools used throughout the paper.

The main methodological part of the analysis is contained in We first develop an abstract
structure-preserving paralinearization theorem for critical homogeneous graph integral operators on R,
We then apply this result to the singular integral operators entering the contour dynamics and derive the
complete paradifferential reduction of the canonical CDE. In|Section 6, we introduce the Alinhac good un-
known, reduce the resulting system to a diagonal complex form, establish the modified energy estimates,
and conclude the proof of Finally, is devoted to prove some technical lemmas
and gives the subcritical locally integrable counterpart of the abstract paralinearization theo-
rem.
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2 Recasting[Eq. (1.9)|as a Contour Dynamic Equation (CDE)

It is well-known that the irrotationality assumption in [Eq. (1.9)|allows us to recast|Eq. (1.9)|as a system of
contour dynamics equations of the interface I' (£). Our purpose here is to describe this formulation. We
consider

vE (1, %) = u* (1,7 (1,%), 2.1a)
q* (t,x):= p* (t,y (1, %)),
v (1,%) = ¢* (8,7 (1,1), (2.1b)

respectively, the trace of the velocity field, the pressure and the potential onto the interface I' (¥).

Next, following [80], we introduce the quantity

(2.2)

Notation 2.1. Throughout this section, we shall make appeal to the following notations.

i Let us define

6zf(x) ::f(x) _f(x—Z), A.Zf(x) = W;

x,zEIRZ.
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ii Let7 € Byjno(mzp) (0,1) and a scalar function w: R? — R, let us define the following operators of nonlinear-

convolution type
1 z
By (n) [w] (x) := P fR ) T w(x-2) dz, (2.3a)
(IZI2 +(62m (x))z) ’
1 62
¢(n) 0] (x) :=—p.v. f 1 -2 ds, (2.3b)
47 R

’ (IZI2 + (621 (x))z)%

where 6.7 is defined in[ltem i We also denote by R the vector-valued Riesz transform,

Rw := ?;Zﬁ , Rjw (x) := %p.v.fw %w(x— z)dz, 2.4)
that is a Fourier multiplier given by
Rjw(E) = —i%&)(f).
In particular, we have
By (0) = 9;, q(0)=0. (2.5)
As a consequence,
By (0)[1] =0. (2.6)

The main goal of this section is to prove the following theorem, which is about reformulating the system
Eq. (1.9)|into the CDEs for 7 and .

Theorem 2.2 (The Vortex Sheet equations as a canonical CDE with background vorticity). Let g,p* =0,

geR, QeR?, and let (u*, p*,y) be a classical solution of|Eq. (1.9), Letn and vy be defined as in|Eq. (1.1)|and
Define the affine background potential

¥ (x):=xt-Q, vig =0 2.7)
and the canonical perturbation
Y=y —. (2.8)
There exist sy > 0 and ro > 0 such that, if
Inlls,r=ro

then the set of equations|[Eq. (1.9)|is equivalent to the canonical contour-dynamics system
ne=g"m) [Q[Q] ()] +g(aln) [¢], (2.9a)
V=7 (0%, Qn, ). (2.9b)
The objects appearing in|Eq. (2.9)| are defined as follows.

e The vorticity variable carried by the canonical slice {4y = 0} is
Q[0] (n):=S(aln)w, (2.10)
where
~ the potential-to-vorticity operator S (a|n) is defined by
S(aln)y =Vt (1+aro (n)) " w. (2.11)
— the operator 1 (n) is defined as
7o (n)y:= ATV (B () [V - V] = g (n) Vi + (Bo (n) - Vi) Vi), (2.12)

where B (1) and q(n) are defined in|Eq. (2.3a)|and|Eq. (2.3b)} respectively.
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e The operator g* (n) is the normal velocity operator acting on vorticity variables and is defined by

v
g% () Q:=v* 191 (n)- [_'17] , 2.13)

where the auxiliary velocity trace v* [Q] (n) is

(B0 (n) [Vn-Q] - g (n) Q)"
~% ()" -Q

vV Q] (n)]

* .
IO 010

) (2.14)

where B (1) and q(n) are defined in|Eq. (2.3a)|and|Eq. (2.3b)} respectively.

* The operator g(a|n) is the generalized Dirichlet-Neumann operator in canonical potential variables
and is defined by

glaln)y:=g"(n)[S(aln)y]. (2.15)
Equivalently, ’
_[Vivllan)] . _ «
v(y](n):= vs [¥] (ﬂ|77) =v [S(a|n)w] (n),
and

slalmv=vlvlm)-|"7).

* The shifted Bernoulli function in canonical variables is

7(p*,Qln, @) =" (0*[n,Q2[Q] (n) + S (a|n) #) - cq, (2.16)
where t* is given by
n* (0*[n,Q) := mo (0%[n) + 73 (aln) (2,21,
with
— the gravity-curvature term mn is defined as

o

7o (0™ |n) = V- X (Vn) - gan, (2.17)
| (p*)
where X (Vn) is defined in
— the symmetric bilinear form n} is
3 (an) [Q1, Q2] := =73 (1) [Q1, Qa] = 75 (a]n) [Q1, Q2] (2.18)

with

O V* (94 () + 0 - V* (2] (n)

7y () [Q1, Q2] = > : (2.19)
3 (alm) 11, Qo) 2= % 2V [l (n)- V" Q2] (n)
- v3 (] (n) (v3 [Q21(n) —2V* [Q21(n) - Vn)
— v} [ (n) (v3 Q] (n) —2V* [Q1] (n) - Vn)
QT (Idpz + VN ® Vn) Q
+l 1( R n 8 77) 2 ) (220)
2 1+ |vn)|
— the constant gauge is

cqi=m* (pf|0,Q)=—g|Q|Z. (2.21)

In particular, subtracting cg in|Eq. (2.16)| makes (n,u?) = (0,0) a stationary trivial solution.
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Note that 7t decomposes according to homogeneity in VW as

7 (0%, Qn,9) = 7o (0%, Qn) + 71 (0, Qn) [@] + 72 (a|n) [#, 9], (2.22)
where
7o (0*,Q[n) := mo (0*[n) + 73 (aln) [2[Q] (n), 2 [Q] (n)] - cq (2.232)
1 (0, Qfn) [@] := 273 (a[n) [2[Q] (), S(aln) ¥], (2.23b)
2 (aln) [0, @2] =73 (aln) [S(aln) #1, S (a]n) w2]. (2.23¢)

In particular, for fixedn and ), the term 7 j is j-homogeneous in for j =0,1,2.

Remark 2.3. The formulation constitutes a primary novelty of this work. Departing from verifying
abstract properties of the Dirichlet-to-Neumann operator, we provide in[Eq. (2.15)|an explicit representation
of g (a\n) in terms of the singular integral operators By and 4. While this approach introduces significant al-
gebraic complexity, it is essential for capturing the precise paralinear structure of the system in the presence
of vorticity. ¢

Let us outline the structure of the rest of this section.

In|Section 2.1} we describe the trace of the velocity field on the interface.

In(Section 2.2} we derive the CDE for the elevation function 7.
« In(Section 2.3} we derive the CDE for the vorticity variable Q.

In|Section 2.4} we derive the CDE for the weighted trace of the potential .

» In|Section 2.5, we recast the potential in term of vorticity.

In|Section 2.6} we prove the main result,
In[Section 2.7} we record the canonical background formulation summarized in[Proposition 2.12]

Remark 2.4. The operators B (n) and ¢(n) defined in|[Eq. (2.3a)|and [Eq. (2.3b)|are crucial since they are the
only elements of[Egs. (2.9a)|and|(2.9b)|that resist standard paralinearization techniques (Bony paraproduct
decomposition, Bony paralinearization formula, etc.). Hence a major part of the present manuscript con-
sists on the analysis of these two operators. For this reason in the present remark we lay out some informal
computations that are useful in the forthcoming analysis. Notice that using the simplification 6 ,n = Vn- z
we obtain from[Egs. (2.9a)|and[(2.9b)| that

g(n)w=Vn-By(n) o, (2.24)

modulo lower order terms. The approximation in|Eq. (2.24)|is useful in the sense that it relates the operators
in [Egs. (2.3a)l and |(2.3b)| via a concrete relation, hence suggesting that the paralinearization of B, entails
the paralinearization for ¢, thus cutting in half the computations required for the manuscript. The relation

shall be made formal, and transparent, at the paradifferential level in below. ¢

2.1 Trace of the velocity field

To prove[Theorem 2.2} we need to start by understanding the velocity field on the interface. This is a classical
fact that for vortex-sheets (see for instance [33}94,/95,/108] for the bidimensional case) this latter can be
expressed in terms of the Birkhoff-Rott operator. From|Eq. (1.4)}, we have

(2.25)




Together with the irrotationality conditions in[Eq. (1.9)} the global vorticity field @ (t, x), defined in the sense
of distributions as the curl of the global velocity field u*, is supported entirely on the interface I (¢) and is
described by the following Dirac distribution:

@ (1,x) =w (t,x) 5o (x—y (t,x).
The definition [Eq. (2.25)|combined with the orthogonality properties of the cross product imply that

w-v=0. (2.26)

Therefore, putting together[Egs. (1.4)}[(2.25)|and[(2.26)|give

w3=Vn-Q  and % XV =w. 2.27)
v
Next, for x € Q* (1), we define
1 X — t’
u(t,x) ;= —p.v. Ly)s xw(t,y) dy. (2.28)
an” R fx -y (1,y)]

Let us define the Birkhoff-Rott integral operator

y60-y(ty)
R |y (6,0 - (t,y)

Our aim is to prove the following lemma about the velocity field on the interface.

w(t,y) dy. (2.29)

BR(y) [w] (¢ )'—i
¥)lwl (,x):= —p.

Lemma 2.5 (Evaluation of the trace of the velocity field). Let (ui, pi, y) be a classical solution of|Eq. (1.9)| Let
v, w, u*, BR(-) be defined as in|Egs. (2.1a)}|(2.25)}[(2.28)|and|(2.29)l Then we have, for any (t,x) € I x Q(1)*,
that

ut (t,x) =u*(t,x).

Moreover, we have

lvxw
*=BR +~ -

(2.30)

Proof. For simplicity of notation, we assume that ¢ € I is fixed in the rest of the argument, and we drop the
t dependence of the functions. In the rest of the proof, the convergence is always point-wise for all x € R?.
From direct calculations, we have

div,ut =0, Veyxu*=0 on QF.
Since we assume y to be at least C!, we have that there exists a £9 > 0, such that for any ¢ € (0, &9) and x € R?,
Y (x) £ev(x) € QF.

Next, we study the limit € | 0. For any x € R2, we calculate the limit lif{)lui (y (x) tev (x)). We can split
£

u (y-—ev) =L@+,

where

) ) Y@ —ev) -y ()
Il (x) = _pvf
4n ly—x|>£%|v(x)| |’y (x)—ev(x) -y (J’)|

Y () —ev(x) -y (y)
ly—xl=ed|v(x)] |y ) —ev(x)-r(y) |3

3 x w(y)dy,

L(x)= ﬁp.v. x w(y)dy.

Here, we have introduced a parameter 6 € (%, 1).
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Part 1 (Estimate of I f ). We first show that If — BR (y) w point-wise as € | 0. Observe from|Eq. (1.1)} that

ly () -y @ z[y-x. (2.31)
Hence, for |y — x| > €°|v (x) |, we have
_ VL e g a5 e, (2.32)
ly (v) -7 @

Define the function £ (u) := IZ—I’S Then, by Taylor integral formula, we have

filr-ev-y(y)-filr-r(y)= —efolv(x)-vfi (¥ ) —tev(x) -y (y))dz.

Thus, denoting f := (£1, 2), we obtain that
IT (x) =17 | (x) + I7 5 (%),
where
1 (%) =
If | (%) := —p.uw. Y—Y(y)?) x w(y)dy,
’ 47 y=x>e vl |y (x) -y (y)|
and )
€
I, (0= - pu. f df (y () — tev () —y () v ()] d2 x () dy.
4n ly—x|>€d|v(x)| JO

By definition of the principle value, we have I{ | (x) — BR(y) [w] (x) as € | 0. For the term I} ,, first we have

fori,j=1,2,3,0;f (u) = O(|ul~3). So together with[Eq. (2.31)}|Eq. (2.32)|and ¢ € [0, 1], we obtain that
J j g

ldf (v @) = tev )~y (1) ]| psy S Iy @ - tev @ -y (0) | Slr o -v ()| Sy

Notice that

> € 1-6
f —zdrzs_ —0, as ¢€]0.
e T

. cosf
Therefore, passing to the polar coordinates y—x =r [

sing I we obtain that I f,z (x) — 0as e | 0, which means

that I¢ (x) = BR(y) [w] (x) as € | 0.

Part 2 (Estimate of ). We write
I3 (x) =I5 ) (x) + I3, (%),

where ( )
1 Yy (x)-yy
5, (x):= —p.V.f ) I xw(y)dy,
2,1 47T pe YTXI=E vl \y(x)—eV(x)—Y(y)P
and
Iﬁz(x) ::_iv(x) Xp.V.[ w(y) 1|y—x\5£5|v(x)| . 3dy'
' A R2 ly 0 —ev) -y (y)]

We first estimate I; , (x). From|Eq. (1.1){and [Eq. (1.4)} we can write

ly@-ev -y () =ly-x-eVn@*+ (n(y)-n +e)*
=ly—xP+ v P +[n(y) -n@|*+2¢ (n(y) -0 - Vn ) - (y - x)).
By Taylor expansion, we have
n(y) =m0+ 00 (y—x)+0(ly-=).

Moreover,

ly - x|2 +(Vn)-(y-x))° = Y (1 + |6i17(x)|2) (yi — %)% +2010 (x) 821 (x) (y1 — x1) (y2 — %2) -

i=1
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For the symmetric matrix
1+|om@)|° 011 (x) 921 (x)
() 0n(x)  1+]0m 0|

its two eigenvalues are |v(x)|?2 and 1. Under the orthogonal transformation, we only need to consider
v ()12 (11 - x1)° + (32 — x2)°. Let 7 := (71, 7) , with

- 1 - _1

Jr=lv@iz(ym-x), Fei=lvl 2 (y2—x2).

Then, we have
v @1 (1= x1) + (r2 - x2)° = v @)l 7]

1
Remind that n € H%, we have ||Vn||Loo < 0o. Denote ¢:= (1 + ||Vn||ioo) ' then Iv(x)lé <cforany xe R2. Thus

=2 (Vn () (y= %)) = O (1ly - xF°).
Recalling that |y - x| <&l lv(x)| and 6 > 2, we obtain that
ly 0 —ev) —y ()P = v @1 7] + v (0P €2,
The integration region of j is an ellipse, located between two circles with radii %55 v (x)| and ce’ |v (x)!.

Next, we denote the polar coordinates j = r . For any constant C > 0 that does not depend on ¢,

0s
sinf

From symmetry, we have

ce® p2nm 2 0.sin®
f f r“(cos0,sin0) drdo =o.
0

(Ivx)lr2+ IV(x)Izez)%

Moreover, as ¢ | 0, we have

ce 1‘3 1 Ce
f 7dr < 3/2f 1dr <Ce® —o0.
O (v@Irz+vPrer): @I Jo

As a consequence, I5 | (x) — 0 as € | 0. To compute the limit of I , (x), we only need to study the limit of

drdo

v(x) fz”fCE erw (x+|v(x)|r (cosB,sind))
(Iv@)Ir2+ v (x)[?€2)?

as € | 0. Notice that

ced-1

Ce I
Er = / 1 Vo2 r
f 3drreer 2f|(>| _dr’
O (Iv@)Ir2+v(l?e?)? v (x)l (rz+1)2

€l0 ! 1
= > ~dr' = 5
v ()= Jo (r2+1)>2 v (x)]

So we obtain that 1v(x) (%)
v(x)xw(x
1- I&‘ = 1 Ig =

c o (0= L (0 = =5 = P

Part 3 (Synthesis). Combining the foregoing calculations, we conclude that

1v(x) xw(x)

lgi{glu_ (y ) —ev (%)) =BR(y) [w] (x =5 M (2.33)
Similarly, we obtain

. 4 _ lv (%) x w(x)

1510111 (v (x) +ev(x)) =BR(y) [w] (x) + 2 WEE (2.34)
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+

Let w™* :=u* — u* in Q*. By the foregoing trace formulas|Egs. (2.33)|and|(2.34)}
. VX
utl ] =- )
] =228
On the other hand, recalling that [v*] - v = 0, from[Eq. (2.25)|we obtain
. VX
v =- )
[v*] oE

Therefore [[ w* |rﬂ = 0, and we may define the continuous vector field
wi=w lg-+wlg+ on R3.

Since both u* and u* are divergence-free and irrotational in Q*, and since w has no jump across I', we have
divy w = 0 and V, x w = 0 in the sense of distributions on R3. Consequently,

Ayw=Vy(divyw)-Vyx (Vyxw)=0 in D'(R%).

Hence w is harmonic on R3. By the standing far-field normalization, w is bounded. Liouville’s theorem
therefore implies that w is constant. The same normalization fixes the common constant velocity to be
zero, and hence w = 0. Thus u* = u®* in Q, and the trace formulas computed above yield [Eq. (2.30)

O

2.2 The CDE for the elevation 1

Our next goal is to find the CDE for the elevation function 7. It is obtained by particularizing the transport

equation|Eq. (1.4)|in our context via the explicit computation of the Birkhoff-Rott operator|[Eq. (2.29)| More
precisely, the result reads as follows.

Lemma 2.6 (Derivation of the CDE for the elevation function). Let the interfacey be a graph onto R? as in
Eq. (1.1), there exist so >0 and ro > 0 such that ifn € B, g (I; 19) then we have that

ni=4""Q, (2.35)

where

* Q isdefined in|Eq. (2.25)}

o the operator g* (n) is defined as
\%
o ma=vian) |7,

and v* [Q] (n) is defined in

Proof. First observe that, by virtue of[Eq. (I.1)Jand[Eq. (1.4)} one has

Y V=11 (2.36)

Besides, the relation|Eq. (2.30)|gives
v v=BR(y)w-v. (2.37)

But, the integral operator|Eq. (2.29)|can be simplified using|Egs. (1.1)}((2.27)}|(2.3a)|and|(2.3b)|as

1 5.n(x)Qt (x—2) -z w3 (x—2) dz
BR (Y)w(x)ly(x)_(xn(x)) = _p-V. “ 1 -
=W 47w 2 z7-Qx—-2) 3
. (1212 + (620 (x))°)°
_[~Bo(m)" [Vn-Q] +4(n) Q"
= 1 (x).
Bo () -Q
Inserting[Eq. (2.36)} [Eq. (2.37)|and|Eq. (2.1a)|into|Eq. (1.4)|gives the desired result. O
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2.3 The CDE for the vorticity w

Itis clear from|Lemma 2.5} [Eq. (2.28)|and|[Eq. (1.1)|that we can describe completely the velocity flow in terms

of n and w. Moreover, thanks to|Eq. (2.27), we obtain that the evolution of the system|Eq. (1.9)|is completely
determined by the evolution of n and Q2. We now provide the evolution equation of the quantity Q := (w1, )

in terms of boundary contributions only.

Notation 2.7. Let us now define the following auxiliary variables in order to simplify the computations in
the present section:

VW
vn:=BR(y)w, vy = Ve (2.38)
v

so that, by virtue of[Eq. (2.30)|
v
vt = VN E 7T

Notation 2.8. Throughout the manuscript, we denote the Jacobian matrix and the Hessian matrix of a vector
field V : R? — RP, with p € N*, as

Jvi=(vvT)T  and Jtvi=(VivT)T

Notice that accordingly to this notation, given a scalar function v then Vv is a column vector, while Jv =
(V)T is a row vector. We also denote
HV:=VVTV.

An analogous definition holds for the operators Jx and Hy.
With these notations in hand, we can state our result.

Lemma 2.9 (Derivation of the CDE for the vorticity). Leto =0, g€ R. Let x — y (x) be aC? surface and let w

be defined as in|Eq. (2.25)

1. General Surface Case. In the case in whichy is a generic surface, the vorticity w evolves accordingly to
the evolutionary equation

0 ((1+am(y)) lwl) = -a" (0*|y,w) + it (y) @], (2.39)

where

* a is the Atwood number defined in|Eq. (1.5)}
* the nonlinear terms in|Eq. (2.39)|are explicitly defined as

m(y)lwl:= -y (Jy) v,
i (y) lw] =]LY[(]Y)T(VT—avN),
't (o*]y, @) := =l (0*|y) + 7} (a]y) [0, 0], (2.40a)

with

o (0*|y) = Jyv* (mk(ﬂ +9073)»

y (aly) lw,w] == (J'yV (v -y,) + JyV* (o -v7)

=}, (v) ]

1 lvr|?
+a(E]yVL(IvN|2+TT) ]Lyv(yN-yt),

N J
-~

::”;H (aly)lw,w]
where vy and vt are defined in|Eq. (2.38)|and K (y) is the mean curvature of the surface x — y (x).
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2. Graph Case. In the case in whichy is a graph onto R? as per|Eq. (1.1)} there exist sy > 0 and ro > 0 such
that ifn € Bs,r (I; 10) the equation|Eq. (2.39)| becomes

0 ((1+aT(n))Q)=Via* (p*[n,Q), (2.41)
where Q) corresponds to the first two components of w (cf. and:
o the operator T (n) is defined by
T (n)Q:= % (n) [Vn-Q] - g () Q-+ (% (n)*-Q) V*n,

with By and q as in|Eq. (2.3a)|and|Eq. (2.3b);

s the nonlinear term n* (p*|n, Q) is defined as

* (p*|n, Q) =m0 (0*|n) + 73 (a|n) [, Q1, (2.42a)
where m is defined in ‘ and the bilinear form n} (a|n) [Q1,Q3] is defined as
my (a|n) [Q1,Q2] := =73, (1) [Q1, Qo] — 75y, (a]7) [Q1, Q]

where

Q- V¥ [Qe] (n) + Q5 - V* [l (1)
2
i (a]n) 101,02 = Z[2V* (1) (n) - V* 1921 (m)
-3 (1] (n) (v3 Qa1 (n) - 2V* (] (n) - V1)
— 3 [Qa] (1) (03 Q] (1) =2V [ Q] (n) - V)
1 Q] (Idgz + Vn @ V) Q?_]
2 (1+1Vn?)

with v[Q] () = (V*, v}) as in|Eq. (2.14)

Proof. We divide the proof into two steps.

75 (1) [Q1,Qa] 1=

)

Step 1 (The evolution equation for a generic parametrization y of the interface). First observe that for any
vectorfield f:=[fi f f3]" €R% from[Eq. (1.4)} we have

fxv=(f-02y)01y—(f-017)02y =-Jy ((]Ly)Tf). (2.43)

Therefore, in view of|[Eq. (2.25)|and [Eq. (2.43)} we have

w=—([v*]-02y) 01y + ([v*] - 017) or.

Consequently, taking the derivative in time, we obtain

01w ==0;([v*]-02y) 01y - ([v*] -027) 010,y

Using(Eq. (2.43)} we have

3¢ (v* xv) =0, (v*-027) 01y — 0; (v* - 017) 2y + (v* - 02y) 0:01y — (v - 01Y) 0:027. (2.44)
From the definitions of v* in[Eq. (2.1a)} we have for any j = 1,2,
0: (v*-0jy) = v*- 0,0y + (0,u¥) (v) - Oy + Jxre™ (¥) 0rv) - Oy, (2.45)
and
0; (v*-0,y) =v*-0,:0;y + (Jxu™ () 0;y) - 017, (2.46)
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and

|Vii2 AT ot
0; 5 = (v*)" Jxu™ (y)0)y. (2.47)

Observe that from[Eq. (2.45)|and[Eg. (2.46)|we obtain

0 (v*-0v) = 0 (v*-0,y) = (0:u%) (v) - Ojy + (95y)" U™ (v) 0:v) - (0:7)T Uxu™ (¥) 0jy).  (2.48)

Notice that thanks to|Eq. (1.10)|we have that Jyu* = Hy¢*. Hence by Schwarz Theorem J,u* is a symmetric
matrix so that

(0;7)" Uxu* (v)0ry) = (007)T Uxu™ (¥) 57) =0. (2.49)
Plugging|Eq. (2.49)|into[Eq. (2.48)} we infer

3 (v*-05y) = 0 (v*-0ry) = (9:u*) (v) - Oyr- (2.50)

The trace of the first equation of[Eq. (1.9)]onto I’ (¢) is
1
(001) (1) = = 1ee* (1) 0"+ S59.2* (1) + ges).

Inserting this into|Eq. (2.50)|then combining with[Eq. (2.47)|and the fact that the matrix Jyu® (y) is symmet-

ric, we get
N . v\ (1o

0 (v*-0y) = 0; (v* - 0r7) = =0) | —— —(vap— (Y)+ges)-0jY~

Remark that (y) .
1 p-\Y -

(—ivxpi(y)+geg)-0jyzvx,z( " +gz)-0jy:6j(q—i+gy3).

3 p p
Thus,

v gt
Ot(vi-ajy)—aj(vi-aty):—aj( > +p—i+gy3), j=1.2. (2.51)

Hence, [Eqg. (2.51)|and [Eq. (2.43)|imply that

vEl? +
(0:(v* - 02x) 01y =0, (v* - 017) 02¥) = (02 (v - 0ry) Ory = 01 (v - 0,7) O2) =JYVL(| 2| +Z_i+9rs)'
Combined with[Eq. (2.44)|and obtain that
|vi|2 +
0 (v xv)+ZI* :]va( 5 +—i+gy3), (2.52)
where
T*:= T+ IF,
T = (v*-017) 0,027 — (v* - d27) 0,01y = =Ty, Uy)"v",
Iy := — 0, (v 0,y) 01y + 01 (v™ - 0,y) 02y = - Jyv(vt-y,).
Thus, we have
I* == (I yV (o= -y ) + Ty, (Uy) o). 2.53)

We insert|Eq. (2.53)|into[Eq. (2.52)|and obtain that

i|2 +

lv*|” g
+ p_J—“ +9Y3|- (2.54)

My ] [9°]5= 00 (0 )= UV (0% oy )+ () v7) =fY‘7l( 2
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From|Eq. (2.54)|and [Eq. (1.6)|it is immediate that

M [y x][[e*v*]] = Fy v+ MWMY)WHPWH : (2.55)

From|Eq. (2.38)}[Eq. (2.30)|and|Eq. (1.5)} we have that

[o*v*] = [p*]vn—{p* ) vr.

Therefore, using|Eq. (2.38)|and [Eq. (2.27)} we infer

0r([p*v*] xv) == {p*)oiw+ [pT] 0: (wn x V). (2.56)

We use now|Eq. (2.38)|and|Eq. (2.30)|in order to argue that

2

0% [v*[*] = [[Pi]l('ﬁﬁ%)_z((ﬂi»"zv"’% 2.57)

Inserting[Eq. (2.56)} [Eq. (2.57)|and[Eq. (1.5)|into[Eq. (2.55)} we get

—w;+ad; (vy xVv) = ]Lyv((—vT+ avy) -yt) +]lyt(])’)T (—vr+avp)
2

+JyV+ (5 (Viﬁ TT) ~UN-VUTH mk(ﬂ +gay3).

With standard algebraic manipulations we obtain|Eq. (2.39)

Step 2 (The evolution under the graph assumption [Eq. (1.1)). Under the graph assumption [Eq. (1.1)} we
have that

d [ 0 1]
2
Jy = (fo)T Jry=1l-1 o 2.58)
(Vin)T
so that
L + L -vt
Jyv- = vy-vi]’ Jyv= e
()] . -
Combined with the definition of 7" (p ) nT( J_r) given in|Eq. (2.40a)|implies that
3
' (o*| (+,n), @) = V¢n (0*|n, o),
o (p*|n,w) = dmo (0™ 1) + P2 (a]n) [, @],
o (0%]1) = — =<V - & (V77) + gan,
(o) (2.59)
2
0 a U
¢z (a|n) o, w] = vT.( T]R: —VN)+E(VN+ 2 —ZUNgnt)
= 4’1112( ) lw,w] ::(pny]];z(‘;ln) (w,w]
Next, we have that
Oz~ _ N ~
Iy, = (VE{;;)T and i = ﬁ3] = N((s,n), @) =0. (2.60)

we have that

Moreover letting vy := [
UN;3

(Jy)"vn=Vn+unsVn,
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M
which we combine with|Eq. (2.58)|and i = [m in order to obtain that
3

M(Y) w|y(x):(x,n(x)) = (VN + VN;3V77)J_' (2.61)

Now using|Eq. (2.38)}[Eq. (2.14)[and [Eq. (2.27)} we get

T(n)Q:= M(Y) “’|y(x)=(x,n(x))
w3=Vn-Q

= (1) [Vn-Q] - g () 2+ (0 () - Q) V1 (2.62)
== (V191 () + v3 11 (1) V)"

Plugging|Eq. (2.61)} |Eqg. (2.62),[Eq. (2.60)[and [Eq. (2.59)|into[Eq. (2.39)} we infer

0, ((1+aT () Q) = - V'ou (0*|n®)|ws=vya - 2.63)

We use now the special structure of the interface y and w, given in[Eq. (1.1)] and [Eq. (2.27)] in order to

simplify the term ¢ (p*|n, )|w,=vn-0 in

1. Analysis of ¢ri0 (p*|n): We define

o (p*|n) := —pmo (p*|n).

2. Analysis of ¢i1;2 (1) [w, w]: From|[Eq. (2.35)|and|Eq. (2.13)} we have 1), + v} = V- V*. Observe that for
any A,B,C¢e R?, we have

(A-B)C+(C*-B) At =(A-O)B. (2.64)
We combine[Egs. (2.14)}[(2.35)} [(2.64)]and [(2.9a)|and obtain that

w31 (M) 1Q, Q1= btz (1) [@, @] |ws=vna = Vr -V + (v x @)3(Vn- V"),

Making appeal to|Eq. (2.38)} |Eq. (1.4)|and|Eq. (2.27), we find

75 (m) 19,01 = T viP [(-w2—02n (V- Q) V" + (w1 + 011 (V- Q)) V5" + (-01nw2 + 82nw1) (V- V)]
+|Vn
_ 1 2 * 2 *
_W[—(lﬂvﬂ Joa v+ (1+]9n[*) 01 vz
=0t v QI (n).
Therefore,

m3 () 1Q,Q1 =" - V* Q] (n). (2.65)
By polarization, we obtain|Eq. (2.19)| Since[Eq. (2.63)|gives

0:((1+aT (n))Q)=-V+on,

the quantity in[Eq. (2.65)|enters the Hamiltonian-coordinate right-hand side through 7* = —¢p. Con-
sequently, the contribution of ”;1 to n; carries the minus sign displayed in [Eq. (2.18)] After the sub-
stitution Q= § (a|n) v, this is the origin of the minus sign in the definition of 7,1 (a|n).

3. Analysis of ¢,z (a|n) [, w]: Let us recall from[Eq. (2.59)|that
2

a v
b2 (a|n) (w,w] = 5( §V+ TT _ZVN'Yt)

y(@)=(x,n(x)) .
w3=Vn-Q

From w-v =0, we have

2 2 2 2
[vxw|”= V7w - (V-w) < |[vxw|=|V||lw|.
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So

o2 |w|® Q) +1Vn-QJ* (2.66)
THy=(xnw) = 2 [r@=(nm) =~ 1 vk :
Y=lono) = Jyp2 [re=tento) =TTy
For the term |v|? using we have that
NP |y = () = 127 191 0)]° = [V 101 () + |03 190 (n) (2.67)
wg.:VnQ
For the term vy -y, we have by virtue of
UN Yty m=(x) = V3 [Q1(10) 1 =3 [Q1(n) g~ (n)Q
w3=Vn-Q (2.68)
== v3 [Q1(n) (V" 1Q1 () -V - v 1Q1 (1))
We combinel[Egs. (2.66)|to|(2.68)|in the definition of > (a|y,w) (cf. [Eqg. (2.59)) and obtain that
JTQ;H (a|n) [Q,Q1 := P2 (a|n) [, @] |wy=vy-0
a 2 11Q12+|Vn-QP?
=—[|[V*IQ - [Q Y Q) -2ve Q) -vn)+ - —————|.
2 (V] = w3101 (n) (o5 [ (n) =2V 1 (n) - V) + 3 =0 o
Once again, the associated bilinear form[Eq. (2.20)|is obtained via polarization.
[Eq. 2.18)|follows by summation, and we conclude.
O

2.4 The CDE for the variable ¢

In this subsection, we prove the following lemma dealing with the evolution of the weighted trace of the
potential .

Lemma 2.10 (Evolution of the weighted trace of the velocity potential). The functionv defined vialEgs. (2.1b)

and|2.2)} satisfies
Q=3S(aln)y, (2.69)

where S (a|n) is the operator defined in|Eq. (2.11)l Moreover, there exist sy > 0 and ry > 0 such that for any
1 € B, r (I; o) the function y solves the evolutionary equation|Eq. (2.9b)} i.e.

vi=n(p*|nv), (2.70)
where the right hand-side is defined by
7 (p*|n,y) =" (0*[n, S (aln) w), 2.71)

with * (p* |1,) as inlEq. 2.42a)

Proof. Letusrecall that v is defined in[Eq. (2.2)| Let us define the modified vorticity

Standard computations combined with|[Egs. (2.25)|and|(2.30)|and the first identity of[Eq. (2.40)[show that

{=w-aBR(y)wxv=(1+am(y))w]. (2.72)

We plug|Eq. (2.72)|into[Eq. (2.39)|and obtain that

{i=-n' (o*|y, @) + 7 (y) (. (2.73)
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Let us now reduce the first two components|Eq. (2.73)|to the case in which y satisfies the graph assumption
Eq. (1.1)| The transformed r.h.s. of|Eq. (2.73)|is given by the r.h.s. of[Eq. (2.41)} so that

0,Z=V+n*(p*|n, Q). (2.74)

+

. . 14
Notice now that, defining vii= [ et we have
3

Vi (x) = Vo (x,1 (X)) + 05, 0™ (1,7 () V1 (x) = VE (x) + v5 (x) V(%) (2.75)

so that

H+

VIy*]=[vF] +[vs] Vn. (2.76)
Now from[Eq. (2.25)|we have that

+ + L1
w= |V I+l ]vn)) 2.77)
-Vin-[v¥]
so that, from[Egs. (2.76)|and[(2.77)] we obtain that
Q=v*[y*]. (2.78)
Similar computations moreover give that
Z=Vty. (2.79)

We plug|Egs. (2.78)|and [(2.79)|into[Eq. (2.74)|in order to express the evolution of ¥ in terms of  and [y*],
this gives

ye=a"(p* [0,V [v*]). (2.80)

Let us now relate ¥ and [y*] via an invertible, bounded operator. We combine [Egs. (2.62)|and |(2.72)|and
obtain that

Z=(1+aT(n))lQl. (2.81)
Putting together[Egs. (2.78)}[(2.79)]and [(2.81)] we obtain that
Viy = (1+aT () [V* [v*]]. (2.82)

Eg. (2.82)| has no curl-free component, hence we can apply the operator A~V - e to it and obtain that

v = (1+ato (n) [[v*]],
where (cf.[Eq. (2.62))
To(n):= ATV T () V4

Notice that there exist sp > 0 and ro > 0 such that for all n € By, g (I; ) the operator (1 +azq (1)) € £L(H?) is
invertible for all s = sy (the proofis postponed to|Lemma 5.23) , so we have that

[w*] = (1+az0(n) "y (2.83)

It will be convenient to distinguish the unweighted trace jump from the canonical weighted trace. We there-
fore set
-1
¢o:=[y*]=1+aro(n))” v.
Thus
y=(+ato(n)p, Q=Vi.

All these identities are understood in homogeneous spaces, hence modulo additive constants. Plugging
[Eq. (2.83)|into[Eq. (2.80)|and defining 7 (p*|n, ) as in the statement we obtain [Eq. (2.9b) O
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2.5 Recasting the potential in term of vorticity

Recall ¢* (¢, x) defined in|Eq. (2.1b)l Let us now express ¥,y in terms of Q.

Lemma 2.11. Letw* andy be as in|Egs. (2.1b)| and|(2.2)| respectively, there exists a sy > 0 and a ry > 0 such
that ifn € Bs, g (I; 79),Q € (Bs, r (I; 70))” then

wE(x) =A"1vE. (J—r% + T(n)) [Ql, (2.84a)
v (x) =AWV (1+aT () 11, (2.84b)
where T (n) is defined in|Eq. (2.62)l Moreover, we have
+ -_—
T(n)szi(”’ ZW )(x). (2.85)

Proof. By[Eq. (2.75)|and[Eq. (2.30)] we get

VE@ + VIV (x)—(BR( )Q+1WQ) +(BR( )Q+1VXQ) v (2.86)
3 n - Y ) |V|2 A Y ) |V|2 5 n. .

Remind|Eq. (2.14)|and[Eq. (2.62)} we have

(BR (1)), + (BR(r) Q) Vir= =0 (1) [Vn-Q] + g (1) 2"+ [ (1) ) .
=—(T(m)Q)",
and 0 a 0
( |v[? )h+( v|? )3vn= [ 912] -a
So
v-(BR(y)Q), + (BR(y)Q), Vn =T (n) v((vlvxlzg)h (V|:|§2)3vn) =v.0lt=-vt.Q (289

and we directly take divergence of Vy/* (x) and use|Eq. (2.88)|to obtain [Eq. (2.84a)| [Eq. (2.84b)|is a conse-
quence of|Egs. (2.2)|and|(2.84a)|
Finally, we obtain from|Eq. (2.86)|and [Eq. (2.87)|that

T ()= ((BR(y) ), + (BR(v) Q) Vi)

(V) +V () N vy (x) +v3 (%) e L' (2.89)
2 2
Thus we obtain[Eq. (2.85)|from[Egs. (2.75)|and[(2.89)] O

The normal velocity in Hamiltonian coordinates. We can now rewrite Eq. (2.14)|in the Hamiltonian vari-
able vy, indeed we have that

Q=S(an)y, w3=Vn-Q=Vn-S(a|n)y

so that V[ ]( | )
o vilem | ._ .«
v[y] (a|n).— vs [v] (a|77) =v [S(a|n)w] (n)
_ S(aln)w
B BR(Y) VUS(GM)W Y(x):(x’n(x)) (290)

_[ B @) [vn-s (aln)w] - ¢ (n) (S (aln) v
~B (n)” - S(aln)y
The Hamiltonian structure of the canonical CDE is proved in[Theorem 2.2
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2.6 Proofof

The proof combines the CDE in vorticity variables with the canonical background shift.

Proof. By the elevation equation is
ne=g"(n)Q
By|Eq. (2.70), the potential equation is
we=n(o*|nw).

We fix once and for all the Bernoulli gauge. Recall that the equation for the weighted trace is determined
only up to an additive function of time, namely

ve=n (o) + 0.

In the background formulation we choose this gauge by imposing c(f) = —cg. Equivalently, one may replace
the weighted trace by y—cg t. With this convention, setting ¢ = ¥+, and using that ¥ is time-independent,
we obtain

W=7 (00,9 +9) - co.
By[Eq. (2.91)} [Eq. (2.71)|and the definition of 7, this gives

Ve =7(p%,Qn, ).
Now set ¥ = ¥ + /. Since v is independent of time, y; = §/;. Moreover, by[Eq. (2.10)}
Q=0[Q](n)+S(aln)v. (2.91)

Therefore
ne=g" ) [Q[Q] ()] +4" () [S(aln) @] =5" (n) [Q[Q] ()] +4 (a|n) [#],
which is On the other hand,

Ve=n(p*|n.y+y)=7(p*Qln ), (2.92)

after subtracting the constant gauge cg as in[Eq. (2.16)| This proves|Eq. (2.9b)
It remains only to justify the homogeneous decomposition of 7. Using[Eq. (2.71)} [Eq. (2.91)] and the

bilinearity of 7, we get

7* (p*[n.Q[Q] (n) + S (a|n) ¥) - cq = mo (0*[n) + 73 (a]n) [2[Q] (), 2 [Q] ()] - ¢
+2m3 (a|n) [Q[Q] (1), S (a]n) ]
+75 (aln) [S(aln) @, S (a|n) #].

The three lines are exactly|[Eq. (2.23a)} [Eq. (2.23b)} and [Eq. (2.23¢)} This concludes the proof. O

2.7 Canonical background variables

The canonical background variables used in[Theorem 2.2|are introduced there because they are part of the
final CDE formulation. In this subsection we record the elementary identities which justify the canonical
rewriting.

The affine background potential ¢ and the canonical perturbation ¢ are defined in|[Egs. (2.7)|and|(2.8)}
Since ¥ is independent of 7,[Eq. (2.92)| holds, and therefore the change of variables preserves the canonical
symplectic form.

By applied with w = ¢, the vorticity carried by the slice { = 0} is
Q[Q](n) = S(aln) .

Consequently, inserting w = ¥ + ¢ into [Eq. (2.69)|gives the decomposition [Eq. (2.91)| Finally, the gauge cq
in|Eqg. (2.21)|removes the constant value of the Bernoulli function at the flat state.
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Proposition 2.12 (Canonical background formulation). Assume the hypotheses of[Theorem 2.2 Let ¥, ,
Q[Q] (n), and cq be defined by|Egs. (2.7)}|(2.8)}((2.10)| and|(2.21)} Then the change of variables

Y=g

preserves the canonical two-form in the sense of|Eq. (2.92), In these variables, the canonical CDE and the
homogeneous decomposition of its shifted Bernoulli function are those in|Egs. (2.9)|and|(2.22)| In particular,
for fixedn and ), the term 7 j is j-homogeneous in for j =0,1,2.

Proof. The shift ¢ — 1 = ¢ — ¥ is a translation by the n-independent function 1, hence it preserves the
canonical two-form by [Eq. (2.92)] By|[Egs. (2.13)} [(2.15) and [(2.91)} substituting ¥ = ¢ + ¢ gives the first

equationin[Eq. (2.9) Since v is time-independent, w; = ¥, and the second equation follows from(Eq. (2.16)
Finally, |[Eq. (2.22)|gives the asserted homogeneous decomposition. O

Remark 2.13 (The equilibrium (0,0)). At (n,%) = (0,0) one has

Q0] =a. (2.93)
by g(@l0)y =0,and 7 (p* |0, P)—-cq=0 by The flat configuration is therefore a stationary
point of[Eq. (2.9)] ¢

3 Linearization at the trivial state

The purpose of this section is to linearize the canonical CDE at the equilibrium state (1, %) = (0,0)
and to analyse the resulting dispersion relation. The two main results are which gives the
explicit linearized matrix operator together with its eigenvalues, and which characterizes
the purely imaginary part of the spectrum in terms of the stability scales introduced in[Definition 3.3}

Proposition 3.1 (Linearization of the canonical CDE at the trivial state). Let o =0, p* = 0 with {p*) >0,
g €R, and Q) € R?. The linearization of the canonical CDE|Eq. (2.9)|at (n,1) = (0,0) in the direction (h, ¢) is

h h
0 =L0(D)[ ] (3.1)
@ 2
where .
O 0 §|D|]
Lo(D):= 0" Videe + 1(@aD) "o
Here )
] o 4—a? (QF-¢)
q(a,Q[¢) = —ga— — 1E7 + : (3.2)
Equivalently, in Fourier variables,
E E A= 0 l|€|]
Ot| .| =L | L =1i—(Q~ &) Ide2 + = 2 . 3.3
ar 0 () [(p] 0(&) 4( ¢)1de q(ae,Q2]¢) © 3.3)
The characteristic polynomial is
A 2 -
det(wlde: — Lo (€)) = (a)—lz (@*-¢)) -2(a.0f),
where )
_ . E _ _ 4—q AL 2 _ % _ g 3
0(0,9¢):= > q(a,Q)¢) = T (Q-¢) 5l —2<<pi>>|€| . (3.4)

Consequently, the two eigenvalues are

s (0,0]8) ::ig (@L-&) +1/0(a,Q¢). (3.5)
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Proof. We linearize the two equations in [Eq. (2.9)] separately. The argument is organized as follows. We
first record the flat-state values of the operators By, ¢, 7o, S, and their first variations, which feed into every
subsequent computation. We then linearize the canonical background vorticity Q [Q] (r), which couples
the two equations. With this input we linearize successively the n-equation and the 1/-equation, and finally
we assemble the matrix form and read off the spectrum.

The vector-valued Riesz transform fR used throughout has principal symbol —i¢/ || and is defined as a
singular integral operator in

Part 1 (Flat identities). Combining|Eqg. (2.5)|and|Eq. (2.14)} we get

V* Q] (0) Op2 Lot
* _ _ * — .
v [Q](0) = U; QO |~ [—%ml-ﬂ s g (0)[Q]—29% Q. (3.6)
Moreover, [Eq. (2.5)|and[Eq. (2.12)|gives
70(0)=0,  S(al0)=V"'. 3.7)

Consequently, by virtue of[Eq. (2.15)} [Eq. (3.6)]and [Eq. (3.7)} we find

1 1
4@l0)[p] =% O [Vte] = ESRL-qu): E|D|<p, (3.8)

the last equality following from the symbolic identity 93+ - V+ = | D|. We shall also need the first variations.
Differentiating[Eq. (2.3a)land[Eq. (2.3b)} we find

/)
R |z|3

dyBy(0)[n]Q2=0  and dnq(O)[h]Q:%p.v. dz:%IDIhQ. (3.9)

The last identity of|Eq. (3.9)|is from

h(x) - h(x A
Fo (p.v. A 2 Mdz) © = 2n1Elhe).

|z
Part 2 (Linearization of the canonical background vorticity). Recall the definition[Eq. (2.10)}
a[0] () = S(a|n) .
Since S (a|n) = V* (1+a7o (1)) " and 7o (0) = 0, we obtain

dp,Q[Q] 0) [h] = —aV* (d,70 (0) (A1) (3.10)

We compute the scalar factor in[Eq. (3.10)} By[Eq. (2.12)}[Eq. (2.5)} and[Eq. (3.9)]

dpto (0) [R1F = A7V (B (0) [VR-Q] - dpq (0) (M1 Q)
=A"lvt. 19%[%0] “Lipina
2 2
- lo.min
2

Indeed, the first term in the second line is annihilated by V+ - R = 0, while the second is rewritten using
AV (IDIhQ) = Q- Rt h. Therefore

d, Q2 [Q] (0) [h] = ng (@9 h). (3.11)
Equivalently, in Fourier variables,
. Q-&t) o
T (@2 [Q] () [1]) (§) = g(l—;)& h().
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Part 3 (Linearization of the n7-equation). The first equation in[Eq. (2.9)|reads
ne=g"(m)[Q[Q] ()] +g(a|n) [¢].
Its linearization in the direction (h, ¢) is

he=dy(g" (n) [2[2] (1)]),-lh1 + 4 (@] 0) [¢]
= dng* (0) (1] [Q] + 47 (0) [dyQ[Q] (0) [h]] + g (al0) [¢].

Let us deal with the first contribution. Recall from|Eq. (2.13)|and [Eq. (2.14)|that

" () Q1 =v*[Ql(n)-Vn-viQl(n).

Now, according to[Eg. (3.6)}|[Eq. (2.14)|and[Eq. (3.9)} we get

v¥[Q]=0 and  dyv3[Q]0)[h]=0.
Therefore, the first contribution vanishes, namely

dng™ (0)[h][Q] =0.

Using(Eq. (3.6)|and[Eq. (3.11)|and the fact that

RE.vi=|D|, Q-R'=-QF R

we obtain ) .
7" ©[d,Q[Q] 1] = 92" [EvL (Q- %5

:Z|D|(Q-9%ih)

=2at.vh
4

Inserting([Eq. (3.14)}[Eq. (3.15)} and[Eq. (3.8)|into[Eq. (3.12)]yields

a-, 1
hy=-Q-Vh+-|Dlg,
t=7 2| lp

which is the first component of|Eq. (3.1)
Part 4 (Linearization of the /-equation). The second equation in|Eq. (2.9)|reads

V=7 (0%, Q).

By|Eq. (2.16)|and [Eq. (2.42a)} this can be rewritten as

ﬁ(Pi’QM»U}) =To (pi |n) +ﬂ; (a|17) [Qrotr Qro] — €,
where the canonical total vorticity is
QTot = QTOt (77»1/7) = Q [Q] (n) +S (Cl | T]) 17/

Recall from[Eqg. (2.93)|that Q. (0,0) = Q, we deduce that

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Ay 507 (0%,2]0,0) [, 0] = dyio (p* |m) U] + (g3 (@l0)) 171 [©, Q] + 27 (al0) [ @,y 5) O (0,0 [, 0] |

The gravity-capillary contribution is directly obtained from the definition of n¢ in|Eq. (2.17)

(o

(p*)

dno (0*]0) [R] = Ah—gah.
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The first variation of the canonical total vorticity is (1,%) = (0,0) is, by virtue of[Eq. (3.11)

d(y ) Qo 0,0) [, 0] = &y Q[Q] (0) [h] + Vg

i (3.18)
- gvl (Q-%h)+Vie.

Since Q € R? , one gets from[Eq. (3.6)|that

vy [Q] ) =0. (3.19)

Therefore, coming back to the definition of 7} in|[Eq. (2.18){Eq. (2.19)HEq. (2.20)|and using|[Eq. (3.13)} we get
for any Q,

73 (a10) [0, Q] = —%Q Q. (3.20)

We now substitute the two pieces of[Eq. (3.18)|into[Eq. (3.20)| For the contribution Q = V!¢ we obtain, using
Q : gL = _Ql : é:

21} (@]0) [0, Vi) = —ZQ-VJ‘(p - EQL V. 3.21)
For the contribution Q = d,Q [Q] (0) [h] we obtain, by[Eq. (3.11)|
_ SO a- SO
273 (a]0) [Q, dy Q2 [Q] (0) [h]] = —ZQ-d,,Q [Q] (0) [A]
@ - L(a ol
= —EQV (Qi)‘i h),
which in Fourier variables reads
( 0
<1

It remains to differentiate 7 (a |17 ) [Q, Q] with respect to 7 at fixed background vorticity argument. By
|Eq (2. 20)} |Eq (3. 13)|and|Eq (3. 19)} the term ”2 . has zero first variation at 7 = 0. Now recall from [Eq. (2.19)
that

Fr—e (273 (a]0) [Q, dnQ[Q] (0) [R]]) () = 2 hd). (3.22)

3 () [2.Q] =% v [Q] (n).
By virtue of|Eq. (2.14)|and|Eq. (3.9)} we find

L
dn,V* [Q] (0) [h] = %SR[WLQ] - % |D|h Q)

Consequently,
dyr3, )[R [Q, 0] = O+ - dy V* [0] 0) [m
1. - -
- La.mvn-q)-Ljafibin.
2 2
In Fourier variables,

Fr—e (Q-R[VR-Q])(©) =

so that, using

O 1e1=1e17 [ (@-¢)* + (-4,

we deduce
1@
Fy—i Ay (@]0) [R]1[Q,Q]) (§) = H( dym (0) [1[Q, Q])(é) H " h@©. (3.23)
Combining|Eq. (3.17)} [Eq. (3.21)} [Eq. (3.22), and [Eq. (3.23)} we obtain
= 2
a- 4-a® | [(Q-&H)7 -
=-Q"-Vo+-——Ah-gah+ ——7 h 3.24

which is the second component of|Eq. (3.1)
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Part 5 (Matrix form and spectrum). Combining[Eq. (3.16)|and|[Eq. (3.24)} we obtain

ik aesio) o ||l

with q defined in [Eq. (3.2); taking the Fourier transform yields [Eqg. (3.3)l Since the transport part is scalar,
the characteristic polynomial is

0

)

a-
ZQL-VIdcz +

] 2 ]
det (wlde: ~ Lo ©) = (w15 (0*-9)) —'Zﬂq(a,mg),
and the identity
@ - _4—a2 L 2 9. O 3
2q(a,Qlé)— T (Q-¢) 5 ¢l 2<<pi>>|'f|

is precisely|Eq. (3.4)l The two roots of the characteristic polynomial are|Eq. (3.5)
This concludes the proof of O

Remark 3.2 (Structural consistency). The transport %QL -V appears in both rows of Ly (D) for two struc-
turally distinct reasons: in the n-equation it arises from the canonical background vorticity Q [Q] (n) =
S(a|n) ¥, whereas in the {-equation it arises from the bilinear term 27} (a|0) [Q, V*¢|. That the same
transport speed appears in both rows is the direct CDE-level manifestation of the canonical Hamiltonian
structure. ¢

Definition 3.3 (Linear stability scales). We introduce the following stability scales attached to the linear
dispersion relation [Eqg. (3.4)

1. The reduced gravity, or Rayleigh-Taylor acceleration, is

g0
a-* 2

2. The capillary coefficient is
o o

“2(p%) prpt

3. The directional Kelvin—-Helmholtz shear coefficient is

Co:

4—qa?

= (Q-04)7,  9er? |9]=1.

KHoq (9) =

4. If 0 > 0, the directional effective Weber wave number is

KHia@  pp*

. (o= +p7) (Q-94)".

Kwe (9) :=
For a prescribed length scale L > 0, the dimensionless quantity Lxwe (9) is the corresponding effective
directional Weber number.

5. If o > 0, the signed inverse squared capillary length is

o g (P -p")g
cap '~ ; = T

K

When (p~ - p*) g >0, this is positive and

- 1 B o
P ke | (07 -p")0

is the capillary length; for a prescribed length scale L > 0, the dimensionless quantity szﬁap is the
corresponding Bond, or E6tvis, number.
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6. The maximal Kelvin—-Helmholtz and Weber wavenumbers are

4-a® _ o p p* =12
KH™& = sup KH_ 5 (9) = Q =——(Q

a,Q |19|:I)1 a,Q 16 | | (p_ +p+)2 | |
and, ifo >0,

Kiya® = sup ke (9) = & |Q|2.
191=1 o(p~+p*)

Proposition 3.4 (Purely imaginary linear frequencies). Assume the hypotheses of|Proposition 3.1, and let the
stability scales be those introduced in Then, for every¢ € R2\ {0}, with & := E1|E|, one has

0(a,0)¢) = 1€1 [KHy g (§) 161 - g — co 117] . (3.25)

Consequently,
Ai(0,Q8)eiR = colEP—KHyq (é)1¢1+g} =0. (3.26)

More precisely, the following alternatives hold.

1. Ifo >0, then

Ai(0,Q]8) iR = &P —xwe (§) 1€l +x%,, = 0. (3.27)
In particular, if
(K{/nvgx)Z = 4K§ap’ (3.28)

then both dispersion branches are purely imaginary for every & € R? \ {0}.
Conversely, if there exists 0 € R? with |9| = 1 such that

2

Kwe (9)% > 4Kz,

then the frequencies in the direction 9 are not purely imaginary for

I€] € (max{0,x— (D)}, x4+ (0)), 5 =9, (3.29)
where
Kwe (9) £/ Kwe (0)% — 4Ky,
K+ (0):= 5 . (3.30)

Moreover, independently of|Eq. (3.28)}, capillarity stabilizes the high-frequency region: both branches
are purely imaginary for all |¢| = xy;, where

xmax (Kmax)Z - 4K§ap

We We . 2
, f (xmax) 5 4 2 ,
Kni 1= 2 i ()" > dxcap (3:31)
0, otherwise.
2. Ifo =0, then
A (0,08 iR <= KH,q(€)1E =g (3.32)

Hence, ifg}, < 0, no nonzero frequency has purely imaginary branches. If g, = 0, the branches are purely
imaginary precisely in the directions satisfying KH 4 (f ) =0. Ifgl, > 0, then in every direction satisfying
KHq g (€) > 0 the purely imaginary range is exactly

!

8a

0<lgls ——x (3.33)
KHa,Q (6)
In particular, if g, > 0 and KHEBX > 0, then both branches are purely imaginary for every frequency
satisfying

gl

0<|él < KHgng- (3.34)
a,Q
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Full-frequency stability in the capillarity-free case holds if and only if
g, =0, KHE?SX =0; (3.35)

equivalently,
ga=0, (4-a?)|Q| =0.

Proof. The two branches differ from the purely imaginary scalari§ (Q* - €) only by +, /0, o (&), whered, (&) €

R. Hence both branches are purely imaginary if and only if 9 5 (§) < 0. We first rewrite the discriminant in
the dispersion-physics variables of[Definition 3.3} then separately analyse the cases o >0 and o = 0.
Let £ e R?\ {0} and & := &/ |&]. Since & = |&[€,

(@& = 1P (@)’
Using the definitions of KHa'Q, gg, and ¢, in this gives
2 (a,Q¢) = 1€ [KHy g () 1€ - g — o 117,

which is|Eg. (3.25)} Since [¢| > 0, the condition 0, ¢ (¢) < 0 is equivalent to|Eq. (3.26)
Part 1 (The capillary case o > 0). If o > 0, then c; > 0. Dividing[Eqg. (3.26)|by ¢, and using

A

2 K Ha Q (‘f) 2 g:;
el = —25, i, =B
yields|Eq. (3.27)
Fix a direction 9 € R? with |9| = 1, and consider the quadratic polynomial
Py(X):= X* —kwe () X +Kzyy, X ER,

with discriminant Ag := k%, (9) — 4kZ,,. If (rcmax)? < 4K 2,y then Ay < 0 for every 9. Since Py has positive
leading coefficient, Py (X) = 0 for every X € R, hence for every X > 0. Applying this with X = |{] and 9 = f
proves|Eq. (3.28)

Conversely, assume that for some direction 9, xwe (9)* > 41<§ap. Then Py has two real roots x4 (J) given
by|Eq. (3.30) since the leading coefficient is positive, Py is negative precisely between its two roots. Inter-
secting with the positive half-line gives

Py(X)<0 <= Xemax{0,x_ ()}, x4 (),

which in view of[Eq. (3.27)|is exactly the unstable band|[Eqg. (3.29)HEq. (3.30)|
It remains to prove the high-frequency statement. Since xwe (0) < k" for every direction, we have, for
every X >0,

Py(X) = X* = kN5 X + Kiyp-

If (k02)% < 4KZ,p, the right-hand side is nonnegative for every X and one may take x; = 0. Otherwise, the

right-hand side is nonnegative for every X larger than its largest root, namely for

max max)?2 2
KX + 4/ (k%) — 4Gy
X= 2 ,

which proves|Eq. (3.31)
Part 2 (The capillarity-free case o = 0). If 0 =0, then ¢, =0, and|[Eq. (3.26)|reduces to

KH, o (€)1¢1< g5,

which is[Eq. (3.32)
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Since KH, (f) >0 and [¢] > 0, the preceding inequality has no solution if g, < 0, proving the first asser-
tion. If ga =0, the inequality becomes KH ad (f) |€| = 0; since both factors on the left-hand side are nonneg-

A

ative and |¢| > 0, this is equivalent to KH,  (¢) = 0, proving the second assertion.

Assume now g, > 0. IfKH, 4 (€) > 0, solving KH,, ¢ (€) 1¢| < g} for |¢| gives exactly|Eq. (3.33)] IfKH, o (¢) =
0, the inequality is satisfied for every |¢| > 0 in that direction.
Taking the maximum over directions gives the uniform low-frequency criterion: if KH?%X > 0 and [¢]

satisfies 0 < |€| < ga/KHglgx, then
KHq,q () 1€1 < KHIEI¢| < g5,
proving|Eq. (3.34)

Finally, full-frequency stability in the capillarity-free case means that KH, 4 (9) X < g, for every direction
9 and every X > 0, which holds if and only if KH 5 () = 0 for every 9 and g, = 0. By|Definition 3.3} this is
equivalent to (4 - a2) |Q|” = 0 and ga = 0, proving|Eq. (3.35)

This concludes the proof of O

Remark 3.5 (Dimensionless Atwood-Weber threshold). When ga > 0, one has K%ap > 0, and the full-frequency

sufficient condition(Eq. (3.28)|can be recast, with W 5 defined in|Eq. (1.26)} as

Wa,Q <1.

Thus the Atwood number has two distinct stabilizing effects: it generates the Rayleigh-Taylor restoring term
K%ap when ga > 0, and it weakens the Kelvin-Helmholtz contribution through the factor 4—a?. In the Kelvin—
Helmholtz endpoint a = 0, one has Kgap =0, so no nonzero background Q can satisfy a full-frequency sta-
bility condition on R?. In that endpoint one can only obtain a high-frequency stability statement, which by

reduces to
V)

=12
612 Kl = 22 O

This is the flat-interface analogue of the Weber threshold in the periodic Kelvin-Helmholtz problem, but

without the discrete low-frequency gap present in the circular geometry, see [85]. ¢

4 Paradifferential toolkit

Throughout this section, d = 1. In accordance with |[Notation 1.1} all definitions and results are stated for
scalar functions, operators, and symbols; the vector- and matrix-valued versions follow componentwise.
Standard spatial, frequency, and integration variables retain the usual lower-case notation; in particular,

x,&,2,6,v,v,( € R

All multi-indices belong to N4, The symbols Vy, V¢, Vi, Ay, and A, denote the Euclidean gradients, Hessian,
and Laplacians in dimension d. Moreover, we denote

6. f(x):=f(x)~f(x-2), A f(x):= %, Zzzéegd‘l. (4.1)

Notation 4.1. We use the standard surface measure do on $¢!; for d = 1, it is counting measure on S° =
{—1,1}. The Fourier convention is

1 fR T wdy, Fmd) )@ =m@ 7@,

with inverse transform

__1 ixg g
= — | eFed

(zn)d/Z
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Every functional space below is displayed with its domain and codomain. In operator spaces, omission
of the codomain means that domain and codomain coincide. For brevity, in norm subscripts we suppress
the ambient domain and codomain. In particular, H* there stands for H* (IRd;CC). Real scalar backgrounds
belong to H’ (R%R), and we use the convention

lullg:= Nl ) lullg = supllu (D),
tel
1T, = max il s B (I;1) := Be (1 (masw)) (0, 7)-

This section collects the paradifferential formalism that will be used in to paralinearize the
generalized water-waves system [Eq. (2.9)] We first remind the general notion of smoothing operators and
symbols. They depend on an external function and we keep track of the homogeneity with respect to this
latter. Then, we introduce the Bony—Weyl quantization and recall its main para-composition rules. In a sec-
ond part, we develop an approach to paralinearize general singular integral operators on the whole space.
This uses localized and tail kernel functions to deal with integrability near the origin and at infinity, respec-
tively.

4.1 General paradifferential calculus
In this subsection, we recall the basic definitions and propositions in paradifferential calculus, such as sym-
bols, functions, smoothing operators, and Bony-Weyl quantization.

p-linear bounded maps on Frechét spaces, continuously diiferentiable and analytic maps.

Definition 4.2 (p-linear bounded maps in locally convex vector spaces). Let A R, X be a Banach space,
Y alocally convex topological vector space with topology generated by a family of seminorms {p; } 2enr and
p € N*. We denote by L? (X; Y) the space of continuous p-linear maps T : X? — Y, i.e. maps that are linear
in each argument separately and satisfy

p
pa(T (ur,...oup)) <Ca [ T4l Vug,...,upe X, LeA,
=1
for constants Cy > 0 depending on A but not on uy,..., u,. We write
LOGY):=LN (XY, LP(X):=LP (X;X).

We shall also use real-analytic functions with values in a Fréchet space; we recall the definition for the
reader’s convenience.

Definition 4.3 (C¥ maps into locally convex spaces). Let X be a Banach space, let Y be alocally convex space
whose topology is generated by a family of seminorms {p,} 1enrandletU S X beopen. Amap f:U— Y is
of class C! if there exists amap df : U — £ (X;Y) such that, for every xy € U and every seminorm p,,

pa(f (xo+h) = f(xo)—df (xo) h) =o(lhlx)  as |klx—0,

and such that x — df (x) is continuous for the topology of uniform convergence on bounded subsets of
X, seminorm by seminorm in Y. Inductively, f € C*¥(U;Y) if f € C! and df € C¥1 (U; L (X;Y)). We set
C®(U;Y) = N1 CF (U5 V).

Definition 4.4 (Real-analytic maps into locally convex spaces). Let X be a Banach space, Y alocally convex
space with topology generated by seminorms {p;L}MA, and U < X open. We say that f: U — Y is real-
analytic, and write f € C® (U;Y), if for every xq € U there exists r = r (xg) > 0 such that Bx (xg, ) < U and

+00 1
flo+h) =) ﬁdkf(xo)[h]k, VheBx(0,r),
k=0 "™

where d* f (x) € £¥ (X; Y) is the k-th Fréchet differential of f at xo (cf. ,
d*f (xo) (0¥ :=d* f (xo) [h ..., B
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denotes its evaluation on the k-fold diagonal, and the series converges in Y, i.e. for every 1 € A,

N
lim p, f(x0+h)—zidkf(x0)[h]k =0, VYheBx(0,r). 4.2)
N—+o00 =0 k!

We say that the series converges uniformly on Bx (0, r) if the limit in|Eq. (4.2)|is uniform in & € Bx (0, r) for
every A.

Tame smoothing operators.

Definition 4.5 (Tame smoothing operators with vanishing order). Let p € Rand g € N. We say that r, € Rg q

if, for some fixed p € N*, there exists sy > 0 such that, for every s > s, there exists a radius rsr" > 0 with the
following property. For every 0 < r < rsr" and every

Uy € (Bs, (1;1)",

we have
To (UP) € L(H?(R%C); H (R%C)),

and, for every h € H* ¢ (R%C),

170 (Tp) 1l 1ye Ssio NTp & 1Rl prs-e. (4.3)

We call r, real-to-real if r, (U p) h is real-valued whenever the backgrounds and & are real-valued. We use
the convention R? := Ril.
Fourier multipliers, symbols and functions.
Definition 4.6 (Fourier multiplier). Let m € R, we denote with I the space of maps

&— m (&) €C® (R {0}C),
such that for any 8 € N? and |¢| = 1/2 we have that
‘65711(5)‘ <pleimlel,

Definition 4.7 (Symbols with finite regularity and order of vanishing). Let m € R and let g € N*.

1. We denote by ng the space of maps

a: (Bs, (I;ro))” — L2 (R? x (R?\ {0});C)
flp = (ul,...,up)T —{(x,&) — a(Up;x,f)}
defined for some sq > d/2, ro > 0, p € N*, and satisfying the following properties.

(a) Forevery M €N, there exists uf, = 0 such that, for every s = so, there is 0 < r, < ro such that,
for every

U € (Bsyrug, (1) 1 C (I H (IRd;IR)))p, 0<r=réy,
and every x € R?, the map
&= a(Up; x,¢)
belongs to C* (R?\ {0};C).

(b) With the losses fixed above, for every M € N, every s = sy, every multi-index § € N4 with | /3| <M,
every

. . )
Upe (BSO+,UZ4,R (LrnC (I; H Fu (Rd;lﬂz))) . O0<rsrly,
1
and every [¢| = 3, one has

= | = -
“afj“(Up?”f)”sJ Sspm (| Upl . I“UP”s+y]“WI|£|m Al. (4.4)

So+Hfy
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The losses u{, may be chosen nondecreasing in M.

2. We use the convention

3. We define
2 :=1"+12.

Equivalently, a € I'Zj) if it can be written as

a(Up;x,&)=ao @) +as1 (Up;x,&),  apel™,  as ell.

4. For every s = sy and every M € N, we set

a(U := max sup |¢|7"*1] ”6‘?61 Up;e,&)|| . (4.5)

| ( P)lm,s,M |ﬁ|5M|E|2p% 4 ( p ) s,
In particular, the tame estimate[Eq. (4.5)|defining I'Z, reads

— — q_l —
@ ()50 Ssva [0p | g 1 100 | 10 -
For a background-independent symbol ay € T, we set
(@0l := max sup l¢1~"* 1Al |6 a ©)|.
B1=M g1
Accordingly, if
a=ap+ax €T, apgel™, a1 €T, (4.6)

we use the convention
|a(UP)|m,s,M = |a0|mnM + |a21 (UP)|m,s,M'

. N]‘ x N2 N . . . .
5. For N, N, N, € N*, the notations (F zmq) and (F;”q) are componentwise abbreviations, in accor-
dance with the scalar convention above.

6. Asymbol a(Uy; x,¢) € T2 is pointwise real if the map
(x,8) — a(Uy; x,¢)
is real-valued for every real-valued U p- Itis real-to-real if
a(Up;x,—f) = a(Up;x, é).
Remark 4.8 (Elementary rules for the vanishing order). Let g1, g2 € Nand my, my € R.

1. If m; < my and q; = @, then

m ny
erh < Fifh'
ny 1147 . . . . . oy
2. Ifael';, and beT,, then, using the Fourier multiplier-nonlinear decomposition Eq. (4.6)}
mi+my
abelz,  o.

3. IfageT™ and b e 1"'2"627, then

dob € I“Zlfmz.
4. Sums satisfy
m m;  — pmax{mi,nmy}
T2, +T2G, STT .
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Definition 4.9 (Functions). For g = 1 we set
,qu::{fel“ngagf:O}, Fi=Fsr.

We denote by
.Fz() = C +./_"21.

The superscript R denotes the pointwise real-valued subclass; thus F%,, 7%, and F%; have the analogous
meaning.

Quantizations and para-composition rules. Let us recall the Weyl quantization formula of a symbol

1 )
20l fRded e‘x’fd(f—c,t—c) 4(c) dedé.

Lete € (0, 1) and consider a smooth, radial cutoff y € C*® (R%; [0,1]) such that

@<= k=Ll €)= ('5) @7
Y%V 0 if1e= 10, Xelo):=X\¢ )

0p" (@) [u] (x) :=

The function (¢,¢) — x (¢/1€1), extended by zero at & = 0.

Given a symbol a in I'Z; we define the regularized symbol

— 1 ix- S _
“xe(X,f)-—WfRde ‘xe(m) (6. de=xe(D/Igl)ax.§),  §#0,

and set ay, (x,0) :=0.

Notation 4.10 (High-frequency extension and low-frequency remainder). Let m € R, a € I'j) smooth in
¢ #0, and let y be the even cutoff fixed in[Eq. (4.7)| We decompose

a=ad'+a, ad'(U;x,8):=(1-x () aU;x,8), @ (U;x,8):= x (& aU;x,8).

* The symbol a' is the fixed high-frequency extension of a. It is independent of the chosen extension
ant.

e The symbol @’ is the corresponding low-frequency remainder. For a complete homogeneous Fourier
multiplier, the untruncated homogeneous expression remains the multiplier being defined on ¢ # 0;
% is used only for localized symbolic reductions, with the low-frequency part treated separately.

Definition 4.11 (Bony-Weyl quantization). Lete € (0,1), m e R, a€ ', and u € S (R%C). We define the

' 4 >0’
Bony-Weyl paradifferential operator Op®V (a) := 0p" (ay,), i.e.
1 2(6-6)) . {+¢) . ix-
o i (oSS
p (@ [ul (%) 22 Jea s ¥\ Te 7 el als—¢—— |y dgje"d¢ (4.8)

IfA=|
by

is a finite matrix of symbols in I'”, then Op5W (A) is defined componentwise

=0’

aij 1=i=N;, 1=j<N,

op™" (A):= [OpBW (aij)] 1<i<Nj,1<j<N;

Notice that the diagonal { = —¢} is a set of measure zero in R2d. Moreover, there is no issue of integra-
bility near this diagonal, because the integrand of [Eq. (4.8)| vanishes in a neighborhood of it. Moreover, if

XE(Z(E_C)) # 0 then |€ — ¢| < €l¢ +¢|, and therefore, for € € (0, %),

[&+¢l

l1-¢€ 1+e€
— gl =ll=—Igl, V& ceRY, (4.9)
l+€ l1-¢€
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Lemma 4.12 (Schur test). Let

K:RIxRY—C
be measurable and assume that
Ax:=sup | |IK(,¢)|dé < +oo, Bg:=sup | |K(,¢)ld¢ < +oo. (4.10)
ceRd JR? feRdJR?

Then the integral operator

Tief ©:= [ K@) £ de
extends to an operator in L (L* (RY)), and
l TK”E(LZ) <+ AgBk.

Proof. For f € S(R?), Cauchy-Schwarz with respect to the measure |K (£, ¢)|d¢ gives

|TKf(f)|25(fRd|K(f»C)|dC) (Ld|K(f,c)||f(c)|2dc .
Integrating in ¢, using and Fubini’s theorem, we obtain

Ticrl=Bi [ [ 1K@ 0NF @ dede = A | 7]
The conclusion follows by density. O

The following lemma is immediate from the definition of Bony-Weyl quantization.

Lemma 4.13 (Adjoint of Bony-Weyl quantization). Letm € R and a € T, then the adjoint operator Op®" (a)*
is given by

Proof. Cf. [25]. O

Remark 4.14. letae F'Z"I, the definition of the operator OpBW(a) can be naturally extended to tempered

distributions by duality, using[Lemma 4.13}
(0™ (@ [¢'] [ @) :=(o"| O™ (@) ), VpeS(R5C), ¢ eS'(RGC)
thus proving that constants belong to ker (Op®" ()), in fact

(op™ @ (C1 | g)=(C| 0p®¥ (@) [o])
=(C| F(0p™(a)[¢]))

e f f 6o(€)d15(6—c,&—c)¢(c)dcdf
Rd JRd 2

:Cfdfzxa (—c,%)mdczo.
R T
¢

Theorem 4.15 (Action of paradifferential operators). Let m € R and a € I'Zj,. There exists Nq € N, depending
only ond, such that OpBW (a(U;x,¢&)) extends to a bounded operator in

L(H* (R%C); H ™ (R%Q))
foreveryseR, and

10P™ @D (s sy e m i) S 18 @D, + [ 00™ (@ 1) (4.11)

||£(HS(Rd;C);HS'm(Rd§C)) ’

where sy is as in|Definition 4.
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This is the standard whole-space Bony—-Weyl boundedness theorem; see, for instance, [28, Theorem 2.4]
for the periodic counterpart.

Remark 4.16. The seminorm in[Eq. (4.11)[controls only the region |£| = 1/2; the low-frequency component
@’ has therefore to be estimated separately. This distinction is essential for symbols that are singular or
merely defined away from ¢ = 0. ¢

We recall also the following classical results.
Remark 4.17. Notice that for g € N* and m, p € R,
1. If aeTZ, then op*W(a(U;x, &) Ue Faoys
2. ifrpe RE, then 1, (V) U € Fay;
3. it me '™, then Op®W (m) = m (D);
4. implies thatif a € TZ,, then Op®" (a) e RZ".
¢

Lemma 4.18 (Bony paraproduct decomposition). Letr; + 12 >0 and ue H" (R%;C), ve H™ (R%;C). Then

RBW

uv=OpBW(u)v+OpBW(v)u+ [u, v]

where RBW [u, v] is a symmetric bilinear map
Hr1 (Rd, C) x Hrg (Rd;c) N Hr1+r2—d/2 (Rd;c) ,

and

IR 01,4y, S Nl 101,

Proof. See Lemma 2.7 of [28] for the periodic setting. O

Remark 4.19. For every p =0 and sy > d/2 + g, the operator R (u) h:= R®W [u, h] satisfies
IR () hll s S lluell gso I ll prs-e § = 5.

Indeed, apply|Lemma 4.18|with r; = sp and r, = s—pand use s+ s—p—d/2>s. Thus Re Rgl. ¢

Lemma 4.20 (Bony paralinearization formula). Let p = 0 and let f € C*™ (R;R) satisfy f (0) = 0. There exist
so>d/2+p,170>0,andryr€ Rgl such that, for every s = sg and u € Bs, g (I;19) NC (I; HY),

f@=0p"W (f (W) u+rrwu
f

Iff(j) (0)=0for0< j<gq, withq =2, thenry may be chosen in Riq_l.

Proof. Use the dyadic paralinearization in [84] and the change of quantization in [25]. Keeping one maximal-
frequency factor as the argument gives

77 @) B s Ssio 1l o 1R e, $= S0,
after increasing sp according to p. If f vanishes to order g = 2, Taylor’s formula leaves g — 1 background
factors and gives the asserted vanishing order. O
Definition 4.21 (Poisson bracket). ¢ Let a,beC! (R? x R%;C), we define the Poisson bracket as
{a, b} :=Vsa-Vib-Vya-Veb=JzaVib—JcavVeb; (4.12)

57



e Let N1, Np, N3 € N*, and
AeC (R x REGCM M) BeCl (R x R CN2 M),

We use the notation

{A, B} :=

N>
Z aij, ]k}] eCO (RY x R CNNs) (4.13)

Definition 4.22 (Asymptotic expansion of composition symbol). Let m;,my €R, p =0, and
0 (Dx,D¢,Dy,D¢) := D¢ -Dy— Dy - D,

where Dy = 10, and D¢, Dy, D are similarly defined. Let a € T and b € T'2. Choose a common admissible
base index sy, the finite losses required by the displayed expansion, and a radlus below the two radii supplied
by[Definition 4.7 For s > sy + ¢ and U in the corresponding ball, we define

lo] 1
(a#ob) (U;x,6):= > —

k
Yals -0 (D, D, Dy, D) | [aWix,&)b(U33,6)]| . (4.14)

xX=y,6=¢
Remark 4.23. 1. For |p] =1, we have that

a#eb=ab+ — {a b}.

2. Ifae FT;, and be "2 then
=21 =42

{a, byerutme-l

Zq1tq2
¢
Composition rules. The following result is classical, we refer the reader to [28, Theorem 2.5]
Proposition 4.24 (Composition with vanishing order). Let my,mz € R, 0 =0, q1,g2 € N, and let a € TL? a

be 1";";2. Assume moreover that the low-frequency contributions in|Eq. (4.11)| associated with a, b, and a#yb
are bounded. Define

rola, bl := 0p™ (@) o Op™W (b) — Op™W (a#, D).

my+m;
Then a#tpbel's ;" 22 and

o—-m
[a bl € 7?’>671+1L72

When q; = 0, the assertion is understood after splitting the corresponding symbol into its flat and nonlinear
parts.

Lemma 4.25. Letp,o',meR, letqq,qy,qr,q, €N, andleta € Il fe€F=q,10€ R>q ,andry € R ~ . Then
the following tame rules apply, after choosing a common, suﬂiczently large baseline and reducing the radius.
For full paradifferential operators, the low-frequency bound in|Eq. (4.11)|is assumed with vanishing order q,:

i op®™W(@)or,, ryo0pW(a) €R>q g

ii rgor9r€R>q gl ;

iili Assume thata (17,,, v;x,&) € IR (f]p) € F>1, then, after possibly reducing the radius of definition, the
symbol @(Uy; x,&) := a(Ty, f (Up); x,&) satisfies ae TZ,

iv Assume that r, (U,,, v) € RE a (Up) € F=1, then, after possibly reducing the radius of definition, the
operator 7y (Up) := 1o (Up, f (Up)) satisfies 7y € RS,
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Proof. Choose a common baseline S large enough for all fixed regularity indices below. By[Theorem 4.15|
and|[Eq. (4.3)}
lop™™ (@) r, (U) A
[0 () Op™Y (@) A

e Ss Ul

Sshund

a+ r
ro (U) R yrorm Ss NUNET [ Rl ggsem-e,
[l+ r
Op"™ (@) h| jyo-o Ss NUNETT Rl prsime,

r+q,
ror (U) Rl yyome Ss NUNE ™ IR ocmer -

HS

e Sl

This provesand For the substitutions, andgive |f @5, < NUIls+y for afixed

finite loss p. Increase S and reduce the radius so that (U, f (U)) belongs to the required low-norm ball.
Substitution in|Egs. (4.3)|and|(4.4)|gives|[tems iiiland O

7o @) ry W) |

4.2 z-dependent paradifferential calculus

The purpose of this subsection is to collect the z-dependent paradifferential tools used in the paralineariza-
tion of the singular integrals. We first introduce the scalar kernel classes and the corresponding operator-
valued smoothing classes, together with their elementary composition and integration rules. We then prove
the kernel-to-symbol reduction for z-dependent Bony-Weyl operators and its compensated endpoint ver-
sion. The remaining paragraphs deal with the two special mechanisms used in the paralinearization: far-
field tails, which give order-zero paraproducts modulo smoothing remainders, and localized homogeneous
convolution models, whose cutoff can be removed modulo smoothing Fourier multipliers. Finally, we
record the local Taylor and finite-difference estimates needed to verify that the concrete kernels arising
from By and g belong to the abstract classes introduced above.

Kernel classes.
Definition 4.26 (Kernel classes). Let n€ R, g € N*, p e N*, and let Up = (up,..., up)T.

1. The class K" g CONSists of scalar kernels k = k (Up; x, z) for which there exists s¥ > d/2 such that

the following holds. for every N € N, there exists a loss X ~ = 0 such that, for every s > s(])c , there exists a

: k k
radius ¢, > 0. Forevery 0 <r < ry and every

Up € (By s o rInC (1 HHE (RS R)))

the map z — k(ﬁp; »,z) is measurable on R? and belongs to CV (R?\ {0}; H* (R%;C)). Moreover, for
every a € N® with || < N and every 0 < |z| < 2, one has

05k (T2 S 115 e 1Tl 1217 @15

2. The class KFZ cons1sts of the kernels k € KF"

loc,2q

satisfying
suppzlc(f]p;x, Jeize RY: |zl < 2}.

Under the same assumptions on s, r, and Up as above, for every a € N4 with |a| < N and every z # 0,
one has

0%k (T, 2, S DTN s 1T 1217 Btz (.16
3. The class K Fiaj1,>4 consists of scalar maps

Keail : Bsyr (I;70) — L2 (RS xRSC),  ur— keail (45X, 2),

loc

for which there exist s) > d/2, ro >0, m >0, ry >0, b € C*° (R*\ {0};C) and g € C? ((~rg, 1g);C), such
that
kiail (U5 x,2) 1= (1-x (2)) b(2) g (Azu(x),
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where y is the cutoff function introduced in The function b satisfies, for every a € N¢,
109b(2)| Salzl™™ 1, 221, 4.17)
while g vanishes to order at least g at the origin,
g=0 0=j=g-1 (4.18)
We further require m + g > d.
4. We use the conventions

K‘Flgc::K‘Flgc,zl’ K}-n::K}-gl’ K]:tail:= K-/rtail,zl-

Remark 4.27 (Cutoff of a local kernel). For every n€ R and g € N*,
k€K‘Flgc,2q = X(z)k(—:K}"gq, K.nggK.ﬁ’gczq.

Indeed, the inclusion on the right is immediate. For the implication on the left, apply Leibniz’ rule to
0% (x (2) k). The terms in which no derivative falls on y are estimated by [Eq. (4.15)] while the remaining
terms are supported in the fixed annulus where all powers of |z| are harmless. The support property follows
from the compact support of y. Thus local Taylor remainders become compactly supported kernels after
multiplication by the fixed cutoff y (z). ¢

Remark 4.28 (Integration of rapidly decreasing scalar kernels). Let n>—d, g € N*, and k € KFZ,. Then

v (Op; x) = fRd k(Up;x,2)dz € Fsg.

Moreover, for every s = s(’)C one has

_ _, -1 s
v (Up; ) ”s,[ Ss 0y ||Zg+,1,1 I Up||s+u,1

for a finite loss ¢ = 0. Indeed, this follows directly from Minkowski’s integral inequality, [Eq. (4.16)} and

f02 r'"*4-1dr < +oo. The localized case is reduced to this one by[Remark 4.27 ¢

Operator-valued smoothing kernel classes.

Definition 4.29 (Kernel-smoothing operators). Let p,n€R, peN*, g €N, and let Up = (..., up)T.

1. Theclass K Rﬁ; Z> q consists of z-dependent families of linear operators r, (ﬁp; z) for which there exists
sg > d/2 such that, for every s = s{f, there exists a radius ¥ > 0 with the following property.

Forevery0<r =< rf, every

. p
Upe (Bygtin)
and every h € H™€ (R%;C), the map z — r, (Uy; z) h is measurable and, for 0 < |z| < 2, satisfies

70 (Tpi2) il Ssie 1Tl Nlli—plal”. (4.19)

2. Theclass K Rg’,’; consists of the families r, € KRﬁ)’qu satisfying supp, 1, (ffp; Jc{zeR:|z| <2}, and,
for every z # 0,
2 2SN
7o (Tpi2) Bl ) Sso 10y HS{;,I 17215 121" Tio<al<2y, (4.20)

under the same assumptions on s, Uy, and h as above.

3. For g =0, the background factor in the preceding estimates is understood as 1. We use the conven-
tions
KRZ!:= KR&" KRe":=KRY}.

loc loc,=1’
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Remark 4.30 (Separately estimated parameters). When a separately estimated parameter appears in brack-
ets, asin alw], k[w], or r [w], the notation
L(H%;Y)

is understood according to the structure of the target class Y.
If
Y e (I, F KF KF'},

the notation records linear dependence on the parameter together with the corresponding tame Sobolev-
scale estimates. For instance, if A 2q] [w] (U) is linear in w and has vanishing order at least g in the sense

of[Remark 4.31} then, schematically, for every s = s and M € N,

q-1
|z @I Som 10 ol e

-2
+ Vgnp WU Fpeg g 100 pzseias Nl prsovinn
for some finite loss pps = 0 independent of s. The analogous interpretation is used for functions and kernel
functions.
If instead
Y € {R, KR", KR®"},

loc
the notation refers to a fixed-baseline estimate. For instance, a remainder r(, . ;) [w] (U) linear in o satisfies,
for some S independent of s,

-1

|reza @l @n| . Sso 10N Nolzs Wl e

In particular, no Sobolev norm of the parameter whose index grows with the output index s is allowed in the
smoothing estimates.

The convention above concerns only the Sobolev regularity of the separately estimated parameter; its
contribution to the vanishing order is specified in ¢

Remark 4.31 (Vanishing order for linear arguments). When an object in any of the classes introduced above
depends linearly on a separately estimated Sobolev argument, this argument contributes one to its vanish-
ing order. Thus, if T [w] (U) is linear in w and vanishes to order at least g — 1 with respect to U, we say that
T [w] (U) has vanishing order at least q. The same convention is used for functions, symbols, smoothing
operators, kernel functions, and kernel-smoothing operators. ¢

Remark 4.32 (Cutoff of a local smoothing kernel). Foreveryp,neRand geN,

ReEKRY" = yx(@RekRY?!,  KR%!<cKRC"

loc,zq =q’ =q = loc,zq"

Indeed, multiplication by y preserves the tame estimate in(Eq. (4.19)|and makes the family compactly sup-
ported in z. The inclusion is immediate. ¢

Lemma 4.33 (Composition rules for z-dependent operators). Let g1, > € N*, let m,m',n,n’' € R, and let
0,0 =0.

ilf
/ !
k € K‘Flronc,qu’ k € K‘Flzlc,zqg’

then, for everyp >0,

op®W (kk'(flp;x, z)) —OpBW(k(Up;x, z)) oOpBW(k' (Up;x, z)) € KR%Z;;?;%' (4.21)
i If
,n
kEK}-lZlc,qu’ To EKRﬁ)c,zqz’
then
Op™" (k (Up; x,2)) o1 (Ups 2) € KRﬁ;Zl;sz’ ro (Up; 2) 0 Op™" (k (Up; x, 2)) € KR%Z;ZH]Z.
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iii If
o.n 0/'nr
ro€K RIOQ2 a ro €K RIOQ2 @
then ) ,
T . T . p+to,n+n
rp (Up, Z) [e] rgl (Up, Z) € KRIOC,Zq1+q2.

The same conclusions hold with the local classes replaced by their compactly supported counterparts.

Proof. For|ltem i, apply|Proposition 4.24|for each z # 0. Choose a fixed S large enough for the prescribed
gain p. By|Eq. (4.15), increasing the baseline to absorb the finite kernel losses gives

Ik (U e, 2)ll gs | K (U0, 2) || 1ys SNUNET P 2

This proves [Eq. (4.21)] The order-zero paraproduct bound and [Eq. (4.19)| give [ltem iil Applying the two
kernel-smoothing estimates successively gives the smoothing, local, and vanishing orders add.
Compact support is preserved in each case. O

Lemma 4.34 (Integration of kernel-smoothing maps). Letp € R, g € N, and let To (ﬁp; z) be a z-dependent
family of operators. Assume that, for some n > —d, either

on

on —
To EK'REq or To =x (2) 1o, To €I(Rloc,zq'

Then
fr@(Up;z)dzequ, frQ(Up;z)[h(-—z)]dz='r'9((7p)h, T €RE,.
Rd R

Proof. By|Remark 4.321 it is enough to consider r € KRg’:; . Let sy be the baseline index in [Definition 4.29
Minkowski’s inequality and |Eq. (4.20)|give

L < 17 i )
fRd ro(Up; z) hdz Sse 1Tyl 170 e @fmszlzl dz.

S,

The last integral is finite because 7 > —d, and this is exactly the tame estimate defining RY q
For the translated operator, the same argument applies, since ||k (- — z) | gs = [ hll s for every s € R. The
vanishing order is unchanged by integration. O

Integration of z-dependent paradifferential operators.

Proposition 4.35 (Kernel-to-symbol reduction for compactly supported kernels). Letn>—d, g€ N*, p >0,
and let k € KFZ, be a scalar kernel. Let o € R and w € H? (R%;C), and define

(TR o) (x):= fwd Oop®W (k (13-, 2) [w (- — 2)] (x) dz.

—(n+d)

~g  suchthat

Then there exists ap € T’
75 (W w = 0p™" (ay (1; x,O) .
If k is real-valued for real-valued u, then

ai (u;x,—§) = ai (u; x,6). (4.22)

Proof. By density it is enough to argue for smooth u and w.

Step 1 (Exact Bony—Weyl representation). Define the centered symbol

ar (u; x, &) ::f k(u;x+ E,z) e 74 dz. (4.23)
R¢ 2
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Since n > —d and k is compactly supported in z, the integral is well-defined. Taking the Fourier transform
in x gives

ax (1:6,8) = f ke, 2752z, (4.24)
Rd
On the other hand, by the explicit Bony—Weyl formula|Eq. (4.8)]
1 2(v=v )\ [ = 0
0 _ . vz g~
Frw (TR ) w) (v) = e fqud Xe(—IV+ o )fRd k(w;v-v',z)e™™ *dza (v')dv'. (4.25)

Setting ¢ :=v—+/, and ¢ := ";V' one has v/ = ¢ —¢/2. Hence |Eq. (4.24)| and |Eq. (4.25)| coincide exactly with

the Fourier representation of OpBW (ay (u)). Therefore

) (w) = Op™ (ak (1; x,8)) .
It remains only to prove that ay € F;(q’”d).

Step 2 (Symbol estimate). Fix s = s(’)C and M € N. Choose N, € N such that

N,>n+M+4d, (4.26)
and set
fiy =k + N, (4.27)
Introduce the centered kernel 2
Ky (x,2) 1= k(u;x+§,z). (4.28)

For every multi-index a with || < N, the chain rule gives

_ z
0K, (x,2) =Y Cayy (0% LK) (u;x+ —,z), Cay €R.
Y<a 2
By translation invariance of Sobolev norms and|Eq. (4.16),

62K (-,2)] :

e S Ul e Ml g 1217 Dogiz1<. (4.29)

0
Letnow e N4, || < M. From|[Eq. (4.23)]

af ap (wx,&) = (—)l#l f 2PK, (x,2) e #%dz. (4.30)
Rd
For 1/2 < |é] <2, the estimate
B .. < q-1
|ofaw -0, Son L vl @31

follows directly from|[Eq. (4.29)|with a = 0, since n > —d.
Assume henceforth that || = 2. Let y; := y and y2 := 1 — y. We split[Eq. (4.30)|as

6§ak = a%ﬁ + aZ‘,’ﬁ,
where
@ (w8 = (D | 310612 2P Ky (x,2) 6714 dg,
k,p -
azoﬁ(u;x,f) = (—i)|ﬁ|f x2 (1€12) 2P Ky (x, 2) e7¥ .
, e
Substep 2.1 (Close field). On the support of y; (|| z) one has
lzl S1E.

Therefore, by Minkowski’s inequality and[Eq. (4.29)]

clél™
0 .. < q-1 n+|p|+d-1
Jabp 0], SHA L vl [ dr

< q-1 —(n+d)-|g|
Sl Nl 1] :

(4.32)

The radial integral is finite precisely because n > —d.
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Substep 2.2 (Far field). On the support of y» (I{]| z) one has
2l Z 117"
Recalling that f = %, observe that
e*izf — (_1|§|)7N* aév* e*iz-f.

Therefore, integration by parts N, times yields

ags (15x,8) = cp . 117 fR 0 (206122 K (x,2)) e d (4.33)

There are no boundary contributions: the cutoff y» (|¢| z) removes a neighbourhood of z = 0, while K, is
compactly supported in {|z| < 2}.

Expanding the derivative in every term contains derivatives of the cutoff, of zP, and of K.
Derivatives of the cutoff are supported where |z| ~ |¢|7!, and hence satisfy

|02 12 (1€12)] Sy 12171,
Combining this bound with gives

* -1 —N,
Haifv (XZ (lflz) ZﬁKu (‘,Z))”HX SS,M,N* ”u”j{S(])C*'pIIf/[ ||u||H5+ﬂ1k\“4 |Z|n+|'3| N /H{C|f|715|z|52}'

Consequently, ,
] W T DT e I -
Sl T el 16170V,
where in the last inequality we used
N.>n+M+d=n+|p|+d.
CombininglEqs. (4.31)[,|(4.32)|and|(4.34)|, we obtain, for every | ,6| < M and every [{|=1/2,
|0 a0, Somud L g 1677,
Hence
ap eIz,
Step 3 (Reality). Finally, if k is real-valued for real-valued u, then[Eq. (4.23)|gives
ar (u;x,—&) = ag (u; x,&).
O

Remark 4.36 (Kernel and symbol regularity). The indices N in|Definition 4.26/and M in are

finite-seminorm indices and should not be interpreted as maximal differentiability orders. More precisely,
there are two distinct mechanisms in|Proposition 4.35|

First, since n > —d and the kernel is compactly supported in z, [Eq. (4.15)|with a = 0 implies that the
centered kernel in [Eq. (4.28)|is integrable in z with values in H®. Its compact support also implies that all
its z-moments are integrable. Hence is well defined for every multi-index g, and the symbol in
is C*° in ¢. No z-derivatives of the kernel are needed for this conclusion.

The z-regularity enters instead in the quantitative symbol estimates. To control the symbol seminorm
of index M, the proof chooses a finite number N, of z-derivatives according to and integrates
by parts in the far region. This yields the decay required for all frequency derivatives | /3| < M. Because
the Bony-Weyl symbol involves the centered kernel k (u;x + z/2, z), differentiation in z also produces x-
derivatives, which accounts for the loss in

Thus every finite symbol seminorm requires only finitely many kernel seminorms, with losses and radii
allowed to depend on their respective indices. This is precisely the reason for the quantifiers in
and[4.26} C* regularity in ¢ is compatible with finite Sobolev regularity of the background, while
higher quantitative symbol seminorms may require correspondingly higher Sobolev regularity. ¢
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Far-field tails. For g € N* and k € K Fi,j1 ¢, set
T,oco(u)w(x) ::f k(u;x,2)w(x—2z)dz.
Rd

Proposition 4.37 (Far-field tail paralinearization). Let g € N*, k € K Ftail,=q, and o = 0. There exists s > 0
such that, for every s = sy, there exists rs > 0 for which, for every u € Bg, g (I;15) NC (I; H) and w € H?,

T?(u)m:Op (fk>q[a)](u x))u+r ](u)w+r ][w](u) u. (4.35)

klo.zq klo.zq

The objects in|Eq. (4.35)|are as follows.

* The function [, q satisfies

[ 1@ = 32, 110 € £ (H Fongy g1t

and is defined by
[22 40l (wx) = f(l x(@)%g (Azu(x)w(x—2z)dz.
* o ]enﬂq,

" "Klozal ]EE(HSO Rg- 1)

If k is real-valued for real-valued u, all the objects above can be chosen real-to-real.

Proof. Fix p = 0 and choose sy sufficiently large, in particular

s>d+
0>7 -

By the definition of K F, > ¢, there exist m > 0, b, and g satisfying[Egs. (4.17)|and|(4.18)} with m+¢g > d, such
that

k(u;x,2)=(1-x(2) b(2) g(Azu(x).

For u € By, r (I; 1) with ro > 0 sufficiently small, the Taylor expansion

+00 )
gX)=) gjx/

j=a
converges uniformly for X = A u(x), z € supp (1 Bym
(Azu() =2 JZ( Dl wieut (x- 2.
a=0
Therefore )
+00 J ] .
TE o= g 2 D Ju e« (uto)] (4.36)
= a=
where

¢j(2):=(1-x(@)b(2) lzl™/.
For every M €N, Leibniz’ rule and[Eq. (4.17)|give

|0%¢; ()| <pr (1+ )M 1277719 al< M, jzl2 19,

The derivatives falling on y are supported in the fixed annulus 1.1 < |z| = 1.9. Since m+j=m+q > d, it
follows that
M
leilpmn Sma (1+5)7 (4.37)
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For every v = 0, taking M > v and using|Eq. (4.37)|give

sup (&) (¢ @] Sv,m (1+ f)M
¢eRd

)

and consequently

e * Fll e Srvne L+ )M |1 £ reR. (4.38)

In particular, convolution with ¢; gains an arbitrary number of derivatives.
For j=gand0=<ac=<j,set

Hl’)

Fjq(u,w):=cj*(u'w), p:=j-a

By[Eq. (4.38)} the algebra property of H*~€, and sy — p > d/2, for every fixed N € R one has, after increasing
M,
| B @ )| v St (14 3) ™ el i 1 e (4.39)

If p = 0,|Eq. (4.39)|directly gives
Fjiww)=rjjo()w,
with

1 -\ M j
HS SS,Q C] (1 + ]) ” u”;—FO ”h”HS’Q ) $=$p. (4-40)

1750 ) B|
Let now p > 1. By[Lemma 4.18}
uPFj 4 (u,0) = Op™Y (uP) Fj o (u, ) + Op"W (Fj o (u, ) u”

(4.41)
+ RV [uP Fj o (u,0)].

The first and third terms in|Eq. (4.41)|define an operator r; 4, () satisfying
ri.ap @) hi=0p®™Y (uP)F; o (u, h) + R®Y [uP Fj 4 (u, b)),

i .\ M j
e s CT (14 1) Nl g 1l prse

[rjae G0 1]

Indeed, the paraproduct estimate only uses || u” || s, whereas in the Bony remainder the additional regular-
ity is placed on F; 4 and follows from[Eq. (4.39)]
For the second term in[Eq. (4.41)} [Lemma 4.20} applied to v — v”, gives

uP =0p"W (puP ) u+rp, (W u,
where, by increasing sp with respect to p if necessary,

-1
Irp.0 @) Bl s S0 CPlutl g IRl prs-e . (4.42)

Hence

OpBW (Fj,a (u’ LU)) up = OpBW (Fjva (u’ w)) OpBW (p up_l) u
+O0p°W (Fja (U, @) 1o (W) u. (4.43)
For p =1, take r, , = 0. For p = 2, the estimate [Eq. (4.42)|follows by induction: apply to

uP~ 1y, then use |Remark 4.19| and |Pr0positi0n 4.24[ Applying |Prop0sition 4.24| to the functions F ja (U, w)
and p u”~! gives

Op™Y (Fja (, ) Op™Y (puP™") = Op™¥ (p uP ™' Fj o (w,0)) + 13077 [0] (),

where

comp i .\ M; j-1
remP ] @ B Sse CF (L4 1) Il ol 1l e

Together with|Egs. (4.39)|and|(4.42)} the second term in[Eq. (4.43)|satisfies the same estimate. Thus, setting

T, @] () 1= Op™Y (Fja (1, ) 1o (W) + 1570 (0] (W),
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we obtain ‘ .
w=Fj 4 (u,0) = OpBW((j - a) uf_“_le,a (u,w)) u

(4.44)
+Tjap (W O+Tja0l0] (W)u,
and _ . '
17,00 W Rl e Sso € (14 )™ Nty 1 ~ll e, w1

177,00 (@) @) Bl 1e Ss0 € (1+ 7)™ Nl g ol o 17l prse

It remains to identify the first term in[Eq. (4.44)| By|Eq. (4.36)} its coefficient is

b e (R P PR

a=0

Using

and the definition of cj, this is equal to

b
2 [w](u;x)=f (l—x(Z))ﬂg’(Azu(x))w(x—Z)dz.
=4 Rd |zl

The terms with j = max{q,2} give the asserted 7 membership, while the possible j = 1 term is independent

of u. Hence f,‘c"’zq [w] (w) has total vanishing order g by|Remark 4.31| Finally, set
+00 J j
oo =) g Y D’ |r; :
"k lozq) (W ];g] L;)( ) (a) Tj,a0 (W)

+oo  j-1 j
Elozq 1= 2 81 2, (‘Da(

?j,a,p (w] (v).
j=q  a=0 “)

By|Egs. (4.40)|and [(4.45)|and the analyticity of g, for each s = sy the two series converge after reducing r;.
Their vanishing orders in u are g and g — 1, respectively; the second remainder is linear in w and hence
has total vanishing order g by Remark 4.31] Substituting into yields the decomposition in the
statement.

If k is real-valued for real-valued u, all the terms in the above construction preserve real-valued func-
tions, which proves the real-to-real property. O

Homogeneous angular multipliers

Proposition 4.38 (Homogeneous angular multipliers on R?). Let f € S(R%C). The following statements
hold.

1. LetaeC™>® (Sd‘l; [R) be odd. Then its spherical mean vanishes and there exists a real, odd Fourier mul-

tiplier 'Y, smooth for & # 0 and homogeneous of degree zero, explicitly given by

W (€)= -7 f sgn(9-&) a(9) do (9), (4.46)
§d—1
such that )
p.v. f % fle—2)dz=in? (D) f. (4.47)
R |2

Moreover, img)) (D) is real-to-real.
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2. Let a € C*®(S%L;R) be even and d = 2. Then there exists a real, even Fourier multiplier i Vet
smooth for ¢ # 0 and homogeneous of degree —1, explicitly given by

mS”wr=nf (98 a®) do (9)
§d71

T (4.48)
=— a(9)dog-2 (),
I$] Jsa-1ngt
such that &)
az
f P —=f(e—2)dz=m] " (D) f. (4.49)
Moreover, m V(D) is real-to-real.
Ifd=1and a is even on S° = {~1,1}, then a(2) is constant on R\ {0} and
suppF,—¢la(2)] < {0}. (4.50)

In particular, its complete high-frequency homogeneous multiplier vanishes.

3. Letae(C™® (§d_1;|R€) be even. Then there exists a real, even Fourier multiplierrhg) eT!, smooth foré#0
and homogeneous of degree one, explicitly given by

rﬂ?@y=gj’|ﬂfnumdowx (4.51)
§d—1
such that ) )

Eﬁ;|:zlé9fdz=m8%Dxﬁ (4.52)

Moreover, m(l) (D) is real-to-real.

Moreover, for every M € N, in each of the cases above, we have

max sup |£]7H1Al ’aﬁma (é)| S lallew(say, (4.53)
Bl=Mg|=1/2

where j € {—1,0,1}, with j = —1 restricted tod = 2.
Proof.

Part 1 (Homogeneous multiplier identities). All Fourier identities below are understood in the sense of
tempered distributions. We use throughout|Eq. (A.1)

Subpart 1.1 (Proof of|[Eq. (4.47)). By oddness,

f ado =0.
§d—1

In polar coordinates z = r9, pairing 9 with — and using the first identity in|Eq. (A.1)} we obtain

v, a(zd) —1z§dz__if a({))f Mdrda(t‘))
Re |2l S 0 '

=in? (),

where the last equality is[Eq. (4.46)
Subpart 1.2 (Proof of the first identity in|Eq. (4.48)). Polar coordinates and the second identity in|Eq. (A.1)

give
[ Lz_)le_izfdz:f a(9) ([ e‘i”()'fdr)da @)
Re 2|4 sé-1

=f a(9) (7[5(19 f)—lpv—)da(m‘)) (4.54)
sa-1 9-¢

=7rf 0(9-Ha@do(9).
Sd*l

The principal-value contribution vanishes under 9 — —1, since a is even.
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Subpart 1.3 (Proof of the second identity in [Eq. (4.48)|and of [Eq. (4.49)). For d = 2, it remains to identify
geometrically the delta contribution in[Eq. (4.54) Fix ¢ # 0 and define

g (0):=9-¢(, eSS

Then
g @=sT"n@". (4.55)

Moreover, since the spherical gradient is the orthogonal projection of the Euclidean gradient onto TS},

Vea1ge(0) =& (9-8)0=(d-D®0)¢. (4.56)

Let 9 € ggl (0), by |Eqs. (4.55)| and |(4.56)|We have that 9-¢ = 0 and Vga-1 8¢ (9) = &, this implies that 0 is a
regular value of g; and, on gf‘1 (0) holds |Vsa-18¢ (9)| = |€]. To identify the action of the delta distribution, let

@ € C2° (R). Ford =2, fix ¢ # 0. We write 9 via the decomposition (5) ® <€>L as

f):P50+P§0:$®$a+(ld—$®$)8: t9— (9 t€).

f:g we obtain the decomposition

Explicit computations show that |9 — #&| = 1 - > thus defining w :=

9=tE+V1-Pw, te(-1,1), weS¥Inéet,
Notice that, writing
J=cos¢é +singw, w€§d_1m€L,

the standard spherical measure is
do (9) =sin® 2 pdpdog_o ().

Since t = cos¢, so that df = —sin¢ d¢ and sin¢ = V1 — 12, this becomes

d-3
2

do (9 =(1-1¢*) 7 dtdog_2 ().

which we combine with 9-¢& = |é| ¢ in order to obtain that
1 a-3
Ld,la(ﬁ'f)“(ﬁ)d‘”ﬁ):fl‘”"f' n(1-)? f§

1
] Jsa-1ngs

a(t$+ V1- tzw) dog_» (w)dt

d—1 ﬂfl

aw)dog—2 (),

where in the last equality we used
1
631ty =—6(1).

<]
Together with it also gives|Eq. (4.49)
Subpart 1.4 (Proof of|Eq. (4.50)). Letd = 1. Since S% = {-1,1} and a is even, there is ¢, € R such that
a(2) =cg, zeR\{0}.

The value at z =0 is irrelevant as a tempered distribution, hence a (2) is the constant distribution c,. There-
fore
suppF,_¢la(2)] <1{0}.

Subpart 1.5 (Proof of|Eq. (4.52)). By[Eq. (4.66)}

1 ~
I[zéf)f ) =0 -cos(z-&) f(&).

Hence, by polar coordinates and the third identity in|Eq. (A.1)]

/ ﬂ(l—cos(z-cf))dzzf a(ﬁ)f 1_L(rﬂ'é)drda(ﬁ)
Rd |Z|d+1 Sd-1 0 r2
=}’ (&),

where the last equality is[Eq. (4.51)
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Part 2 (Symbol properties and seminorms). The formulas in [Egs. (4.46)} |(4.48)| and [(4.51)| give the stated
homogeneity, reality and parity properties. It remains to prove smoothness away from the origin and the
corresponding symbol estimates.

By homogeneity,

wd ©=1wl) (@), jer-101,
where j = —1isrestricted tod = 2.
Ifd = 1, counting measure on S° = {~1, 1} gives

Q@) =—zaysgn@), ©lE=ma)él.

Hence smoothness on R\ {0} and|Eq. (4.53)|are immediate. We may therefore assume d = 2.
We first record how derivatives in ¢ reduce to derivatives in the angular variable. For k € {1,...,d}, let e
denote the k-th standard basis vector of R, and define the smooth tangential vector field

A

Xk(é) =ep—Erée Tg§d_1, épi=Eep

Since L (A)
. s ep—<¢re  XilS
(3 = y a = = ,

lél=e 0nd="y H

the chain rule gives, for every b e C* ($471),

oc, [16Vb(&)] = 16V (&b (&) + Xib (8)). @57)

Iterating[Eq. (4.57)|shows that, for every multi-index S, there exists a tangential differential operator P/é on

$%°1, of order at most | f| and with smooth coefficients, such that
ol © = 1610 PI [ g | (8). (4.58)
More explicitly, on any coordinate neighborhood U c $¢71,

j iU (s j,U 00
PJ:W%ﬁICé'Y (5)69{, ¢y, €C*W). (4.59)

Thus|Egs. (4.58)|and [(4.59)|reduce the required estimates in ¢ to estimates for derivatives of the restriction

of mE{ to the unit sphere. We now establish these angular estimates.
Fix coordinate neighborhoods U € V < $%7! and a smooth family of rotations

A

V3é—Qes0@, Qea=¢&

Such a family exists locally by smoothly completing v to a positively oriented orthonormal basis. Since
U <V, all its coordinate derivatives are uniformly bounded on U.
For ¢ € $471, set
$a:=¢-ea.

The change of variables 9 = Qg¢p preserves surface measure and satisfies

9-¢ = (Qe0)- (Qeea) = e

Consequently, [Egs. (4.46)}[(4.48)|and [(4.51)|give

m© (é) - _g/;dfl sgn (¢pq) a(Qé(,b) do (¢),
WO O=x [, ales)doaalo)
w0 (©)=7 [, el aQw) a0 (9).
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The purpose of the rotation is that the integration domains and the possibly nonsmooth weights are now
independent of & All dependence on ¢ is contained in the smooth factor a (Q é(/)).

Let y be a multi-index in the local coordinates of V. By the chain rule and the smoothness of ém Qg

Y .
sup 65 [a(Qgﬁb)] ’ Syuv ”alch(Sd—l)-
éeU
pes!
Since the domains in|[Eq. (4.60)| have finite measure and their weights are bounded, differentiation under
the integral sign is therefore justified. We obtain

sup ol )] S0 Nl gy, jE-1,011 (4.61)
éeU

In particular, the restriction of each multiplier to U is smooth. A finite collection of such neighborhoods

covers $S%7!, and hence|Eq. (4.61)|holds uniformly on the sphere.
We may now substitute the angular bounds into the derivative formula obtained at the beginning of this
proofpart. Indeed, [Egs. (4.58)}|(4.59)|and|(4.61)|give, for every multi-index g,

02 @ <p 16771 Nl g -
Therefore, for every M e N,

max sup 167171 ol wll) @] Surlallow e,
|Bl=Mgiz1/2

which proves|Eq. (4.53)] By|Definition 4.6}

) e,
Finally, reality and parity give
in (-9 =in® ©),
whereas, for j € {-1,1}, L
w0 =ml @,
with j = —1 restricted to d = 2. These are precisely the Fourier reality conditions, and therefore prove the
stated real-to-real properties.

O

Homogeneous convolution models and cutoff removal. The following setting of the models corresponds
to the critical regime of the graph integral operators, which will be used in the proof of[Theorem 5.7

Definition 4.39 (Localized homogeneous convolution models). Let A € {-d, —d + 1} and let h € C* (R?\ {0};C)

be homogeneous of degree A. If 1 = —d, we assume the cancellation condition

h(@)do (9) =0. (4.62)
§dfl

We associate with h the tempered distribution

- p.v.h, A=-d,
" A A=—-d+1.

We define

o0 = (1) <o,
and the corresponding complete homogeneous multiplier by

y, = CmY2 F,_h. (4.63)
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Remark 4.40. The cancellation conditions|Eqg. (4.62)|ensures that the convolution operator

Tif @=pe [ h()f(x-y)dy
is Calderon-Zygmund operator, which is L” bounded for any 1 < p < oo. ¢

Lemma4.41 (Localized homogeneous models are Fourier multipliers modulo smoothing). LetA € {—d,—d + 1}

and let h satisfy|Definition 4.39 Then,

my € f‘_(/“'d)
and
¢ —ty, (D) e () T™M. (4.64)
MeN
Moreover, if h is real-valued, then both terms in|Eq. (4.64)|are real-to-real.
Proof. Let

myp = 2mY2 F_e (x (2)h).

Since xb is a compactly supported distribution, convolution with yb is the Fourier multiplier m,, (D). Thus
£°° =myp, (D). (4.65)

The cancellation condition in [Eq. (4.62)| guarantees that, when A = —d, the principal value p.v.h is a ho-
mogeneous tempered distribution of degree —d. When A = —d + 1, the function # is locally integrable at
the origin and defines a homogeneous tempered distribution of degree —d + 1. Hence, in both cases, the
Fourier transform Fh is smooth on R4\ {0}, homogeneous of degree — (A +d), and therefore satisfies the
symbol estimates
. _ _ 1
G R R ESS
This proves i, € [~*4+9,
Now, by construction [Egs. (4.63)|and|(4.65)} one has

£°¢ —tiy =myp —tiy = @MY Fmg [(x (2) - 1) h(2)].
Note that the factor y (z) — 1 vanishes near z = 0. Thus
g(2):=(x(®-1)h(2

is smooth on R? and is equal to -k (z) for large |z|. Fix a multi-index § and M € N. Since g vanishes in a
neighborhood of the origin, there is no integrability issue there. Moreover, for |z| sufficiently large one has
g (z) = —h(z). Hence for any L € N, by the homogeneity of k,

(At g2 =012 P2, 12— oo
Therefore
(A" -iaf g (2] e L' (R%;C)
provided 2L > d+ A + |ﬁ| Since A € {—d,—d + 1}, such an L can be chosen arbitrarily large. Indeed, by

homogeneity the last expression is O (Izl“m |‘2L) as |z| — +oo0, and it is smooth near the origin. Therefore,
for |&] =2,

)af:]:z—m‘g(é)| <l¢I7t ||(—AZ)L 16l

(-iz)P g ]

L SMpBh =M=
after choosing L so large that 2L = M + | f|. Hence,

1°° —ty, (D) e () T7M.
MeN

Finally, if & is real-valued, then the distributions b, yh, and g are real. Their Fourier multipliers satisfy
the usual symmetry
m () =m(=¢),

and therefore the corresponding Fourier multiplier operators map real-valued functions to real-valued func-
tions. O
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Remark 4.42 (Composition with smoothing multipliers). Let g € N*, me R, andleta e ng be independent
of z. If s € Npren [ A [ (|¢] < 1;0), then, for every prescribed p = 0,

OpBW (a(U;x,8)os(D) € qu.
The same statement holds for a separately estimated linear parameter. If
alle L(HoTS ),
then
©— 0p™ (alw] Usx,8)) 05 (D) € L{H*RE, ).

The same conclusion holds componentwise for vector-valued smoothing multipliers. This is the standard
Bony-Weyl composition estimate with one factor of arbitrarily negative order. ¢

Definition 4.43 (Localized compensated homogeneous convolution models). Let h € C*®(R*\{0};C) be
even and homogeneous of degree —d — 1:

horz)=r ¥ 'h(z), h(-z2=h(z), r>0.

For a scalar function f, set
0P f:=6.f+6 f =2f~flo—2)—f(s+2). (4.66)

We define the localized compensated model by

loc,@ 4. 1 @
t, f.—szd)((z)h(z)ﬁz fdz.

The corresponding global homogeneous multiplier is
1 . .
w2 ()= —f () (2-e¥7- %)z, ceR\(0).
2 Jr

We set
cp = —f (1-x(2)h(z)dzeC.
Rd

Lemma 4.44 (Localized compensated homogeneous models are Fourier multipliers modulo smoothing).

Let h satisfy|Definition 4.43 Then,

- (2) -1
m, el

and
loc, : T
thoc 2) _m;lz) (D) — cp € ﬂ T M. (4.67)
MeN

If h is real-valued, then all terms in|Eq. (4.67)|are real-to-real.

Proof. We first discuss the global multiplier. Since 2 — e7? — 1'% = 2(1 — cos (¢ - 2)), the kernel multiplied
by the second difference is O(|z|' ") near z = 0, and the polar measure therefore produces a bounded ra-
dial integrand. At infinity the polar radial weight is O (r~2). Hence the integral defining m(hZ) is absolutely

convergent. Writing z = r9, with 9 € $471, gives
) /4
) (@) = f h(©)19-¢do (9). (4.68)
2 Jga-1

Here we use the third identity in Formula shows that n'l(hz) is homogeneous of degree
1. If d = 1, its smoothness away from the origin and the estimates below follow directly from the formula
on the two-point sphere S°. If d = 2, fix a coordinate patch on $¢~! and a smooth family of rotations Q,, €
SO(d) satisfying Q, eq = v. After the change of variables 9 = Q, ¢, all angular derivatives fall on the smooth
amplitude h (Qy¢). A finite cover of the sphere therefore gives

. _ 1
ol | <ple P iz 3,
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after the fixed high-frequency truncation. Thus, mh eTl.
Let my;, denote the multiplier of the localized model:

! -i¢-z i&-z
mf})l(f)::zfmdx(z)h(z)(g_e $z_ it )dz.

For Schwartz function f, the Fourier transform of § (Zz) f is the multiplication by 2 — e"¢? — ¢i¢2, Hence,

tzoc,(2) (2) ( D).

Set g (2) := (1 -X (z)) h(z). Then g is smooth on R4 and is a classical symbol of degree —d — 1 as |z| — +o0.
By subtracting the global multiplier from the localized one, we obtain
. 1 _ie. T
i - () =m®% © -mi? © = f g(x)dz+ = fd g(2) (e 02 4 el Z) dz
= cp +570 Q).

We claim that staﬂ

that

is rapidly decaying at high frequency. Let f € N and M € N. Choose L large enough, such

(=A)E [zﬁg(z)] e L' (R%C).

This is possible because g has degree —d — 1 at infinity and is smooth near the origin. Integrating by parts
gives, for [{] = 2,

‘0?/ g(2)e**?dz
Rd

Taking L with 2L = M + |,B| yields

Sple oot

|oFst @ Spartel ™V g2,

This proves that

tall(_: ﬂ F_M
MeN

If h is real-valued, then cj, is real and the multipliers satisfy
m(&) =m(=¢).

Thus the associated Fourier multiplier operators map real-valued functions to real-valued functions. O

Local Taylor remainders for composed nonlinearities.

Lemma 4.45 (Local Taylor remainder). Letrg >0 andg e C® (Bg(0,1g);R). Define

kiz) (0;x,2) := g (A (%)) —g (Ve (x) - 2) + %g' (Vin(x)-2) (2TVin (x) 2).

Then
kiz) € KFp g o1- (4.69)

If, in addition, g' (0) = 0, then
kiz) € KFpenp X (2 kiz) € KF2,. (4.70)

Proof. The statement is purely local in the convolution variable. Choose s, > d/2+ 2 and then ry > 0 so
small that every n € B, r (I; o) satisfies

IVsn|l o« + sup [|azn] ;< f
0<|z|=2

Thus all arguments of g remain in a compact subset of its analytic interval.
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Set
v(x,z):=Vn(x)-2, h(x,z):=2TV2n (x) 2.

The second order expansion of the difference quotient reads
|z]
Anx)=v(x,2)— 7h(x, 2)+e(x, z).

For every s = s, and every multi-index «a,

||agl/(,Z)| Hs Ss,a |Z|_|a| ||17| Hs+1+lal»
102R ¢, 2)|| 1y Ssa 127 0] yoszoa, O <lzls2. 4.71)
||age(,z)| HS Ss,a |Z|2_|a| ”ni Hs+3+\a\ )

Indeed, derivatives of 2 have homogeneity —|a|, while e is | z|* times an averaged third derivative of ) along
the segment x—0z; differentiating in z either lowers the homogeneous degree or differentiates the translated
factor, producing the finite loss displayed above.

Let

D(x,2):=An(x)—v(x,2)= —lzilh(x,z) +e(x,z).

Taylor’s formula for g at v gives

g(f)(l}) ’
g(v+19):g(v)+g'(v)19+2719. (4.72)
(=2 :
Hence o
k=g e+ Y &Pt (4.73)
(=2 4

The analytic-composition estimates and the tame product estimates, combined with [Eq. (4.71)} imply that
for every |a| < N,

108 ki) (m5-, 2) || s S 121774 |||

HSTEN 0< |Z|52,

for a finite loss py.
The vanishing order follows by separating

1
g =g 0+ v/ g’ (Ov)do.
0

If g’ (0) # 0, the term g’ (0) e is linear in 7, and this gives the order = 1. If g’ (0) = 0, the first term in|Eq. (4.73)
contains the additional factor v, while the series starts quadratically in 9; therefore

0% ki) (; - 2) |

This proves the local claims in[Eq. (4.69)|and [Eq. (4.70)l Their rapidly decreasing versions follow from
mark 477, O

2271

HS Ss,N ||77| HS++EN H77| HStEN

Finite-difference Sobolev estimates.

Lemma 4.46. For every s € R one has

|62n|

Proof. The estimates are non-homogeneous. By Plancherel,

Hs+1» ”Azn - vxn * 2| HS S |Z| ||77| Hs+2 . (474)

e S 12l ]

2

d¢.

[6=nll7: =fRd ©F @ [1- e

Since |1 - e_iX| <min{l, | X[} S |X], we get

|62n|

2 <l fR PP [ @ dE S12P ]
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Similarly,
eIz _jE. 7 2

|z]

d¢.

Z HS :‘/;Qd <€>28|ﬁ

Using |1 —e X —iX| <min{|X|,1X?} <|X|? we infer

St [ @it o de s 2 ol

Hs+2 -

Taking square roots proves|Eq. (4.74) O

Remark 4.47 (Dimension convention). All the results of this section are stated on R? for an arbitrary d = 1.
Unless explicitly stated otherwise, in the remainder of the manuscript we set d = 2; the only exception is

Section 5.1} where the dimension remains arbitrary. ¢

[Azn—Vin-Z|

5 Paralinearization

This section is devoted to the paralinearization of the system of interest in this study. It represents the core
of the manuscript.

Notation 5.1. 1. Inthe present section 1 < p < sp and the explicit value of sy may vary from line to line.
2. Let m,neR, peN*,and U, € (Bs,r (I;70))".

(@) For ¢ €N, we denote with

amz0) (Upi %,€), Az (Upi%,€),  Aimza (Upi,€), Apmza (Tp; x,€)

a generic element in

i, (%), (5™, (L)

respectively, whose explicit expression may vary from line to line. When ¢ = 1 we omit the ho-
mogeneity subscript. When the corresponding symbols are pointwise real componentwise, we
add the superscript R, writing

R AR

R
A= 01 mz0 A= Ql

[m,=¢]’

respectively. This superscript records pointwise reality and not the real-to-real symmetry of a
symbol. Of these we define the subclasses

i. Linear symbols defined as

Al[lrrrlz >/ (n,w):=

=) 00)i= Az (01 (1) A ()]

11n Q)= [r[m>€] [Q] (77)], Q[lin Q Am> Q Am> ]
A=) (n ) Apm =) (n) (n ) [ im,=z0) [ ](n) [m,zf] (77)]

ii. Bilinear symbols defined as

Apm,=0) 01, 2] (1)
“l[);lwlz =] (mwy,w2):= | aumzglwl(n) |,
Apm,=0) 011 (1)

911[),1,11 - (n,w1,02) := [Apmzo l01,w2] (1) Apnze w21 (1) Apmyze) l01]1 ()]

The above definition are such that the application

e L(HH™™)

BW [ 41 n
w—0p™ (4 (mw))-|”
for all s = s, the same holds for all the other terms with due modifications.
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(b) For ¢ € N*, we denote with
kinz0 (Up; %,2),  Kinza (Up;%,2), Kinza (Op;%,2),  Rinz0 (Up;x, 2)

a generic element of
2 2x2 2x3
KFL, (KFL)", (KFL)™, (KFL)™,

respectively, whose explicit expression may vary from line to line. When ¢ = 1 we omit the ho-
mogeneity subscript. The forms

ﬁloc

loc loc loc
k K K (1.20]

[n,=0)’ [n,=0]’ [n,=0)’

denote generic elements of KF" __ , and its corresponding vector and matrix classes. For n < 0
with ¢ — n > d, we write

ﬁtail

tail tail tail
k K K (n,20]

[n,=¢]’ [n,=0]’ [n,=¢]’
for generic elements of the existing class K F1,j1 »¢ and its corresponding vector and matrix classes,
whose profiles in[Definition 4.26|satisfy[Eq. (4.17)|with m = —n, componentwise. For tail kernels,
n records the order of the profile b, not the decay of the full kernel.

When these kernels are real-valued componentwise for real backgrounds and real separately
estimated arguments, we add the superscript R, writing

KR

R
K [n,z0)

R
k [n,z0)

[n,z0) K

n,z¢)
respectively. The corresponding local forms are

loc,R loc,R loc,R loc,R
k (n,=0)’ K[n,z[]’ K[n,z[]’ ﬁ [n,=0)’

and the tail forms are
tail, R tail, R tail,R tail, R
k[n =/ K[n =0 K[n =() f{m =/(]"

(c) For ¢ € N*, we denote with

Mo=¢] (Up), Rig=e)(Op), Ripzr)(Up), Rip=e) (Op)

a generic element of
o e \2 0 \2x2 ) 2x3
7e>[’ (7%25) ’ (732[) ’ (73 )
respectively, whose explicit expression may vary from line to line. When the corresponding
smoothing operators are real-to-real componentwise, we add the superscript R, writing

R R[R

R
Mozt Fpzep R

[o.=¢] lo.z¢]

respectively.
We denote with

lo,n,=¢) (UP;Z)' R[p,n,z[] (ﬁp;z)’ R[Q,n,zﬁ] (UP;Z) ) m[p,n,z[] (ﬁp;z)
a generic element of

2x2 2><3

o.n
KRY7,

0,12 on on
(KRZ,)™, (KRZ,)"", (KRZ,)
respectively, whose explicit expression may vary from line to line. Aggregate notation with one
threshold is used only when every component has the displayed class membership. Of these we

define the subclasses

i. Linear remainders defined as

in _ ~) (@] (1) in
o= 1 ):[ T | Flemn 00)= (R 10 Rozr )]
n . ,= [Q]() in
ol (1) 19?[:24() lo=0 @)= Rz 0(0) Rigizgy )]
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ii. Bilinear remainders defined as

Tlo,=¢] [01, 2] (1)

rt[)e111>z] (novwz)i= | Tpzglwzl(n) |,
Floze) l@11(n)
R (w1, 02) [R9>é 1,021 (n)  Rigzglw2(n)  Ripzg [wﬂ(n)]'

The real-to-real versions

Rlln R lin,R rlin,R lin,R rbil,[R bil,R
[o.2¢] [o.2¢] [o.=¢] [o.2¢] [o.=¢] [0.2¢]

are defined by the same formulas with each constituent

Mozt Rloze)p Rz

replaced by its R-superscripted version. For constituents with bracketed arguments, the real-to-
real property holds for every real choice of those arguments.

The above definitions are such that the application

w—R"_, (n,0)-|"|eL(HSH)

for all s = sy, the same holds for all the other terms with due modifications.

(d) For ¢ € N*, we denote with aj, > (¢|Up; x,&), Mlo0] (a|Up) and so on families of, respectively
symbols and smoothing operators, that are real analytic w.r.t. the Atwood number a € [-2,2]. An
analogous notation is used for vector- and matrix-valued symbols and smoothing operators.

(e) Given A€ (F’E”I)Z and a vector-valued function U, we use the compact notation
2
0p™™ (4)-[U1:=0p"W (4)-U:=)_ 0p"Y () [14].
j=1

We shall consider Q = V. Therefore, the quasilinear terms are of order 0in Q and 1in 7.
The main goal of this section is to prove the following theorem.

Theorem 5.2 (Paralinearization of the canonical CDE). Leto =0, p* > 0 with {p*) >0, g€ R, and Q € R%.
There exists po > 0 such that, for any p = gy, there exist sy > 0 and ry > 0 such that, if

n,¥ € Bg,r (I;10)

solve the canonical CDE|Eq. (2.9)} then (n, ) solves the paradifferential system

[’“ = 0P (Q (0, Q. #%,&) + B (0, O, 75,€) +1(Vian (0 O, %) - €) 1dce) Z]
(5.1)
BW ~ = v lin,R ~ -\ |7
+0p ([A[o 1] (a,Q[n, ;x,¢) Al 5 (a,Qfn, 9 x, 5)]) 7 R[Q >1] (a,Qn, %) [1’7 .
When the lower-order term in the second line is viewed as a two-by-two block, it has the order structure

re, roi

= =0, 5.2

r3, I 2

Here the objects appearing in are defined as follows.
* a is the Atwood number, defined in|Eq. (1.5)
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e Q¢ (FZZO)ZXZ is the quasilinear symbol explicitly defined as

Q(p*,0,Q|n,¥;x,¢)

_ i 0 o M (mxg)+ato(mxd)] oo
—ga+a,”" (p*|m;x,&) + A1 (m;%,€) g (0, Q|n, ¥ x, &) 0 S
More explicitly:
- A€ 1“120 is real-valued and is explicitly defined as
Ay (5 x,€) = ] 1+|Vin < ’ (5.4)
2 1l
- A€ Fgl is real valued and defined as
2
AO (T]; X, E) = (|E—|) (éL)T Hxnéd_r (55)
4v2 Ay (m; x,€)
where A, is defiend in[Eq. (5.4)}
- a,"" € T2 is real-valued and is explicitly defined as
P+ |Vin-e 40 M(mxé
noTI(p |77»x5) <<0___,_>€ | 17253| :_<<p(i>> 1(17 )23' (5.6)
(1+]vn*)? (1+ 9 0f?)*
- qo € FOO is real-valued, even in & and is explicitly defined as
o ERY
az (a,Q|n, 3 x,&) := (4 a?) (A% Wi (s x,€) - Q(Qn, ¥; x)) , (5.7)
where A(?O’w is the vector symbol defined as
M (5 %,8
A(q);o,w (T]; X, 6) = vf(rblgo (T]; X, 6) ’ (rb1$0 (n; X, 6) = _(—)2; (58)
1+|Vn )|
« Be(TL,)*** has the Alinhac block form
o —bean (a0, Q|n, ¥; x) 0
B(a,Q(n,v;x,&) = — — - A1 (5 x,¢). (5.9)
( |17 v f) (bcan (O,Q|1],1,U; x))z bcan (Q»Qiﬂ,w; x) ! (T] f)
Here N (_ | )
L L Vn-Q(Qn,7; x
bean (0, Q. 70) = a3 [Q (@, 7)) (:20) - — LBV 510

1+ |V17|2
and the canonical vorticity variable is

Q(Qn, 5 x) =0 [Q] (%) + S (a[n) ¥ (), (5.11)
where S (a|n) is defined in[Eq. (2.11)|and Q. [Q] (n) is defined in[Eg. (2.10)}

* The transport velocity is

Vean (0, Q[ 93 x) := V> [Q(Qn, )] (m; x)

a ) 7 —~ o~
+———J(Q(Qn. #5x)+ (Vn-Q(Qfn, 7 x)) Vn). (5.12)
a(1+|vnf?)
*
where v* = x is defined in|Eq. (2.14)| In particular, the transport coefficient belongs to (F R ) and
3
splits as

- - a- _ - 2
%an (a'Q|77’1//) = ZQL + {Vcrétln (a’an»W)’ erI:iln € (]:51) .

Moreover, Vean (a,Q|n, ¥; x) is real-valued and independent of €.
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* The lower-order symbols satisfy

2 _112
A?O,zll e (r2,)”, A?U—Lzu e(rzy)”,

or equivalently the associated two-by-two block has the order structure stated in|Eq. (5.2)l They denote
generic symbols as per|Notation 5.1

~ 2x2 . . . ;
. Rl[‘;'fl] € (R‘;l) “* denotes a generic smoothing remainder as per|Notation 5.1

Remark 5.3 (On the equivalent formulas for 1,). Let

A (x, €)= \/ (1 + IVn(x)lz) 12 = (Vn(x) €)%,

which is the principal symbol in the expansion of the DN operator in [8]. Factoring [¢| gives

L) = e 1+ |Vl - (v-8)%.

Notice that (¢,é1) is an orthonormal basis. Hence,

Vn|? = (V- &) + (V- &Y% = (V- &) + (V- €)%,

so that

21068 = 11y 1+ [V -8

Therefore, 1, = 1, / 2, and the factor 1/2 depends on the fact that here v is v / 2 of [8]. ¢
The proof of| is organized into four logical steps:

1.

Abstract structure-preserving paralinearization. In we establish the abstract paralin-
earization theorem for critical homogeneous graph-kernel operators on R%. The proof separates the
local-tail and Bony reductions from the quasilinear and transported contributions, and identifies the
corresponding homogeneous Fourier multipliers and lower-order symbols.

2. Paralinearization of the singular integral operators. In|Section 5.2} and more specifically in

fion 5.2, we apply[Theorem 5.7to the primitive singular integral operators % (1) and 4 (n). We then

identify their principal symbols and combine the resulting paralinearizations in the form needed for
the subsequent analysis.

3. Paralinearization of the evolution operators. In|Section 5.3} we use the preceding singular-integral

expansions to paralinearize the operators entering the canonical evolution equations. Starting from
v*, we treat successively T () and 7o (n), the change of variable S (a|n), the Dirichlet-Neumann-type
operators g* (1) and g (a|n), and the Bernoulli contributions 7*, 7, and 7.

4. Synthesis. Finally, we assemble these expansions in the canonical variables (n,%) and obtain the

5.1

complete paralinear system|Eq. (5.1)} thereby concluding the proof of[Theorem 5.2

Abstract structure-preserving paralinearization on R¢

Dimension and scalar convention. Throughout this subsection, d = 1. In accordance with [Notation 1.1}
scalar functions, operators, and symbols are denoted by lower-case letters; only x,¢ € R? retain the lower-
case notation reserved there for spatial and frequency variables. We state the result in the scalar case; vector-
and matrix-valued versions follow componentwise. The Fourier normalization and the measure on S$¢! are

fixed in[Notation 4.1]below.

Definition 5.4 (Admissible homogeneous pair). Let 0 < n <d and ¢ € N*. Thus —n is the degree of homo-
geneity of the kernel |z|™", and the critical endpoint corresponds to n = d. An admissible pair of order —n
and vanishing order ¢ is a pair

(h, k) €C® (ST LR) x C¥ (=1, 1) R)

with the following properties:
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¢ the function N
k(X):=k(X)-k(0) (5.13)

vanishes to order at least ¢ at the origin, namely

tWo=0 o0=j=e-1. (5.14)

¢ In the critical case n = d, there exists € € {—1, 1} such that

h(=9) =¢h(9), (5.15a)
k(=X)=—-¢ck(X). (5.15b)

Remark 5.5. In the case n = d, for every p € R® we have that

h(®) k(p-9)isoddin 9,
h) k' (p-9)is evenin 9, (5.16)
h©) k" (p-9)is odd in 9.

¢

Fix once and for all a number ry, € (0, rg) strictly inside the radius of convergence at the origin of the
power series of k, and fix r.. € (0, ran). All analytic expansions below are performed on | X| < r.. < rap; control
of the full operator uses the same bound for every difference quotient.

For an admissible pair as per[Definition 5.4} set for all n < d

s
6% (1) [w] (x) :=p.v. fR ) %k (A () (x—2)dz,
nx)—-n(x-2) JO:

|z |z|

(5.17)
Azn(x):=

Lemma 5.6 (Skew-symmetric structure of admissible graph kernels in the critical case). For every realn for

which|Eq. (5.17)|is defined the operator t}(;'i,)c (n) is L? (RY; R)-skew-symmetric.
Proof. We prove that for every f, g € S (R%R), we have that

<ti(1d;c () [£] | g>L2 = _<f tor () [g]>L2» (5.18)

the generic assertion thus follows by density. For 0 <€ < R < +00, let

(lea@U@= [ (o) ) dy

€<|x7y|<R

where

h(x=y) (n®)-n(y)
Ky (x,y):= < k( )

|x~y] x|
The truncation removes the singularity at x = y, so that the following computations are justified by Fubini’s
theorem. We first verify that /C;, is skew-symmetric. Exchanging x and y gives

1) ne-n(y)
Y Ty B

Hence, by[Egs. (5.15a)|and|(5.15b)} we have

_h(=%=y) ( n@)-n(y)
Knlh )= |x-y|® k(_ |x =yl )
_eh(x=y) (10 -n() (5.19)
Rl )k(—lx_y| )
==Ky (xy).

81



Since the truncated domain
{(x,y)eR*xR*:e<|x-y| <R}
is invariant under the exchange x < y, using|Eq. (5.19)}, we obtain

(82 x| = [ Knloy)F()gtodyas
L e<|x-y|<R

_ffe<|x—y|<R ( )f(x)g( )dXdy
- _ffe<|x—y|<R Ky (x,y) f (x)g(y)dydx
=—(r |42 gl ,

Finally, by the definition of t}(f,)c (n) in[Eq. (5.17)} we lete | 0 and R 1 +oo. Passing to the principal-value limit
in the preceding identity yields|Eq. (5.18) O

Theorem 5.7 (Abstract structure-preserving paralinearization). Let (h, k) be an admissible homogeneous
pair of critical order —d and vanishing order ¢ in the sense of[Definition 5.4 There exists po > 0 such that, for
every o = po, there exist sy >d/2+1, u =0, and ry > 0 such that, for every s = sy, everyn € HSt1+H (Rd; IRE), and

w € HH (R4 R) satisfying |0 ;ys-1+x < To, the operator defined in|Eq. (5.17)|admits the paralinearization

n lin,R
T

ap, 20 [w] (17;x,&)

(d) BW
t w]=0
h,k(n)[ 1=0p ia® cg>[] (m%,¢)

AP ] (75 x,8) +

The objects in|Eq. (5.20)|are as follows.

* The vector symbol
o () al"™" (Vv (0),¢)

Ah'k[w] ;x,8) =
1 (77 6) lagkw(Vn(x),f)

has the following components.

h,k;n

- a"""(Vn,&) €TL, | is the real-valued symbol

al’® (p,¢) = Ld_l 19-E1R @)K (p-0)do (9). (5.21)

Itiseveniné. In addition, a?’km (0,¢8) = 0 whenever ¢ =2;

ag’k;w (Vn,é)-a h ko 0,8 € F ; 18 the real-valued symbol
al"t (p, &) := —%LH sgn (9-&) h(9) k(p-9)do (9). (5.22)

Itisoddin. In addition, a h ke (o, §) is the symbol of the flat homogeneous contribution, whereas
its nonlinear part vanishes to order at least ¢ atn=0;

— the two components satisfy
h,k;
""" (p,€) = =0pag™ (p,&). (5.23)
* The lower-order vector symbol

a[oﬁia [w] (1;x,€)
i’y (mx,¢)

has the following components.

- ap=¢ [ € L(H*;TY), and for every real w,

a0 [0 (m;x,—€) = ap ¢ ] (0; x,€);

If¢ = 2, the range improves to F>[ v
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- [ 2 0 € F 7 Is real-valued and satisfies

s, (mx,-8) =—ds_, (mx.€). (5.24)

e The smoothmg vector Rl[m R ] (n,w) is as per{Notation 5.1; both components are real-to-real in the sense

ofiDefinition 4.5

Remark 5.8 (Skew-adjointness and the vanishing subprincipal symbol). Two distinct structural facts enter
the critical paralinearization.
First, the exact skew-adjointness of the critical quasilinear branch implies that its complete Bony-Weyl
symbol can be chosen purely imaginary. This is proved in[Lemma 5.11]and yields the symbol in[Eq. (5.20)|
Second, the absence of an order-(—1) term is a stronger statement and does not follow from skew-
adjointness alone: a symbol of the form ib_;, with b_; real and odd in &, would still define a skew-adjoint
Bony-Weyl operator. For d = 2, the proof below establishes the stronger cancellation explicitly. The first

Bony-Weyl correction generated by the principal homogeneous kernel is — flk, whereas the next Taylor

coefficient of the graph difference produces +ai"1k . Hence

hk+ah1 =0,

as shown in [Egs. (5.50)|and|(5.56)| For d =1, the degree-zero principal multiplier is constant on each half-
line, so its derivatives in ¢ vanish away from the origin; the corresponding localized order-minus-one model
also has vanishing high-frequency multiplier. Thus no independent order-(—1) symbol occurs in any di-
mension.

The cancellation removes the subprincipal order, while skew-adjoint completion controls the reality
type of the entire remaining symbol. These are complementary consequences of, respectively, the centered
Weyl structure and the opposite parities in|Egs. (5.15a)|and|(5.15b)| ¢

5.1.1 Local-tail and Bony reduction

Let x be the even radial cutoff fixed in[Eq. (4.7)] For fixed z # 0, write w (x) := w (x — 2). Recall from[Eq. (5.13)
that k := k — k(0), so that k vanishes to order at least ¢ at the origin. Define the flat contribution without
multiplying a possibly undefined principal value by zero:

h(2)
k(0 f “2dz, k() #0,
4 o] = { OB Jou gz @72 KO (5.25)
0, k() =

If k (0) # 0,|Eq. (5.15b)|forces h to be odd, so the principal-value distribution in the first line is well-defined.
Lemma 5.9 (Local-tail and paraproduct reduction). With the same hypothesis of[Theorem 5.7, one has

b () 0] = 62 () 1] + 6 (0) (0] + 6 (0) (]

+0p™ (A5 0] (mi0) ) m + RIVE, (m,00)- [ ]

] (5.26)
where:

* the quasilinear branch, including the flat contribution, is
a2 () ()= 55 o]

YAy,
(5.27)
+pr x(z ) O PV (k(A.n)) w.dz;

* the transported branch is
(2)

20 (w2 [k(azn)] dz; (5.28)

to (1) (@)=Y |
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* the localized Bony remainder is

the (1) 0] 1= 'V'fuqaax “ (|d) RO [k (Azn), 0z dz; (5.29)

* the tail function is

FEYR (] (;x) = fR (1-x@) 5 |EH)1 "(Azn (0) 0, (x)dz; (5.30)

* the smoothing vector Rl[i;’f[] (n,w) is as per|Notation 5.1

Proof. Let ry in[Theorem 5.7|be such that 0 < ry < ry, so that k (Azn) is well defined. Using k:=k-k(0), we
first split

t,ff (n) lw] = t{}a,j (]
)
+p.v. f x(z) k(Azn)w.dz (5.31)

+ fR (1 x(z)) |(|) (Azn) w.dz.

We first treat the last term. Set

Since h e C*° (S$%71), for every multi-index a,
|02by, (2)| Saun l217271.

Thus by, has far-field order m = d. Moreover, k vanishes to order at least ¢ > 1 by|Eq. (5.14); hence m + ¢ =
d+ ¢ > d, which means

00 o
f rd—l—m—édr = f r_l_gdr < 0. (5.32)
1 1

Therefore N
(Z)

Kt (mix2) = (1= 1 (2) T3k (Aan) € KFaize

Applying|Proposition 4.37} for every prescribed p = 0,

fRd kﬁicli’,ui[] (%, 2) w,dz = op®W (ftaﬂ R 1w] (n; )) n+ Rl[m] R 1,0 [ ] (5.33)

It remains to decompose the localized nonlinear term in For each fixed z # 0,
gives N N _
k(Azn)w, = op™" (k(Azn)) wz + op™ () [ (Azn)] + R™ [k(Azn), w,].

Multiplying by y (z) h(2) / |z|* and integrating in z gives, by|Egs. (5.27)|t0|(5.29)}

pvf )((z) Azn)wzdz— b ( ) [w] - t{ll*}ct[w] + thk( ) [w] + t;:k(n) [w].
Combining this identity with[Egs. (5.31)|and|(5.33)|proves O

Lemma 5.10 (Localized Bony remainder). For every prescribed p = 0, the localized Bony remainder satisfies

M) =17, (Mo, (5.34)
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Proof. Set
v[n](x,2):=Vnx)-2, h[n] (x,2) := 2THn (x) 2. (5.35)

By bilinearity of the Bony remainder, ¢, (1) [w] is the sum of

p. [ 1@ TR E(v[n]) o] dz,

p-v.fx (|)
pa. [ 1) T B [ (3:0) - (v [n]) 0] a2

By|Egs. (5.15a)|and|(5.15b)}

[k(Azn), 0, -0 (x)]dz, (5.36)

h(—=9) =¢€h(9), E(—v [n]) = —EE(v[n]).

Hence the first integrand in|Eq. (5.36)|is odd in z, and its integral over every symmetric annulus vanishes.
For the remaining two terms, the identities

1
—w(x) =—|z|f Vo (x—tz)-zdt
0

and .
An—v(n]=- Izlf (1-102THn(x— tz) 2dt
0

give one power of | z|. Moreover, by the mean value formula,

E(o) - E(vln]) = en-vla)) [ B (vln] + ¢ (3o -v [n])

and therefore, by|Eq. (5.13)|and [Lemma 4.33}

w— W, —w(x)€E £(HS+1;K]-'1LC’21), E(Azn) —E(v [n]) € K}—ltc,zl'

Thus [Remark 4.19 and [Lemma 4.33} using one additional derivative in the term containing w; — w, place
both nonzero operator-valued kernels in

o0,1-d
Rloc =(°
Since 1 —d > —d,[Lemma 4.34]yields
01 = 1z o 2 €RE,

The vanishing order follows from |[Eq. (5.13), and the operator is real-to-real because the kernels and the
Bony remainder are real-to-real. O

5.1.2 Quasilinear contribution

Lemma 5.11 (Quasilinear contribution). For every prescribed p = 0 and every dimension d = 1, the quasilin-

ear branch in[Eq. (5.27)| satisfies
QL( )[w] —IOp ( hkw(vn 6) [ 2>/] (n’x f))w"'r[SkEg] (U)w- (5.37)

The objects in this equation have the following properties.

* The symbol ag Ko s defined in|Eq. (5.22)}; it is real-valued and odd in . In particular, its nonlinear part
belongs toT°
=0’

Rw -2 P .
ca’,. €T, is real-valued and odd in &,
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. [Sk fi] € RQ is real-to-real and skew-adjoint.

Proof.

Part 1 (Local Taylor decomposition). Remind v [n] (x,z) and h [n] (x, z) defined in

mula along the segment t — x — ¢z gives

An=vn]- h[ |+ ks

k%gi“f] (mx,2):=— Izlfo (1-0 2T [Hn(x - tz) - Hn(x)] 2dt.

Equation (5. 38)|and|Lemmas 4, 45| and|4 46| imply kigiﬂi € K]-'ﬁ)C .- Write
|z
wnli=dn=vln) = -2l o] + Bt

and define 2]
V4
Kooty (mix.2) = ke (2an (0) = k(v[n] (6. 2) + =K' (v [n] (. 2)) b [n] (. 2

= K (v [1]) RSB 4w [1]? fo L= 0k (v [n] + tw[n])de

Taylor’s for-

(5.38)

(5.39)

BylEq. (5.13)| the composition k' (v [n]) has background vanishing order at least /-1, while k" (v ] + tw [n])
has background vanishing order at least max{¢ —2,0}. Hence every term in the last line of [Eq. (5.39)| has
local order two and background vanishing order at least . The analytic composition and product rules in

ILemmas 4.33|and 4.45|give

lOC R h (Z) —d+2
k[z >/] € K}—loc =0’ |z | 2, >l] €K
Accordingly,
QL _ QL0 , QL-1_ QL=-2
tok =i Tk +thk :
where

120 () (0] = 4 [w]
h(2)
ep. [ 1) g 0p™ (k(v[n])) wxdz

1 h(2)
W )= = [ 1@ 2 0p™ (K (v hfn])wsdz

2 Jpa
QL'S_Z . h (Z) O BW klOC R d
bk () lw] := X(Z)W ( > >[])wz z.

We first analyze the leading and subprincipal branches, and then the lower Taylor remainder.

Part 2 (Analysis of|[Eq. (5.42a)). For d =2, we prove

620 (1) [w) = Op™™ (mf)’ 50 (v, &) - " (i x,8) + aia s (i x, 6)) w+rp Mo,

where

-2
aj-2>0 €T, €RE,

[ =] ©

(5.40)

(5.41)

(5.42a)

(5.42b)

(5.43)

We first remove the localization in the homogeneous model and then identify the order 0 and order —1

symbols in

For every a € N such that |a| = ¢ and k|| # 0, set

h(3) 2%
ca (1;%) = K|a|(|zl) (Vnw)*,  hP @)= Tzdz
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By K|q| # 0 implies (-1)*! = —¢. Hence
h(=0) (-9 =& (-1 h(9) 9% = —h (9) 9*.

Thus the angular amplitude of h,(,?) is odd and has zero spherical mean. In particular, the critical principal-
value distribution in[Eq. (5.44)|satisfies the hypothesis of[[tem 1]
According to|Definition 4.39} define

"(X
}lo(?;';w(x) pr X (2) Hd w(x—2z)dz.

Expanding the operator t}?i’o (n) defined in[Eq. (5.42a)|by means of the monomial decomposition in[Eq. (5.44)

gives

2 () w1 = i 1wl + Y. Op™Y (ca (m;x [t};& ]
aeNd (5.45)

Using the Fourier multiplier m, o from|Eq. (4.46)| define

g}%O( ) [w] := g‘}; [wl+ Y Op"W(cq (m5x [mh(m (D)w]
aeN? (5.46)
la|=¢
K|a|750

Comparing|Eq. (5.45)|and [Eq. (5.46)} and applying|Lemma 4.41| and |[Remark 4.42| term by term, and after
summation for ry sufficiently small, we obtain

toe (01 =g ol +rf o, 1l eRE,. (5.47)

Thus|Eq. (5.47)|identifies the smoothing remainder in|Eq. (5.43)} it remains to identify the symbol of g,%’o (17)

through order —1.
Define, for every d = 1, the first quasilinear subprincipal symbol by

1 .
" (5%, ) = 5 (Va-Ve) ay™ (Vn (x),¢). (5.48)
For d = 2, it admits the explicit representation
7
aly (mx,8) =3 fg L B@-O RO K (Vn(x)-9) (87 Hn (x)0) do (9). (5.49)

Indeed, in the sense of tempered distributions in ¢,
0¢,sgn (9-8) =29;6 (9-¢).

Therefore, differentiating|Eq. (5.22)|and evaluating at p = V7 (x), we obtain

(V- Ve) alt®® (Vv (x),8) = - L L BO-OR@K (Vi (x)-9) (87 Hy () 9) do (9),

which proves|Eq (5. 49)|by|Eq (5. 48)1 Ford = 1,[Eq. (5.22)|shows that ah kiw (p,-) is constant on each half-line,

and hence a” lk =0. Applying |Prop081t10n 4.24| to |Eq. (5.46)| and summing the monomial expansion gives,

atorders 0 and -1,

hkw(o &)+ Z Cam(O)_ahkw(vn,f),
aeN?
|a|=¢
e (5.50)
1 . 1 nk; Ak :
-5 2 cha-ngE,?)z—E(Vx-Vg)ao’ =
aeNd
la|=¢
K|m¢0
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The first identity in|Eq. (5.50), together with m h® = 1m glves the principal term

iay 5 (Vn,¢)

in[Eq. (5.43)} while the second identity gives its subprincipal term

~a’ -1 (n,x §).

The remaining symbolic contribution is a;_» >¢) € F;?. Together with [Eq. (5.47)} this proves|Eq. (5.43)
Part 3 (Analysis of[Eq. (5.42b)). For d =2, we prove

62" () lw) = Op?Y (afylk (M%&) + a0 (M5 %, 6)) W+ r?‘;’zé] () o, (5.51)

where

a-2,>¢] € F;i, r[ € R

>[]

We first remove the localization and then identify the order —1 symbol in[Eq. (5.51)
For every a € N9 such that |a| + 1= ¢ and Klaj+1 #0,and for 1 < j, k <d, set

1
A, j i (05 x) == =5 (lal+ DK (Izl) (Vn(0)*0jkn (x),

o ada A (5.52)
h( 1) (2):= h(2)z Zj%k
j,k |Z|d—l
By[Eq. (5.15b)} k|q|+1 # 0 implies (—1)!* = ¢. Hence
h(=9) (—9)* (—9;) (=0k) = h (9) 90 jOx.
Thus the angular amplitude of h© Y is even and satisfies the hypothesis of[Item 2
According to[Definition 4.39 d]eﬁne
h(2)z%z;z2
;?cn w(x):= f ¥ (2) P 1] w(x—z)dz.
a,jk
Expanding the operator t]?i’_l () defined in[Eq. (5.42b)[by means of the monomial decomposition in[Eq. (5.52)
gives
d
L1
R = XY 0p™ (e (i) |12, 0] 553
aENd j,kzl a,j,k
lal+1=¢
Klal+170
Using the Fourier multiplier i neY, defined in[Eq. (4.63)} define
d
L1
g mel= Y Y 0p™(da,jx (m:x)) ] : (5.54)
aeN?d  j,k=1
lal+12¢
Ka|+170

Assume d = 2. Comparing[Eq. (5.53)land [Eq. (5.54)} set, for every admissible «, j, k,

Sk (€)= Mypen (O =ty (€.

By|Lemma 4.41]

=M
sqjk€ [T
MeN

Moreover, m, -y is bounded, whereas t -1 is homogeneous of degree —1. Hence
a,j,k a,j,k

|50,k O STHIET,  0<|él=1.
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The high-frequency contribution siyjy k

is therefore arbitrarily smoothing. It remains to consider 52 ik (D).
Since

@t o<isy,

the support condition in[Egs. (4.8)|and|(4.9)]and Cauchy-Schwarz give

b
k€] f
@k Jio1<iel

for d = 2. Schur’s lemma therefore gives the L2-boundedness of the low-frequency contribution. Since, by
Eq. (4.9)} it is supported in a fixed low-frequency region, this contribution belongs to R‘; , for every o = 0.
Summation therefore gives

i (1) ©)] 0 S 1615 | e ()] 2 S N1l ()2

}?I]; HOIOE g}?I]; Y(n) [w]+rﬁ)y2£] (n)w, ]E'Rg[. (5.55)

loz¢

Thus|Eq. (5.55)|identifies the smoothing remainder in|Eq. (5.51)} it remains to identify the symbol of gQL -1 (

through order —1.
By[ltem 2} for every admissible a, j, k,[ltem 2} for every admissible a, j, k,

n)

mhf”uk:mfx_,]l.,)k, mg D@ =n f 8(9-E) h(9)9%9;0do.

Applying|Proposition 4.24|to[Eqg. (5.54)|and summing the monomial expansion gives

d
-n __T / T _ _hk
2 2 dajithy = Efd_lé(ﬁf)h(ﬁ)k (Vn-9)(8THnd)do = a’y,
aeN?® jk=1 S
la|+1=¢
K\a|+1¢0

where the last equality follows from|[Eq. (5.49)| Thus[Eq. (5.56)|gives the order —1 term
alk (m; x,¢)

(5.56)

in[Eq_551]
Since ]1) has order —1, all non-principal terms in the composition have order at most —2. Hence the

remaining symbohc contribution in[Eq. (5.51)|is

-2
a2z €Ty

Together with[Eq. (5.55)} this proves|Eq. (5.51)

Part 4 (Exceptional one-dimensional case). Letd = 1. By|Eq. (5.22) a(;)l ki (p, E) is constant on each of the
two half-lines { > 0 and ¢ < 0. Hence

olay* (p,6)=0, &#0, q=1,

and therefore, by [Eq. (5.48) a = 0. Applying |Pr0p051t10n 4. 24| to |Eq (5. 46)l all non-principal composi-
tion terms are supported in the fixed transition annulus of the high-frequency extension and are therefore

smoothing. Together with|Eq. (5.47)} this gives

£ (n) ) = 0p™Y (mé’ ko (0., é)) w+ r[ o [ | € R, (5.57)

For the order-minus-one branch, [Eq. (5.52)|reduces to

; 1”1 (2) = h(2) 2%,

Since x4+1 # 0,[Eq. (5.15b)|gives (—1)% = ¢, and hence
h(=9) (-N*=h©) 9%  9eS°.
Thus ht(x_,ll,)l is constant on R\ {0}. By|Eq. (4.50), its complete high-frequency multiplier vanishes. Therefore

G 555 gives

£ (n) lw) = rﬁjzg] (n)w, fﬁ,,zg] eRE,. (5:58)
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Part 5 (Lower Taylor remainder). Since —d +2 > —d, the generalized [Proposition 4.35|applied to|Eqg. (5.40)
gives

t}?i's_z (1) [w] = 0p™Y (a-2,20) (m: X, €)) w0 + rEZ[] (n)w, (5.59)
where
A220€T25  Tjpu ERE,

Because the kernel in|Eq. (5.40)|is real, [Proposition 4.35|also gives

aj-2,50) (1%, —&) = aj_2,20) (13 X, €),

and a real-to-real remainder.

Part 6 (Preliminary synthesis). For d =2, combining[Egs. (5.41)}[(5.43)} [(5.51)|and[(5.59)|and cancelling the
two opposite order-(—1) contributions gives a principal symbol iag’k;“’ and generic terms of order at most
—2. For d = 1, the same representation follows by combining[Egs. (5.41)| and [(5.57)| to [(5.59)} Thus, after
relabeling the generic symbols and remainders,

i () (01 = 0p™ (i) (Y0, 8) + A-z.20) (3 %,6) |0+ T,y (M) 0, (5.60)

where

~ -2 ~R %
ai-2z0 €15y "lo=01 € R

Since the kernels and coefficients above are real-valued, the reality statements in[Lemma 4.41{and [Propo-|
and the termwise symmetry of the Bony-Weyl expansion [Eq. (4.14)| allow the generic terms in

Eqg. (5.60)|to be chosen so that

i=2,>0) (M %,—&) = dj—2,20) (13 X, €), (5.61)
and 7® is real-to-real.
[0.2¢]
Part 7 (Skew-adjoint completion).
Subpart 7.1 (Exact skew-adjointness). For z # 0, set
Tw(X):=w(x-2),
h(z)
z) =y (2) —-,
h(2):=x(2) 2/
az (m;x) :=k(Azn ().

Evaluating[Eq. (5.15b)|at the origin gives (1 + €) k (0) = 0. Consequently,

k(-X) = —ek(X).
Since y is even,
h(-2)=€bh(2). (5.62)
Moreover, )
nx—-z)—-nx
A (x=2) = —————— = -Az1(x),
n(x—2) iz 1 (x) 5.63)

a_z(m;x—z)=—caz(n;x).

The definition of Bony-Weyl quantization in[Eq. (4.8)|is covariant under translations. Since a; is real-
valued, [Lemma 4.13|gives

(0p®W (a) TZ)* =7_,0p™ (a,) = 0p®W (a, (n;- + 2)) 7_.. (5.64)

For 0 < 6 < R < +00, define the truncated localized branch by
s ()= f b (2)0p®" (a.)7.dz.
6<|zI<R
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Using|Eq. (5.64)} then changing z into —z, and finally applying[Egs. (5.62)|and|(5.63)} we obtain

*
(s m) = f b (2)Op™Y (az (1;- + 2)) 7—2dz
o d<|zl<R
[ 200 (o (50— 2) 720z
6<|z|<R

= - f b (2)0p®VW (a,) 7,dz
0<|z|<R

_ QL,loc
~tpior (M)
Passing to the principal-value limit gives the same identity for the localized contribution in|[Eq. (5.27)
It remains to consider the flat contribution in [Eq. (5.25)l If k£(0) = 0, it vanishes. If k(0) # 0, then
Eq. (5.15b)| forces € = —1, and hence h is odd. Therefore identifies the flat operator with a purely
imaginary Fourier multiplier, so it is skew-adjoint. We have proved

( n (77))* =t (n). (5.65)

Subpart 7.2 (Projection of the lower-order terms). We now combine the preliminary representation[Eq. (5.60)]
with the exact skew-adjointness identity[Eq. (5.65)} Every smoothing remainder entering[Eq. (5.60)|is a finite
sum of terms of the following three types: smoothing Fourier multipliers furnished by[Lemma 4.41} Bony—
Weyl composition remainders furnished by|Proposition 4.24] In each case, adjunction only conjugates the
symbol or exchanges the two Fourier variables of the kernel; the symbol bounds, support properties, tame
estimates, and background vanishing orders are unchanged. Therefore

~* R Q
eRZ
"lo=0]
Since ag’k;’” is real-valued, |Lemrna 4.13| andlEq. (5.65)|and|Eq. (5.60)|yield

)= 5 (520 (%))

_ - 7R ~*,[R€
ap— —a- =0 =l
= 0p™ [ig* (v, ) + & 220~ 4220 |  _le=!] "lo= |
2 2
Define
~ — 7R _=%R
o . G2z0 T 2z SRR le=¢] “[o=(] (5.66)
(-2z0]" 2i ' lo=¢]" 2

Then a[ 2 0 18 real-valued, belongs to F> 2, and, by|Eq. (5.61)} satisfies
R; . _ R; .
a’y g mx,—-8)=-a’; _, (mx).

Moreover, since A*EQ » is real-to-real, so is 7. r[ é] Therefore r[Sk f (]

Substituting|Eq. (5.66)|into the preceding identity gives|Eq. (5.37)

€ Rg ¢ is real-to-real and skew-adjoint.

5.1.3 Transported contribution

Lemma 5.12 (Transported contribution). For every prescribed p = 0, the transported branch in|Eqg. (5.28)
satisfies

t,tlfk( ) [w] = 0p™W (w (x) al’ kn (VN (2),€) + ao,2¢) (0] (1; x, E))n+r[ >€] wl(n)n, (5.67)

where

. ait ki o r1>€ | IS the real, even symbol defined in|Eq. (5.21);
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e aps¢ 1€ L(HY;T?) and r{m -] [[] € L(H%;R?) are generic linear terms as per|Notation 5.1, If ¢ = 2,

their ranges improve to F , and RY respectively.

=(-1’

Moreover,

a0 ] (m;x,—€) = ap ¢ 0] (1; x,€), (5.68)

and the remainder is real-to-real.
Proof.
Part 1 (Bony splitting). Applying to k (A.n) gives

k(Azn) = 0p™W (K (Azn)) Azn + g (Azn) [Azn],

where gi (1) := Ry (u). Substituting this identity into [Eq. (5.28)|yields

e () 0] = 475 () (] + 7 (n) (], (5.69)

where
AUITE PVf )((z ) BW () Op®W (K (A1) Azndz, (5.70a)
b () [w]:=puv. f x(z ) W (w2) gk (Azn) [Azn] da. (5.70b)

Part 2 (Analysis of. Letv[n] and h [n] be defined by since |v [n]] < [|Vn|| .~ < |0, <

ro, the derivatives of k admit the absolutely convergent multinomial expansions

(lal+1)
u(v (x)* 2%, (5.71a)

aeN?

K (v[n]) =
|al+1=2¢

Jellal+1) (0)#0

Klal+2) (g .
K'(vn)= > T()(Vn(x)) 2%, (5.71b)

aeN?
|la|+2=¢

Jellal+2) (0)£0

where a!:= l'[‘}:1 ! and the constraints on the summation indices follow from Eq. (5.14)| Set

ez [w] (n) := Op®W (w,) 0o Op®W (K’ (A 7)) — OpBY (w k' (A1) . (5.72)

Taylor’s formula, [Eq. (5.38)} and [Lemmas 4.33} |4.45|and [4.46|give

|zl
k' (Azn) =K (v[n]) - ?k”( v[n])h[n]+ k%gc:rrnax{l -1 k%:czm:rrnﬂix{l -1 € K‘Flzc)c >max{l,/—1}’
w;=w(x)—|z| Vo (x)-Z+ep) (0], ep € L(H® K]:lzoc)’

whence

1
wzk' (Azn)=w @)K (v[n]) -zl w(x)k"( [n])h[n]+ Vo (x)-2) k' (v[n])| + ey, (0], (5.73)

where 9[2] 1€ £(HS° KF?

) is defined by|Eq. (5.73)|itself. Accordingly, since A,n =6.n/1zl,

loc,z¢-1
bt () 1] = 470 () [w] + 4701 (0) [w] + 7571 (n) [w] + 6P (n) (] . (5.74)
Here
X ,
o () [w1:=§fm% g |:|Eiz+)1 M@k (v [n]) 6 ndz, (5.75a)
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t}tlr,]i),loc (77) (W] 1= [d OpBW (k(O) [w]) 6ZT]dZ, (5.75b)
’ R

t}tlr’,ks—l,loc (77) [w]::f OpBW(k(S—I) [w])é‘zndz’ (5.75¢)
b () 0] :=p.v. f X2 )cz[a)]( )[Azn]dz, (5.75d)
and
kO (o] (m;x,2) = - x (2) I(Id) —w@ k" (v[n])h[n] + Vo) -2 K (v[n])], (5.76a)
K=V wl(nx,2) =y (2) fi+)1 ey [l € KFL,2, . (5.76b)

|z
In we used that 1 (9) k' (p - 9) is even by the change of variables z — —z replaces 6,7

by 567 'n and turns the principal value into an absolutely convergent integral.
We analyze the terms in|Eq. (5.74)|in decreasing symbolic order.

Subpart 2.1 (Analysis of|Eq. (5.75a)). For |v (1] | sufficiently small we use|Eq. (5.71a)| For every index in this

sum, set ul
klel+D o h(2) 2"
o 0] (1 %) 1= T()w(x)(vn(x)) HY (2):= proe
By[Eq. (5.15b)}, kU%*1) (0) # 0 implies (~1)!* = ¢; hence H" is even. Define
ploc [£] (x) := f x (2 HY (2)6@ f (x)dz.
Then
G o= X 0p™ (qalel) [p'n]. o7
aeNd
lal+1=¢
k(\u\+1)(0)¢0

Using the complete homogeneous multiplier mflﬁu from|Definition 4.43} define

gimwi= Y 0p™(qalwl) [, D)) (5.78)
aeN?
|lal+1=¢
k(\llHl](O)#o

By|Eq. (4.67), for every admissible a,

pi, loc _ m(zzn (D) + CH(I)Id +54 (D), Sq € ﬂ M,

MeN
Therefore, applying[Remark 4.42|term by term to gives
t}tlry,li,loc (1) [w] = g}; ; (n) ] + Op®W (ag, ¢ [0]) 1 + r[p 2o @] (n)n. (5.79)

Here the constant corrections Cpym are included in ap ¢ [w], whereas the multipliers s, are included in
a

rﬁ) ] [w] (). Summability follows from [Eq. (4.53)|and the absolute convergence of|Eq. (5.71a)|for |v [n]| <
ro, after shrinking ry if necessary. By|Eq. (4.68)}

0, &) =l @)= fS 19817 (©)9°do (9).

H(l

Applying|Proposition 4.24|to[Eq. (5.78)|gives

Y el @=0w [ 10-0h@F (In00-0)do0) =0 al (v, e).
Iaolcillwzi
k(\al*—l)(o)#o

Since the multiplier has order one, all non-principal terms in the composition have order at most zero.

Therefore
tr,1

w1101 =0p™ (w (x) @)™ (V1 (x),€) + a0 a1 (1) -+ 7, 1) (1) . (5.80)
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Subpart 2.2 (Analysis of[Eq. (5.75b)). By[Eq. (5.16)]
h©) k" (Vn-9)(9THnd) isoddind,

while
h@) k' (Vn-9) (Vw-9) isoddin 9.

Hence the angular kernel in|[Eq. (5.76a)|is odd, and therefore
f k9 (w] (3 x,79)do (@ =0, r>0. (5.81)
§d71

For every a € N® and every 1 < j, I < d set

klal+2) a h(2)2%2;%
o110 (5 = = =20 ) (@) 0, ), ()= o
] (5.82)
ka1 h(2)272
Ca,j 0] (1 %) := = T()ij(x) (Vn ()", gy @)= TJ

By[Egs. (5.71a)|and[(5.71b)] the first and second coefficient families in[Eq. (5.82)| occur only for indices
satisfying

la|+2=2¢, lal+1=¢,

respectively. Since cq,j,; [w] (1;x) has degree |a| + 1 in 7, whereas cq,j [w] (1; x) has degree |a| in 7, both
coefficient families vanish to order at least £ —1 atnp = 0.

Differentiating at the origin gives k™ (0) # 0 = (-1)" = —&. Hence k192 (0) # 0 =
(-1)!® = —¢. Using also we obtain
h(=9) (=) (=9); (=9); = e (=1)!* h(9) 9990, = —h (9) 999 ;9.
Similarly, k1el+D) 0) £ 0 = (-1)!*! = ¢, and therefore

h(=9) (=9) (=9); = —e (-1 h(9) 99 = —h (8) 9.

Thus the angular amplitudes of hg))j ; and hg))j are odd and therefore satisfy the hypothesis of|ltem 1

Let t}?g and t}?g be the localized homogeneous models associated with these amplitudes as per |Def-

a,j,l 2
. Splitting 6.7 = n — 1. in |[Eq. (5.75b)} the unshifted contribution vanishes by [Eq. (5.81)} and
Egs. (5.82)|and|(5.76a)|give

d
f;lr,}?'loc Mw=- Y Y op™(cq,j1 1) [f;?g)‘lﬂ]
a,j,

aeNd  j,l=1
lal+2=¢
Jcllal+2) (0)#0

d
Y Y 0pPY (g, lw]) [r;ggn] .
L)

aeN? Jj=1

lal+1=¢
k(\alﬂ)(o)#()

Applying[Lemma 4.41] and [Remark 4.42] term by term removes the cutoff, identifies each homoge-
neous multiplier as i times a real multiplier homogeneous of degree zero, and [Proposition 4.24|recasts the
resulting compositions as paradifferential operators of order zero. Summability follows from[Eq. (4.53)]and
the absolute convergence of[Eq. (5.71)} after shrinking ry if necessary. Therefore

tr,0,loc

o (1) (0] = 0™ (a2 (@) -+ 1,y 0] (m) - (583)

Subpart 2.3 (Analysis of|Eq. (5.75c)[). By|Eq. (5.76b)L the kernel k==Y [-] is linear in w, has local order 1 —d >
—d and background vanishing order at least ¢ — 1. Splitting 6,7 = n — 1. in|Eq. (5.75¢)} |Remark 4.28|applies
to the unshifted contribution and |Proposition 4.35|to the translated one, the latter producing a symbol of
order —1, which we absorb in the generic order-zero class. Hence

i ()10l =0p™ (ap=q (W) n+ 1, (0] (n) . 589
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Subpart 2.4 (Analysis of[Eq. (5.75d)). Set

o [w] () := Op™" (@) o Op™Y (K’ (v [])) - Op"" (k' (v [1])). (5.85)
By[Eq. (5.16)|the map z— K (£) ¢ [w] () [v [n]] is odd, hence
h(2)
p [ 1@ lwl(n)[v[n] dz=o

and [Eq. (5.75d)|may be rewritten as

I,C h Z
P )01 = [ x@) 2 {es 0] (1) [8:20] = 0] () [ ]} o (5.86)

Since (a, b) — OpBW (a) o OpBW (b) — OpBW(ab) is bilinear, |Eqs. (5.72)| and |(5.85)| give that the integrand in
braces equals

(0p™ (@, — ) o Op™W (K’ (A1) = Op™W (w2 — w) k' (Az1))) Azn
+(0p™ (@) 0 0p™" (K’ (82n) ~ &' (v [n])) = Op™™ (w (K (A2m) = &' (v [n])))) Azn (5.87)
+ o [w] (n) [Azn—v[n]].
Moreover,
W;—W= —Izlfolwu(x— tz) - zdt,

1
An—v(n]=- Izlf (1- 1) 2THn(x— tz) 2dt, (5.88)
0

1
€ (8em) =K (v[n]) = en=vin)) | ¥ (vln]+ e (acn-vIn)ar,
so that every summand of carries one factor | z|. Writing
1
An= f Vn(x—tz)-zdt
0

to reserve 1 as the argument, [Lemma 4.33| turns [Eq. (5.87)|into a kernel-smoothing family of local order
1—-d > —d, linear in w and of background vanishing order at least £ — 1. Applying|Lemma 4.34|to [Eq. (5.86)|
we conclude that

i () 0] = rﬁ,,zg] [w] (n)n. (5.89)
Combining[Eqs. (5.74)} [(5.83)} [(5.84)|and [(5.89)] gives
b (1) ] = 670 () [w] + OpPY (ajo 24 [w]) 0 + TE)YE ol (m)n. (5.90)

Part 3 (Analysis of|Eq. (5.70b)). Applying to F = k, with smoothing gain p + 2, gives
qk = RE € Rg{z

Moreover, N
gk (W) [u] = k (w) — 0p™™ (K’ (W) u. (5.91)

By|Eq. (5.13)|and|Remark 4.8} both terms on the right-hand side of[Eq. (5.91)|vanish to order at least ¢ in u.
Hence u — gx () [u] vanishes to order at least ¢, and its differential vanishes to order at least £ — 1.

By[Eq_ G.15b)

k(~wy=-ekw), K(-w=¢ekw.
Using[Eq. (5.91)} we therefore get

g () [—u] = —eqi (u) [u].
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Hence the integrand obtained fromby replacing (wz, Azn) with (w (x),v [n]) is odd. Subtract-
ing it gives
Op™ (@2) g (Azn) [Azn] = Op™" (@ () g (v [n]) [v [n]]
= 0p"V (w0 (X)) g (Azn) [Azn]
+0p™" (@ (x)) qi (Azn) [Azn v [n]]

+0p"" (@ () (qk (Azn) = gk (v [1])) [v [n]] -

(5.92)

By|Eq. (5.88)}
1
w;—w(x)= —Izlf Vo (x—tz)-zdt,
0
1
Azn-vin|= —Izlf (1-102THn(x- tz) 2dt,
0

g (Azn) = g (v [n]) = - |z|f01f01 (1= ) dgi (v[n] + £(Azn—v[n])) [2T Hn (x - s2) 2] dsd.

Here dgy is well defined since the remainder map g; = Ry inherits the analyticity of k. Thus each term
in [Eq. (5.92)| gains one power of |z|. We may therefore apply [Remark 4.19|and [Lemmas 4.33|and |4.34| to

and obtain

trp () lw] = rﬁ)z @ (). (5.93)

Combining|Egs. (5.69)}[(5.90)|and[(5.93) gives

tr,1,loc

t;;k (n) [w] = by () lw] + op®WV (ajo,2¢) lw])n+ rﬁ)yy] [w] (n)n. (5.94)

Part 4 (Proof of[Eq. (5.67)). Combining[Egs. (5.79)}[(5.80)and|(5.94)| proves[Eq. (5.67)} with

apze 1€ L(HNTO), it (1€ L(H?RE).

If ¢ = 2, the corresponding ranges improve to Fg s, and Rg /1> respectively. The contributions to ajp > (w]

satisfy [Eq. (5.68)|term by term: the lower-order kernel contribution by [Eq. (4.22)} the homogeneous end-
point contribution by([ltem 1|and|Lemma 4.41} and the compensated principal contribution by|Lemma 4.44

The Bony-Weyl composition formula preserves the corresponding real-to-real symmetry. The smoothing
remainder is real-to-real by the same results and[Lemma 4.34

O
5.1.4 Proof of[Theorem 5.7|
For smooth inputs, combining|Egs. (5.26)|, (5.34)[ (5.37)|and|(5.67)|gives
£ (n) lw) = 0p®Y (w () """ (Vn, &) + a2 [w]) n
+0opBY (i (a{}"“‘” (Vn.¢)+a™_, )) w (5.95)

1 gl () n+ g, () 0.

The principal symbols satisfy
~d,al’* (p,&) 18] = g L L, sgn(@-9) @ h@) K (p-0)do (®)
:%fg 19-ELh (@) K (p-9)do (9)

= ail’k;n (p;é‘)y

which proves The symbol and remainder classes, their vanishing orders, and their real-to-real
properties follow directly from [Lemmas 5.9|to[5.12} In particular, gives the purely imaginary
and odd complete quasilinear symbol in[Eq. (5.37)} Absorbing the tail contribution into the corresponding
generic order-zero and smoothing terms, and relabeling the lower-order terms according to

Eq. (5.95)|becomes|Eq. (5.20) O
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5.2 Paralinearization of singular integral operators

In this subsection, we apply to the two singular integral operators By and ¢ introduced in
[Egs. (2.3a)|and|(2.3b)| For the convenience of the reader, we recall here their definitions:

1

B (1) 0] (x) == —p.. fR 2 < 0 (x-2)dz, (5.96a)
(IZI2 +(621m (x))z) ’

g(n) ] (x) = —p f 0D - de (5.96b)

IZI2 ] (x))z)

First of all, let us explain how we can rewrite these operators in a form adapted to the implementation of
Theorem 5.7| This is given by the following lemma.

Lemma 5.13 (Admissible kernels for B and g4). Ford e S! and X e R, set

H™ (9) := 42 k™ (X) := ;
| (L x2)° (5.97)
he(9) := i, k1 (X):= LS = Xk® (X).
4n (1+x2)2

By

Writing H% = Z%" , the pairs (hj%, k%),j € {1,2}, are admissible of vanishing order ¢ = 2, whereas (hq, k‘f) is
2

admissible of vanishing order ¢ = 1. Moreover, recalling|Eq. (5.17)}, one has

(%o (n)lel); =%, (], q(n) 0] =12, 0) o). (5.98)

Proof.

Part 1 (Parity and vanishing order). By construction|Eq. (5.97)} the vector amplitude H? is odd, k% is even,
and
k% (X) - k% (0) = 0(X?).

Thus each component pair is admissible, in the sense of] with € = —1 and ¢ = 2. The amplitude
h1is even, k7 is odd, and
k7(0) =0, k(X)) =0X).

Hence the second pair is admissible, in the sense of|Definition 5.4] withe =1and ¢ = 1.

Part 2 (Exact operator identification). Since 6,71 = |z| A,n, the definitions in[Egs. (5.96a)|and|(5.96b)|become

H? (2
By (n) [w] (x) = p.v. fR r éz) k% (A0 () w (x - 2)dz,

hi
7(n) lw] (x):p.V.fR IzTZ) 1(An ) w(x-2z)dz.

This is precisely[Eqg. (5.98)} with the first identity understood componentwise.
O

With this in hand, we can now apply to obtain the paralinearization of the operators B,
and g. The final results are stated in the following two propositions. Their complete proofs are given in the
next subsubsections.

Proposition 5.14 (Paralinearization of By (n)). There exists po > 0 such that, for every g = po, there exist so > 2,
@ =0, and rg > 0 such that, for every s = sy and every real

ne HStLtu ([Rz) , we HH (RZ) , ||T]||Hso+1+p <Typ,
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the following identity holds in H® (R*;R?):

By (n) (0] = Op™ (A7 (1,03.%,) + | Ajg.221 (0] (m:6,8)  1ATS, (mix,6)] ©

The objects in|Eq. (5.99)|are as follows.

* The principal matrix symbol is

M

[0.22]

AP (nwix,8) = |00 AP (x,8) 1AT (0,8 |

e The common potential is the real symbol (,bf“ € 1"120 defined by

Al (T];x» 6)

(7[)%0 n;x'é =
where /11 is deﬁned in|Eq. (5.4)|

e The real vector symbol Ag""" € (Fgo)z, defined in|Eq. (5.8), satisfies
A (m3x,8) = Ved® (ms x,&).

Bo,1) 13y2

* The real vector symbol A,"" € (TL,)" is

o7
a(Vn)

AP (5 x,€) = - (;x,€)

A (52,8) ® V() + Vi (x) ® A (15,

1+ |Vl

* The lower-order symbols satisfy

Apza e L(HN (L)), Al e (rs

Bo,R

The vector symbol A[_z,zz]

AR (0-8) =~ ABE (1:,6).

[-2,22] [-2,22]

* The smoothing matrix is

By,lin,R [ pBR By, R
R[szz] (n.0):= [R[Q.EZ] [ (n) R[QZz]

where

()],

RPE [']eL(HsO;(Rgl)Z)r R™F E(Rgz)z-

[0.22]

All the terms in|Eq. (5.99)|are real-to-real.

[0,22]

is real-valued componentwise and odd in ¢, namely

RZvInR (n,w) [Z] . (5.99)

(5.100)

(5.101)

(5.102)

(5.103)

(5.104)

(5.105)

Proposition 5.15 (Paralinearization of ¢ (n)). There exists oo > 0 such that, for every p = po, there exist so > 2,

1 =0, and ro > 0 such that, for every s = sy and every real

ne HS+1+[J (RZ), weE HS+[J (RZ), ||77|

the following identity holds in H*® (R?):

ap,=1; [w] (m; x,€)

Al(m,w;x,8)+ | . 7r
i ) 1“[4—2,21] (m5x,€)

g(n) lw] = 0p™"

The objects in|Eq. (5.106)|are as follows.

98

Hso+l+p <Tp,

]+

¢,lin,R
[0:=1]

(n,@)- [Z] :

(5.106)



» The principal vector symbol is

sy~ )]
— The real symbol aO € FOI is
ag'w (m;x,€) :=Vn (%) ~Ag;°"” (m;x,¢). (5.107)
— The real symbol aq M e rt >0 IS
al (m;x,¢) := Vi (x)- AP (15.2,8) = A (ms x,€) - €. (5.108)

* The lower-order symbols satisfy

ap,=1 [ € L(HYTY), al” erzs. (5.109)

The symbol al is real-valued and odd in ¢, namely

- 2 =1]
7R : __ IR .
A3 51 (mx,-¢) = T ) (m5x,6).
e The smoothing vector is

’

Rq,lin,[R( ’w) — [ [Q >1][ ]( )

lo:=1] r[qgﬂil] ()

where
7R

[021]
All the terms in|Eq. (5.106)|are real-to-real.

r™® e (HY;RP), r[q'R eRY (5.110)

9,21] =1

5.2.1 Identification of the principal symbols
According to|Lemma 5.13} we can apply[Egs. (5.21)|and|(5.22)|with d = 2. This provides|Eq. (5.99)} with

AP (1,03%,8) = |00 AP (T (0),8) 14T (V7 (0),¢)]

and|Eq. (5.106)} with

Ag (n,w;x, 6) = wl(:zc(j al(yvgv(z)(?) é)
where
A (p,€) ::—%f sgn (9-&)9k™ (p-9)do (9), (5.111a)
AP (p,€): f 19-€19 (k%) (p-0)do (9), (5.111b)
agw(p,f):z—%f sgn(9-&) k(p-9)do (9), (5.111¢)
M (p,¢) = f 19-¢1 (k7) (p-9)do (9). (5.111d)

Note that the factor 1/(4x) in|Eq. (5.97)[turns 7/2 into 1/8, which gives exactly|Eq. (5.111)} What remains is
to give the explicit expressions of these integral formulae. We have the following lemma.
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Lemma 5.16 (Potential representation and Cartesian form of the principal symbols). Let k* be defined in
Eq. (5.97)} and let Ag;""” and A?‘”’ be the angular symbols defined in |Eqs. (5.111a)| and |(5.111b)L For p € R?
and ¢ # 0, define

o (p,€) .:——f 19- &1 k™ (p-9)do (9). (5.112)
Then
2
1&] 1+ (pt-&/1¢1)
w(p&)=-= : (5.113)
Moreover,

Vedi (p,€) = A5 (p,€),
_ap(l)lnt ( 6) = A?O,n (p’ 6) .

For p =Vn(x), one has
(plnt (V'I] (x) ’5) = le% (n; X, ‘f) ’ (5.115)

where (/)?0 is defined in|Eq. (5.101)| Consequently,

AP (5%, 8) = A (V) (x),€) = Ve (V1 (), €)

(5.116)
= Vg (15x,8).
Furthermore, "
%’ . Py— %7 — 1 .
AB (0 x,8) i= AP (Vn (), 6) = ~37] (7:%,€). (5.117)
The latter identity is equivalently the Cartesian formula[Eq. (5.103)]
Proof.

Part 1 (Evaluation of the angular potential). By rotation covariance, it is enough to take ¢ = [{| 1 and

= [51 ] - Writing 9 := [Z?Se and using the symmetry of the integrand, we get
2

in@
. 7[ i
[ —"—ao@ =21l snf do.
S (1+(p.ﬁ)2)2 0 +(p10089+p28in9)2)2
The antiderivative
(1+ p?)cos + p1p2sind

(1+pi+p3) \/1 +(p1cosB + pysin)”

f” sinf dg—z\/“_p%
0

gives

3

3 2
(1+(plcos€+pgsin9)2)2 L+|p|

Since pf =(pt-¢/é I)2 in the chosen frame, substitution in|Eq. (5.1 12)|proves|Eq. (5.113)1

Part 2 (Differential identification). With p = Vn(x), [Egs. (5.4)|and [(5.113)| give [Eq. (5.115)} Differentiating
under the integral sign yields

VE(P% A%(U _ap(p% _A%ﬂ

int int

Together with[Egs. (5.8)|and|(5.1 15)L this proves|Egs. (5.116)[and|(5.1 17)L Finally, differentiating the Cartesian
expression[Eq. (5.113)|gives[Eq. (5.103)}

O
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Lemma 5.17 (Relation between the principal symbols of By and ¢). For p = Vn(x), the angular symbols in

Egs. (5.111¢)| and|(5.111d)| satisfy

al” (n;x,¢) = ag'w (Vn(x),&) =Vn(x)- Agg"'w (m;x,€), (5.118)

and
af’" (m;x,¢) := af’n (Vn(x),¢) =Vn(x)- A?O’n (m;x,¢6) - Ag;“"" (m;x,€)-€. (5.119)

Thus these are precisely the symbols in[Egs. (5.107)| and|(5.108)]

Proof.
Part 1 (Order-zero symbol). The identities in|Eq. (5.97)|give

k1(X) = Xk® (X). (5.120)
Hence|Egs. (5.111a)|and|(5.111c)[imply
1
af” (p)=—3 [ 5gn(0-0 (p-0) K™ (p-0)dor(0)
=p- 49" ().

Taking p = Vn (x) and using|Eqg. (5.116)|proves|Eq. (5.118)
Part 2 (Order-one symbol). Differentiating|Eq. (5.120)|

(k1) (X) = k™ (X) + X (k™)' (X).
Therefore[Eq. (5.111d)|becomes
af" (p.&) = %fgl 19-¢1k™ (p-9)do (9) + p- AT (p.¢)
=~ (p.E) +p- A" (p.6).

Since (/)iqfl"t is one-homogeneousin ¢, |Eq. (5.116)|/and Euler’s identity give ¢§l°t = A(?‘"‘” -¢. This proves|Eq. (5.119)

O
Corollary 5.18. One has
M (m;x,€)
B (2,8) =& AP (2,8) = ——— (5.121)
('bl (77 ) 0 (77 ) 1+|VT](x)|2
and -
w R X
= (V(0-€) 45" (mx,€) + (1+ [V ) AP (i x,€) = =1 (m:%,€) — T (5.122)
1+|Vn ()|

Proof. Euler’s identity applied to the one-homogeneous symbol ¢f°, together with |Eqs. (5.101)|and|(5.102)l

gives Multiplyingby 1+ |V17|2 gives

(1 9n ) AT = (9n-€) A + (40 - &) om.

Nowl(Eq. (5.121)|yields|Eq. (5.122)] O
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5.2.2 Synthesis of the two paralinearizations

Proof of|Propositions 5.14 and|5.15,

Part 1 (Application to Bp). Apply componentwise to the two admissible pairs of vanishing
order £ = 2 in[Lemma 5.13] The angular symbols produced by the theorem are[Egs. (5.111a)|and|(5.111b)}
by|Lemma 5.16} they are respectively A(Q);“’w and A?"'n. Thus the two principal columns are exactly those

of [Eq. (5.100), Moreover, [Eq. (5.24)|gives the second lower symbol componentwise in the form iA[Q;_"’Z[iZ],

where AE‘B_"’ZRZZ] is real-valued componentwise and odd in ¢. Since the bracketed terms are linear in w, their

vanishing order is ¢ = 2 by[Remark 4.31| This gives|Egs. (5.104)|and|(5.105)} proving|Eg. (5.99)

Part 2 (Application to 4). Apply the same theorem to the admissible pair of vanishing order ¢ = 1 in|Lemma5.13
The leading angular symbols are|Egs. (5.111c)|and |(5.111d)} [Lemma 5.17|identifies them with [Egs. (5.107)
and|(5.108), Moreover, [Eq. (5.24)|gives the second lower symbol in the form ia[qiui 1) where a[q;ui >1 18 real-
valued and odd in ¢. The transposed terms vanish to order -1 = 0 in 7 and are linear in w; hence their total

vanishing order is ¢ = 1 by[Remark 4.31] The quasilinear terms have the same vanishing order. This gives
[Egs. (5.109)|and|(5.110)|and proves|Eqg. (5.106)

O

5.3 Paralinearization of evolution operators

Based on the paralinearization of the elementary singular integral operators %, and ¢ carried out in the
previous subsection, we provide here the paralinearization of each component of the evolution equations
We analyse each brick separately to finally gather, in the next subsection, the obtained results, thus
providing the complete paralinearization of the generalized water-waves system.

5.3.1 Paralinearization of v*

Let v* be defined as in[Eq. (2.14)| which is

V*Ql (n)]

_ (@@ [vn-Q]-¢n))*
vy 191 (n) '

__ (5.123)
[ ~By(n)"-Q

v 101 (n) =

Then, we have the following

Proposition 5.19 (Paralinearization of Q — v* [Q](n)). There exists po > 0 such that for any ¢ = gy, there
exists so > 0 and ro > 0 such that for anyn € Bg,r (I;19),Q € (BSO,R (I; r()))2 we have the following:

1. ForV* defined as in|Eq. (5.123)| the following paralinear decomposition holds true

V*101 (m3x) = 0p™ (A (7,2%,8) + [ (A1 (0:66) Az (m%,0)]) | ] |+ Rlgm) (1) [g] ’
(5.124)
where v *
W noxe)=a) "mxe)a (ia " +a0) (mx)], (5.125)
with
. AY*'” € (F;O)zxz and is explicitly defined as
AY M (15%,8) = —E ® A (1, €) + Vi © AT (1 x,€), (5.126)
where A(Qf"’w is defined in and A?"'" is defined in '
. Ag*'Q € (rgl)zxz is the real-valued symbol explicitly defined as
Ay Hmix,8) = Vn© AT (m;x,6), 6.127)

where Ag"" is defined in|Eq. (5.8)}
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AY;'Q € (F;{)sz and is explicitly defined as

* J
AV (5 x,8) = gfeAf"’"’Hxn, (5.128)

where Ag"* is defined in|Eq. (5.8)}

2. For v} defined as in|Eq. (5.123)|the following paralinear decomposition holds true

n

a1 [Q1 (15 x,¢) ]\
Q

* Q :O BW( v§ ;Q; )
U3 [ ](77) p al (T’ . 5) + A[_gyzl] (n,x’é)

lin,R . n
LLEPYSY (n.Q) [Q] (5.129)

where

AP (1 2,8)-0

—iAg" (1.3, 8)

x vim _
a’ (n,Q;x,&) = a, *[Q] (m;x,¢) —
1 iAus ’Q (T]'x é)

0 vy

Herea,*" (Q) € TL, islinear inQ, while Ay’ 2 — APt € (1°)%. Equivalently, theQ-slot in|Eq. (5.129)

T
is the row symbol —i (Ag‘)'w’L) .

V*
Proof. We prove separately the horizontal and vertical components of v* = [ «
v

generic symbols and remainders are understood in the sense of[Notation 5.1} We also freely enlarge sy and
decrease ry, so that all products below are admissible in the classes stated in[Propositions 5.14]and[5.15]

. Throughout the proof, all

Part 1 (Paralinearization of Q — V*[Q] (n)). Set

wy:=Vn-Q.

Since wy, is obtained from (7, 2) by a Bony product,|Lemma 4.18/and [Remark 4.19|and [Lemma 4.25|(iii)—(iv)
allow us to substitute w = w;, in the paralinearization of By. Thus, by[Proposition 5.14}

B (n) [Vn-©2] = 0p™ (145" (1:%,€) + A=) (m.%,€)) [V €]

BW ( 4B lin,R n (5.130)
+0pP (AT (1:3,€) (V0 Q) + A1) Q1 (i &) ) + R (n, Q)| D

Here the symbol Ajp>1) [Q] is linear in Q, with coefficients depending on 7, because the factor V7 in w;, is
absorbed in the coefficient.
We next expand the first term in|Eq. (5.130)| By[Lemma 4.18}

2
vn-Q=0p®W((vn))Q+0pBY (QT)vn+ Y RBV[9;m,Q;],
j=1

and[Remark 4.19|together with|Lemma 4.25|(i) shows that the contribution of Z?:l R®W[a;n,Q;] is absorbed

. lin,R n
in SR[QYEI] (n,Q) [Q
1x2

order one. Since A2 € (12,)* and (Vn)T € (1,)"%,

. For the first paraproduct we use [Proposition 4.24| with asymptotic expansion up to

(145> ) #1 (9m)T =iag> (vm)" + % {agve, (vn)T},

where the second term belongs to (F;%)zxz. The composition defect belongs to Rgl after increasing po,
while the contribution of A;_, >1j gives a symbol in (F;f)zxz.
For the second paraproduct, we first write Vi) = Op®W (i¢)n. Another application of [Proposition 4.24

gives

OpBW (QT) VT] = OpBW (1Q . f + A[O,zl] [Q] (1], X, f)) n+ R[[RQ,EI] (’I],Q) 1.
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Composing once more with OpBW (iAgo’w + A[,gzl]), and using|Proposition 4.24|and [Lemma 4.25}, the prin-

cipal part is iAg;"'“’ iQ-&) = —Ag"”" (- ¢), while all Poisson brackets and the terms generated by A[_» >1) are
absorbed in Ao >1) [Q] (1; x,¢). Therefore,

O™ (1430 (7:,8) + Ar-2.21) (7 .¢)) V-]
=0p™ (1A . 8) (V)T + 3 {4 (), ()"} Az x| g
+opBW (_Ago"" (5%, 6) (Q- &) + Apo,211 [Q (m; x, f)) n+ %l[i;’fl] (n,Q) [g] )
Inserting[Eq. (5.131)|into[Eq. (5.130)|yields

By (1) [Vn-Q] = OpBW(lA%"’(n,xf)@Vm {457 (m,€), (Vn)T}+ A2y (n:xyf))ﬂ

+0p™ (= A (5%,€) @& + AT (1;6,€) © V) @+ A1) 19 (s, f))n+9%h;‘fl] 7,Q [ ]

(5.132)
We now treat ¢ (n) Q. Applying|Proposition 5.15|to the two scalar components of Q, and collecting them into
a vector identity, gives

g(n)Q=0p"W (iag’w (75 x,&) Idgz + Aj—2,21) (M3 %, 5)) Q

B linR n (5.133)
+0p ( T (15 %,8) Q+ Apo,=1 [Q1 (m; x, {))17+£R[ ] (n, )[Q]

Here the lower symbol in the n-column is, more precisely,
2
A1y [ € £((H*)%5 (1)),

and the corresponding smoothing column belongs to £ ((H*)*;(R)?), by [Eqgs. (5.109)| and [(5.110)| Al-
though these coefficients need not vanish at n = 0, they multiply n; hence the complete terms have total
degree at least one in (1, Q). By the definition[Eq. (5.123)] V* [Q] () = J (% (n) [Vn-Q] - ¢(n) Q). Combin-
ing|Eq. (5.132)|and [Eq. (5.133)} we obtain [Eq. (5.124), with the intermediate symbols

A5 (mx,€) = I (49" (m;x,8) © V- af” (m;x,) 1dge ) (5.134a)
* 1 w

A (15x,¢) 3=1(5{A33°’ (m:x,¢), (Vn)T}), (5.134b)

AY*"’ (m;x,&):=7T (—Aff“"” (3 x,8) @&+ AP (1;x,¢) ® Vi — al” (1; x,€) IdRz) . (5.134¢)

The membership of these symbols in the classes stated in the proposition follows from

o) 0 2 Bo, 12 0 N ol
AP e (1), APTe(rl)”, al?er?, alerl,

from[Propositions 5.14/and [5.15} and from[Proposition 4.24] It remains only to identify the three intermedi-
ate expressions with the explicit symbols in the statement.

Subpart 1.1 (Identification of|Eq. (5.127)). For any W, W» € R?,

Wit ® Wi+ Wo ® Wy = (W) - Wh) Idge. (5.135)
Using namely ag'w =Vn- A?”w, and With (W1, Ws) = (Vn, A(?O'w), we get
AT @ V- al“Idg: = -VIne AZ. (5.136)
Moreover,
—J (Wit e Wit) = Wy @ Wy (5.137)

Inserting|Eq. (5.136)|into|Eq. (5.134a)|and using|Eq. (5.137)} we obtain
Ay (mix,8) = Vi@ AP (1:x,8),

which is|Eq. (5.127)
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Subpart 1.2 (Identification of|Eq. (5.128)). Since (Vn)T is independent of ¢, the matrix Poisson bracket of

Fq_ (T3] gives

{agve, (vm)T} = Jeag Han,
Thus|Eq. (5.134b)|becomes

* J
A2 (3 x,8) = —]gAffO”” H,,

which is[Eq. (5.128)| The symbol belongs to (I'2})**?, because one ¢-derivative falls on A € (r2,)%.
Subpart 1.3 (Identification of|Eq. (5.126)). By[Eqg. (5.108)}

al = v AP - AT g

Substituting this identity in [Eq. (5.134c)|and applying|Eq. (5.135)|twice, first with (W, W) = (¢, Ag;"’w) and
then with (W;, Wy) = (Vn, A7), gives

— A @&+ (A0 ¢ ) Idge = - AT,

and
, ) /=
A oV - (V- A7) Idge = -V AT
Therefore

v, 1 wil gl Bo,m;-L
A" =g (E e APt Vi e AP,

Using|Eq. (5.137)|on the two tensor products, we conclude

A" (15x,€) = =€ ® AP (mx,8) + V@ AP (1 x,€),

which is
Part 2 (Paralinearization of Q — v} [Q] (n)). Write By (n) = (Bo,1 (1), Bo,2 (n)). From|Eq. (5.123),

vE1Q1 (1) = —Bo ()"~ Q = B2 () (1] - Bo1 () Q. (5.138)

We apply|Proposition 5.14|to the two scalar inputs ; and 2, and then take the combination in[Eqg. (5.138)
The Q-principal part is

op™™ (iAg5) 01 - 0p™ (iAgy ) 02 = O™ (- (Ag“"“”i)T) Q,

. 5,Q ; . . .. .
which corresponds to Ag3 = —A({‘)BO"”’L € (Fgo)z. Likewise, the n-principal part is

Op™™ (A" (m;,6) Q1 = AT (m;,€) Q2 ) = OpP (- A7 (;0,6) - 2 .

The remaining terms in|Proposition 5.14|are either ajo,>1; [] (17, x,¢ ) 7, smoothing remainders in tl[m R 1] (17, )

[g , or symbols of order —2 acting on €; the latter are absorbed in the generic Aj_5 51 (7; x,¢)-slot of
Hence
By, L
-A -Q ap,>1 [Q] n lin,R n
*1Q - 0OpBW 1 ' (0,=1] . +r , ,
U3 [ ] (77) p _iA(Q)BO,w,J_ A[—Z,Zl] Q [Q >1] (77 ) Q

which is precisely [Eq. (5.129)} The preceding identities also prove a13 M0l el and A, < (Fgo)z, as
declared.

O

We record the only algebraic identity from the preceding computation that is used below in the paralin-
earization of the pressure contribution.
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Corollary 5.20 (Quadratic identity for the n-symbol of V*). Forany x € R?,¢ € R?\ {0}, W € R?, one has

V*n

(Al (1 x,¢) W) W == (15%,€)

Vin)-w )2]
/LSO AA I (5.139)

1+ |Vl

(ZA(Q);O"”;L (n:x,f) . W)Z — (

Proof. Both sides of|Eq. (5.139)|are one-homogeneous in ¢ and invariant under simultaneous rotations of ¢,
Vn(x), and W. It is therefore enough to prove the identity for |{| = 1 and & = e;. Write

14 a
Vn(x) = , W= .
0 q] :
Then
(VY =1+p*+q%  1+q*=4A}(pxer),
and ,
1 1+
A(’r;?o.w (n;xyel) __ 1 q
421 (n; x, 1) (Vn) prq
Hence ( 2)
. a+(1+
A(Q);O’w'i (T];JC, 91) W =- P4 q '32-
411 (155,02) (V)
Moreover,

Vinx)-W=—-qa+pp, e -Wi=-8  Vnx) Wt=ga-pp.
Using|Egs. (5.122)|and|(5.126)} we get

(AY*'H (n;x, e1) W) Wt = ,BA(Q;(”“’;L (mx,e1)- W

P Bwl(.. A1 (m5x, e1)
+|ga— A ;x,e1)  W———(—qga + .
(qa-pp) o (mx,e1) o) (~qa+pp)
Since )
ﬁ+p(qa—pﬁ):pqa+(l+q)ﬁ
(Vn)® (vn)*
we infer
. a+(1+q2)B)°  M(mxe
(Alv,n(n;x,el)w).wl:_ (pga+( q)ﬁ)4+ 1(n i)(— + pp)?
adi (mxe)(Vnx))"  (Vn(x)
. 2 vln(x)wz}
=M1 (3 x,e1) | (2429 (g x,e1) - W) = | ———]| |.
() |24 (rxer) ) ( % )
This proves|[Eqg. (5.139)| O

5.3.2 Paralinearization of operators T (1) and 7 (1)

Consider the operator T (n) of nonlinear convolution type, that has been introduced in [Eq. (2.62)} and that
can be recasted as follows using|Eq. (2.14)

T (n) Q) = - (V* [ (1) + v Q1 (n) V)" (5.140)
The paralinearization of the operator T (1) is given in the following proposition.

Proposition 5.21 (Paralinearization of T (n)). There exists po > 0 such that for any o = o, there exists sy >0

and ro > 0 such that: For anyn € Bg, g (I; 19),Q € (Bs, g (I; 7)), the operator T (n) Q] as in|Eq. (5.140)| admits
the following paralinearization:

n

T (n)Q=0p™ (A (1,Qx,) + [Ajp=1 Q1 (0 %,8)  Apz,z1 (15 x,€)]) Q

+9f{1[i;,51] (1.9) [g] , (5.141)

where

106



e Al e (Flzl)ZX3 and is defined as

Al (0,2 x,8): [AT"[Q] (m;x,6) AP (n;x,f)],
where
- AIT’" € L’((HSO)Z;(F;O)z) is defined as
APQ) (g x,€) = (Aij"”‘l (m:%,6)-Q—i v} Q1 (n; x)) &L (5.142)

where v is defined in and A(?O"” is defined in '

- Alfe (F;{)zxz and has the explicit form
A" (i x,€) = (tr (Hed)l IHxn) J+ D™ Honp+ A Hep™ — Aep? Axnld) (5.143)

o A1 € (Fgl)zxz y Aim,>1] € (F;”l)z, m € R, denote generic symbols as per|Notation 5.1}

2x3 . . . :
. 9{1[1; 51] (R%,)7 denotes generic smoothing remainders as per|Notation 5.1

Proof. Since the paralinearization for V* [Q] (n) is given in |[Proposition 5.19|we turn our attention to the
term

~v3 10 (n) V11 = (% (n)* - ) Vn
in[Eq. (5.140)} [Lemma 4.18|gives
(-v319Q1(n)) Vi =0p™ (-v3 [Q1 (n)) VI +0p™Y (Vin) [u3 (Q1 ()] + R®Y [Vin, v Q] ()] (5.144)

Using the paralinearization in[Eq. (5.129), combined with[Remark 4.17|we obtain that

vy QI (n) e FRc1?,. (5.145)

So we can apply|Proposition 4.24|and obtain that

Op™™ (—v3 101 () v = 0p™" (=i v [Q1 () €* + App,2 1Q1 (%, €)) n+ R, 1 1Q1 ()0 (5.146)

9>1]

Next, we invoke[Egs. (4.13)|and[(5.129)} [Lemma 4.25} and [Proposition 4.24|to get

) o 1 o T
op®W (VLn) [-v31Ql(n)] = op®W (1 vine Ag;o’ - (m;x,8) + > {VLn, (Ag"' W (m;x, f)) } + Ai—2,211 (M5 %, 6)) Q

+ Op™ (V4 (A7 (mi,¢) - ) + Ay 10 (&) + R (n, 2 [ ]
(5.147)

An application of[Remark 4.19} [Lemma 4.25| and [Eq. (5.145)|shows

RV [Vtn,-v Q1 (n)] = Rﬁ)zl] (n,Q)n. (5.148)
Plugging[Egs. (5.146)|to[(5.148)|into[Eq. (5.144)} we obtain that
~v3 191 (n) Vi =0p™ (=i v} [ ()" + V7 (A‘B°"”L (1:%,€)- ) + A1) (91 (5,8 | 7
+op?" (1 vine ADOL (n:x,¢) + {Vlﬂ, (A% @il (m; x, g‘)) } +Aj—221) (3%, g‘)) Q (5149
n] ‘
Q
Now, we put[Egs. (5.124)|and[(5.149)|into [Eq. (5.140)|and get
T (n) Q1= 0p"W (Af’lQ (m5%,€) + Ai_a1) (3 %, 5)) Q

+0p™ (47191 (1 %,€) + A=) (1.5 x,) )+ RE, ) (n) Q-+ Ripiey) ()7,

_{_mhn R ] (77’ Q)

le=1
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where

1 . 1 T
AL (rx08) = E{VL"’ (gt (i x,)) ' =T A2 (i 6) = E(Héﬁ“ H.n—JH.an (THP)') (5150
and ’ -
AQN (75%,6) = —i vy Q1 (n) &5+ VT (Al‘”" (1 x,¢) -Q)
N - (5.151)
~J(~€o A7 (n,x,8) + Vne AP (mix,0)) 0
We now focus in simplifying the expressions in[Egs. (5.150)|and|(5.151)}
Step 1 (Simplification of[Eq. (5.150)). We use the identity
JAJ=AT —tr(A) 1d,
valid for any 2 x 2 matrix A, so that if §;, Sy are symmetric
$:S,-7JS, (]Sl)T 818, +J8,8:J=28,S,—tr(8:9,) Id. (5.152)

Applying[Eq. (5.152)|we obtain

HeP Hon— TH. (THeo ) =2 Heo Hon— e (Han Heg ) 14,
Next, decomposing 28 S, =[Sy, S2] + (8152 + S28;) and using that for symmetric 2 x 2 matrices

8182+ 8281 =tr(81) S2+1r(8S2) 81 +1r(8182) Id—tr(S1) tr(S») Id,
we obtain the skew-symmetric/symmetric decomposition
H P Hon— JH (THeg? ) = [ Heo?, Hon
+tr(Heg®) Hon+ tr(Hon) Heg? —tr(Heop)? | tr (Ho) 1d.
Next, since both matrices are 2 x 2 and symmetric
| Heo, Hen) =t (Hegp THa) 7.

This yields the desired identity|Eq. (5.143)

Step 2 (Equivalence of[Egs. (5.142)|and|(5.151)). Explicit computations using in particular[Eq. (5.137)]show
that

—]( §®A%“+vn®AQ‘°“)Q et Aot g vip AP (5.153)
Thus, plugging|Eq. (5.153)|in[Eqg. (5.151)|we obtain[Eq. (5.142)

O

Next, we give the paralinearization of the operator 7 (n) introduced in|Eq. (2.12), which takes the form
o (n)w = ATV (T (n) [Viy]), (5.154)
where T (n) is the trace operator defined in[Eq. (5.140)| The paralinearization result reads as follows.

Proposition 5.22 (Paralinearization of 7o (n)). There exists oo > 0 such that for any p = g there exist so >0

and ry > 0 such that for anyn,y € B, g (I; 1), the operator 1o (n) defined in|Eq. (5.154)|admits the paradiffer-
ential decomposition

ag’ "[W] (mx8)] .
Y (5 x,€)

a-1=11 ¥ [ ] (77,36 f
aj—2,>11 (175 x,€)

o)y =0p™ (|, J ]z, -3

where
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o a,"" e L(H"TY,) is explicitly defined as

ag"" [w] (m5,€) = = v V4] (m:6) =1 Vo (0)- A" (s ,6),

where v} is the vertical velocity component defined in|Eq. (5.123)|and A(qf"'“’ (n; x,€) is the paradifferen-

tial symbol defined in[Eq. (5.8)

. T” oV e F>1 is explicitly defined as

|é’|2 é:J_.Hxné;J_z_AO(n;x,'f)

To U/
( 32&1 (n; x,g‘)3 A1 (m5x,€)’

7 x,¢) =

As a joint symbol of (n,y), aé”'n [w] € Fol and it is linear in . For fixed vy, it belongs to T o and need

not vanish atn = 0.

* aym,>1) €'Y} for m € R are lower-order symbol corrections (cf.[Notation 5.1);

. Rl[i;fl] € (Ril)z are remainder terms satisfying the estimates in|Notation 5.1
Proof. Remind A~'V+.e = OpBW (—ETZ) «. Applying|Proposition 5.21/we obtain

- —igt :

ATV T (n) [Vhy] = OpBW( - ) :0p™ (AP (1:,6) + Ap.21) (5,€) | O™ (&%) w
OpBW —igt .opBW (AT [yt . viy:

P HE P (A [V ] (mx,) + A1 (n, w,x,é))n

OpBW —igt .(Rlin,[R{ () OpBY (i4) + pinR (1, Vi) )

P e ) Blozy WOP VA Rip oy VW)

Thus, an application of[Proposition 4.24|and [Lemma 4.25|yields

AL T () [V = OpY (8- ATR & 4 o) (70.8)) v
i
€]

Making appeal to|Eq. (5.143), we can write

A A 1. A
E Al & = 8 (A Han - Do} Aanid + A Heg ) € = by + by +bs,

BW
+Op [0,21]

.Alm [Viy] (m5x,€) + aj-1,51 (3 %, 6)) L () [17;] '

where

AspTOA
EJ_ Hx EJ_ bzzz—#y b3:

'f(»bl Axn

by := - Heg et
Since <pf° is 1-homogeneous in ¢, Euler’s formula implies that
HepPé=o0.
Therefore, in the orthonormal basis (f , 5 b,
A = tr(Heg ) = ET Heppoéh

In particular, this implies that
A x77

bs = —— A¢pl® = —bs.

Hence,

5(/)%

LAl ¢ =py = L& Hnét
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Finally, recalling that

2
A1 (m5x,€) \/I€I2+(Vin(x)~€)
Pmxé)=-—00 0 M(mxd)= )
()bl (n ) 1+|V17(x)|2 1(77 ) 2
we can compute explicitly
145
Ay =

1673 (x,9)
Therefore,
€2

pargga T
LT R

& Hanét

Besides, according to|Eq. (5.142)} one readily has

A

gt 7, .
g AT [Vl () = v [V (50) =iV 00 AP ().
This gives the desired result. O

5.3.3 Paralinearization of S(a|n)

Let us recall that the operator S (a|n) was first defined in|Eq. (2.11)} which we repeat here for sake of read-
ability:
S(aln)w:=v+(1+are(n) v, (5.157)
where 7¢ (1) is defined in|Eq. (2.12), We shall also use the projector onto divergence-free vector fields
gJ_ ® fJ'
€1

Lemma 5.23 (Uniform operator inverse for the canonical trace map). There exist sy > 0 and ry > 0 such that,
forevery s = sy, everya € [-2,2], and everyn € By g (I;10) NC (I; H®), the operators

P:=viaTlvi, P = (5.158)

Id+ate(n): H — H°,  1d+aPT(n): (H) — (H")

are invertible, uniformly with respect to a. More precisely, for f € H®,

sup “(Id‘“”O (n))_lf’ Jpst 1A W gz + s 01 0 s
ael=22] (5.159)
sup [ ((1e+arom) ™ =1) £ <o Il 1A+ Dl L
ae[-2,2]
ForF e (H1)?,
sup H (Id+aPT(n)) " F”HI o NE N s+ ] e NN g0,
ael=22] (5.160)
sup |((d+aPT ()™ =1d) F| S Il DFDszer + [l s NP g
ae[-2,2]

Moreover, for every Q) € R?, i )

1T () Q| s Ss 19 |l s - (5.161)

The same uniform tame bounds hold for differences and derivatives in 1, and the inverses depend real-ana-
lytically on a € [-2,2] and on 1 in these seminorms. Consequently, the substitution f — (Id+ato ()™ f in
the coefficient arguments of the symbol and remainder maps of|Proposition 5.22 preserves their I'Z, and R®
classes, with the vanishing index q counted jointly in all displayed variables.
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Proof. Atlow frequency, integration by parts in|Eq. (5.154)|gives

f (x—y)-Vn(y)—n(x)+n(y)f(y)dy'

(lx=y[*+ (0 —n(y))z)s ’

1
70(n) f(x) = o

The local kernel is bounded by C || H,n]| .« |x - y|”'; at infinity its gradient term is Hilbert-Schmidt and its
remaining terms satisfy Schur’s test. Thus “To (n) || £(12) < Hn| %+ On high frequencies, the tame bounds for
T (n) from[Eq. (2.62)} [Propositions 5.14|and|5.15| and[Theorem 4.15/and the definition 79 = A7'V+- T () v+
give

170 () 1l e S Il s 17z e 1 71

In particular, after decreasing ro, one has supe(_s 2 [|a7o ()] (7, < 1/2. The Neumann series gives the
inverse uniformly on H*, and the tame estimate above, with the order-(—1) input term in[Proposition 5.22}
lifts it to every H?, yielding|Eq. (5.159)| Differentiating the resolvent identity

H* H* H% *

dyp (Id+at9) ™! = — (Id + a79) ' a(dyTo) (Id + aTp) "

and iterating proves the difference and higher tame estimates. These estimates, together with the locally
convergent Neumann expansion, give the stated analytic dependence and stability of the symbol and re-
mainder classes and preserve their joint vanishing order.

The kernel of T (1) in has the same local and tail bounds. Thus |Proposition 5.2 1| and |The0-|
and the boundedness of P give

1P (n) F

Hs-1 S_,S ||77| H ”P‘”HS*1 + ||77| Hs ”P‘”HSO*1 .

The same Neumann-series and resolvent argument, using the order-(—1) input term in [Proposition 5.21}

proves
For constant inputs, integration by parts in|Egs. (2.3a)|and|(2.3b)|gives
B (n) 111 = —q(n) Vn,
q(n) (11 = By (n) - Vn, (5.162)
T (n) © = B (1) [ V] = Q (3 (1) - V) ~ (¢ (m) V)" - @) V.
The boundary terms vanish by oddness and decay, subtracting the flat kernel. Now|Propositions 5.14|and|5.15|

and(Theorem 4.15|give[Eq. (5.161)} the same calculation after differentiation gives the asserted analytic de-
pendence. O

Proposition 5.24 (Paralinearization of S (a|n)). There exists pg > 0 such that for any p = po, there exists sy >0
and ry > 0 such that for alln,w, € B, g (I; o) and all Q) € R? the following statements hold.

1. The operator (1+ato(n))”" v admits the paralinearization

- 0 ag"”"" [w] (a|m; x, ai-1,=1) (aln, w; x,
e RIS RO it )| 1
+aRp (alny)- L’]]] :
where
* a is the Atwood number defined in[Eq. (1.5)}
o ay e L(H;TY,) is defined by
ay" [y] (alm; ,€) = —vs [w] (alms x) = iAG" ™ (m; x,€) - S alm) v, (5.164)

where vs [y (a|n; x) is defined in AR is defined in|Eq. (5.8), and S (a|n) is defined in
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. aTOIU/ € I'Z] is defined in|Eq. (5.156);
* ayp=1) €TYY, meR, denotes a generic symbol as per|Notation 5.1}

lin,R
* R
l0=1]

2 . . . ;
(T\’,‘;l) denotes a generic smoothing remainder as per|Notation 5.1

2. The operator S (a|17) v admits the paralinearization

S(alm)y =00 (4 (el i) +al Aoan ol wind) Avsan (almx o)) |1] + kD2, (alnv) 7).
(5.165)
where
o ASe(TL,)" is defined by
A5 (@lmwsx )= [ 47" [w] (el xg) A (almx€)],
with .
A" [w] (aln; x,€) = —ia&  ag™" [y] (alni x.€), (5.166)
and
A‘f’w (a|m;x,&) = jet (1 —aaTow(n,x E)) (5.167)

* Aim=1 € (F;”l)z, m € R, denotes a generic vector symbol as per|Notation 5.1}

i 2x2 . . , ;
. Rl[lg'fl] € (R2,)” denotes a generic smoothing remainder as per|Notation 5.1

3. Let ¢ be the affine background potential defined in|Eqg. (2.7)l The canonical background vorticity

Q[Q] (n), defined in|Eq. (2.10)} satisfies the exact identity

-1

Q[Q](n)=(1d+aPT () Q. (5.168)
Moreover,
Q[0] (n) =0 +0p™ (AY] (O] (aln;x,€) + A1) [Q] (a]n; x,¢))n + RE Q] (aln)n, G.169)
where

. Ai’{)’g el (Rz ; (F;O)z) is linear in the separately estimated variable and is defined by

lbg (O] (a]n; x,6) = —aP @& A" [Q[Q] (5.170)
5 :

= —a(Ag;“'w;L (m;x,

()] (m%,¢)
(0] (3 x) 03 [[Q] (n)] (i) €
* Apz1[Q] € ﬁ(Rz;(Fgl)z) is linear in Q;

. Rl[mR [ ] €£(R2;(R§1)2) is linear in Q.

Lemma 5.25 (Low-frequency trace symbols). For everyp =0, one has

op (a5 | e REy, 0p™ (472 ) 0™ (P aT?) | e (RE), 65171

with” as in and the symbols defined in|Egs. (5.143)}(5.156)| and|(5.158). These operators are
real-to-real.
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Proof. By[Eq. (5.156)} for & € S,
y"Hﬂﬁl

mw(
(1 +(Vin-§)

mx,¢) = )3/2

Differentiating with respect to the angular variable on S' gives, pointwise in x,

Hence, fixing so > 2 and n € By, r (I; 19), Sobolev embedding in dimension two yields

Since az"l’w is homogeneous of degree —1 in its frequency variable, denoting by ~ the Fourier transform
in x only, one has

To’([/(

7;X,9) (o) S [Han| (1+]Vn]).

To’l[/(

n' 4 ) Lng(gl) S ||n||H50 (5172)

——

a7V (m:0,0) = 1017 @™ (530,8), ¢ #0. (5.173)

By|Eqg. (4.8)|and|Notation 4.10}

To, b 1 h
op™ ((“—1w) (ﬂ)) = Efm K& R de,

where 26-0) : fec
. -G +¢ Tow( +¢
Ky (&,0) = ; : 5.174
17 (6,6) = Xe il X( 2 ) 6—6—— 5 ( )
On the support of this kernel, [Egs. (4.8)|and|(4.9)|gives
l-cI<Isl,  1§+¢l~lgl, (5.175)

and the analogous estimates with ¢ and ¢ interchanged.
We first verify the first condition in[Eq. (4.10)] For ¢ # 0, set 8 = ¢ —¢. Using[Egs. (5.173)|and [(5.175)}
Cauchy-Schwarz, and the fact that |B (0, Clg|)| 172 < |¢| in dimension two, we obtain

- , |12
fsup af"l"”(n;e,é)‘ dG) .
R2 ¢ g1

EeS

Using H' (S') — L*°(S!), Plancherel’s identity, and [Eq. (5.172)} this gives

[x@olaesic [ supla’t (m0.6)] do <

101<I¢] et

sup | Ky €] d& S [l - (5.176)
ceR?

For ¢ = 0 the kernel vanishes by the support of y., so the same estimate holds without restriction. Fixing
instead ¢ # 0 and making the same change of variables 8 = ¢ — ¢, the support condition gives

OIS 1L 18+l ~ Il

The same argument therefore gives the second Schur bound

sup f Ky 6,6 ds < 1] e - (5.177)
feR2JR?

Again, the estimate is trivial for { = 0. Applying[Lemma 4.12|to|Eq. (5.174)} with[Egs. (5.176)|and|(5.177)} and
then using Plancherel’s identity, we obtain

[op™ ((a*) )] <

o 172l 2.
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The cutoff y (%) implies |¢ + ¢| < 1 on the support of Kj,. Together with|Eq. (5.175)| this yields [¢|+|¢]| <lon

suppK;. Consequently, for every s = so and every p = 0 (£)° (c)y =0 < s,p 1 on suppKj,. Hence the weighted
kernel Ky, .0 (¢,6) := (€)° Ky (€,6) ()~ ~@ satisfies, by[Egs. (5.176)|and|(5.177)} the same Schur estimates:

supf2 |Kiy5.0 6,6 dé+SUpf |Kiys.0 €,9)] s Sso 1]
ceR? EeR? R2

Applying|Lemma 4.12[to K;, s, and using Plancherel’s identity gives

for ([« )], St

We now consider ATQ BylEqs (5. 101)|and|(5 143)|, its entries are homogeneous of degree —1 in ¢ and, after
restriction to S!, are hnear in H,n, with coefficients depending smoothly on (Vn, f) Consequently,

H* *

H% IRl gs-e . (5.178)

472 (1.0

L2Hl §1 ~ ||n|

The argument leading from|[Eq. (5.172)|to[Eq. (5.178)|therefore applies componentwise and gives

OpBW((AT’f’)b) e (R8>,

Finally, P (¢) is smooth and homogeneous of degree zero on R?\ {0}. Hence P (&) AL 21 Q satisfies the same
homogeneity and angular estimate as ATIQ, and the same argument gives

b x
OpBW((P © AP )e (RE,)7.
All the estimates above have the fixed baseline required in and vanish to order at least one

in . This proves|Eq. (5.171)l The three symbols are real and even in ¢; since the cutoffs in|Egs. (4.7)|and|(4.8)|
are real and even, the corresponding Bony-Weyl operators are real-to-real. O

Proof of{Proposition 5.24

Part 1 (Sobolev input). Applying[Proposition 5.22} we have

(1+ato(n)w
ZOPBW(HG( °w+a[ 2>11)(n;x»f))waaOPBW(a(T)o'n [w] (m5x,8) + 1,211 (0, w5 x,€))n
llnR
ta [Q>1] (nw)- W

By|Lemma 5.23| at a fixed Sobolev index and after increasing s, for every s = s,

[x@razom) ko + [ DI T () H] s Sso Il

s Rl gs-e + 1 Hl grs-e) - (5.179)

By|[Lemma 5.25| the contributions obtained by applying y (D/4) to the concrete symbols below are smooth-
ing. We may therefore consider their contribution after applying 1 — y (D/4).
Indeed, by|Eq. (4.9)} on the Fourier support of

(1-x(D/4))0p™¥ (@)

one has

+¢
> 2121

Hence the frequency argument of a stays away from the origin, and [Notation 4.10|gives

(1- 1 (D/4) 0p™ (@) = (1- y (D/4)) Op™ ().
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Thus the symbols appearing in the high-frequency contribution may be replaced by their fixed high-frequency
extensions, while retaining the notation of|

By [Lemma 5.25| replace a” W by |a ( o W) in the input symbol. By [Eq. (5.156), the latter vanishes for
|l < 1.1 and, after decreasing ro,
i1 1 1
sup a(azol’w) =, —ﬁ—ler;-
lal=2,x,& 2 1+ Cl( To, U’)
Observe that
i 1 i
Jafa) b ={ ————-1,1+a(a}") ¢ =0.
1+a( T“”’) 1+a( T"w)

Therefore, composing the previous identity on the left with OpW (W) gives, by virtue of|Propo-
1+a 7;%,¢

Bition 4.24 and [Lemma 4.25)}

0pP | —— (mx.8) | (L +aro (m) v

1+a( T“”)

=y +a0p”" (@221 (a[m; x,¢)) y +a0p™ (a"" [w] (1 x,6) + a1,z ] (a]mi x.6))

lin,R . n
+aRfp (@1¥) [w]

We deduce that

v = (1+aro(n)) ' (1+aro(n))y

1
= op®" (1+ato(n)) w+a0p®V (aj_221 (a|m; x,€)) w

1+a( 70, W) (n,x 5) (5.180)

lin,R

+00p™ (=a*" 0] (5.8)+ a2 [v] (sl ) n a0 (alnw)-[7].

Denoting
y1:=(1+ato(n)) v, (5.181)

then using|Lemma 4.25|and [Eq. (5.181)|in[Eq. (5.180)|we infer that
(1+at0(n) " w1

1 _
= op"W Y y1+a0p™ (ai_z.21) (a]m; x,€)) (1 + azo (1)) Yy
1+a(a_°’ ) (m; x,¢) (5.182)
+a0p® ( Ton(77»(1+a70(77))_1%;x,5)+ﬂ[—1,21](ﬂ|71r(1+uTO(77))_1W1ix»f))Tl

n
(1+aro(m) v |’

Notice that{Lemma 5.23| the definition of symbols and smoothing remainders (cf. and[4.7)
imply that, substituting only in the coefficient arguments, using

+ aRF;fI] (a’n, (1+arg (TI))_I 1//1) )

mvn [v1] (a]m; x,€) := “o (n, (1+atg (n))fll//l;x,f) er?,,
apm,z11 (a|m, w15 x,€) == agm,=1) (a|n,(1 +atg (n))‘lufl:x,f) ery, (5.183)

in, in, - 2

RS (alnyn) = B (oo, (L+azo(m) Tun) e (RE)"
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Recalling[Egs. (2.11)|and[(5.155)|we obtain[Eq. (5.164)|from the first equation of[Eq. (5.183)] Next, plugging

[Eq. (5.183)[into[Eq. (5.182)|and moving the smoothing term acting on (1 +ato (7))~ 1 to the left, we get

—1
(Id+arﬁ)’21] (a|17 (1+azo(n))
= op™¥ y1+a0p™ (ar-221) (a]n;x,€)) (1+a7o (7)) w1
1+a( T"w (m;x,¢) (5.184)

+aOpBW( mvn[llfl a|n,x )+a[ 1,21] a|n Y X, 5))

R
+ar, ) [v1] (a|m)n

We prove by induction that for any n € N*, there exists bj_pn € F>1 , gt erzh rMR ¢ ”R,Ql and

[1]’ [-1,=1] =1’ [Q ]
2
Ri‘“i‘i]]R (R2,)” such that
(0P™ (1+ bz (almix.€)) +ar/™ % (ain)) (1+a70 (n) " v
=0p™ 1+ ¢}, (alm; x,¢) ) w1 +a0p™ (=ag™ [y ] (aln; x,€) + ") ., (aln y1;,8) )7 (5.185)

Rhn [n],R [ n ] )
[0.21] (Cl|17 Wl W

Here b|_pn = aa—2» >1) vanishes near ¢ = 0. In addition, the symbol cl

(_1; admits the expansion

o™ (alm; x,¢) = (“TW) (m5x,¢) + aaz,>1 (aln; x,).

The initialization n = 1 is a consequence of|Eq. (5.184)} with

Do := —aa all —a AR LR RInLR. rﬁ,,zl] [v1]
[-2] -— [—-2,=1]» [ 1 >1] [-1,=1]» [0’21] = [9,21], [Q >1] R
and
To ¥
7;%,&)
[[1]1] (aln; x,&) := ( ) —a(a"’ ”’) (75 x,€) + aa—2,>1) (aln; x,€).

1+a(a 11//) (m;x,¢)

At each of the finitely many steps, decrease ry so that |b[_2n] | < 1/2. Then|Proposition 4.24|implies

1

OpBW
Pty b2 (aln; x,¢)

) Op™Y (1+ ban (aln; x,¢)) = Op™Y (1 + bi_gen) (ol x’f)) " arﬁ)vzll’

where rR € Rgl and

[0.21]
2n+1

b[_2n+l] = )#Q (1+b[_2n]) IEF;I

( 1+ b[_zn]
This defect still vanishes near ¢ = 0. Composing|Eq. (5.185)|on the left with this reciprocal proves the induc-

tion argument by|Pr0position 4.24| and|Lemma 4.25l retaining all smoothing operators acting on (1 + a7 (1 ! Y
on the left. By taking n = n > log, (p), one has Op®"W (bj_p»)) € RY,. Thus the left-hand side of [Eq. (5.185)

becomes

(Id + arﬁ)yZ 1 (aln)) (1+a70(n)) v

For each s, decrease the radius in|Definition 4.5|so that ” ar® < 1/2. The Neumann series and

[0.21] ”c(HS)

(Id+ar )_1—Id=—a(Id+arEy21])_er

[e21] lo.=1]’

. _ (5.186)
”((Id+ ar[pzl]) —Id) hHHs Sslal[n]

H*0 ” h”Hs’Q
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give a correction in Rgl, also for finite matrix operators. Inverting this factor in|Eq. (5.185)|and using
mas4 75 and (.25l with .
R v
OpBW (( a” ) ) _ OpBW( 70, ) opBW (( rolw) )
proves[Eq. (5.163)l To prove [Eq. (5.165)| with target index g, we apply[Eq. (5.163)| first with index g + 1 and

then use |Eq. (2.11)| and |Proposition 4.241 Indeed, V+ = OpPW (i€1) maps R2}" into (Rgl)z; relabeling the
index gives the stated remainder.

Part 2 (Affine background). Set
6Q[Q] (n):=Q[Q] (n) -G

(Id+aPT(n))6Q[Q] (n) =-aPT(n)Q, (5.187)

|6Q Q] ()] s S5 12| [

HS)

by|Egs. (5.160)|and|(5.161)l This gives the unique solution in Q + (Hs_l)2 of

ala](n)+aPT (n)Q[Q] (n) = . (5.188)

Since P6Q = 6Q, this is the V- derivative of the canonical trace equation modulo constants, by[Eq. (2.12)} it

proves[Eq. (5.168)] Equivalently,
Q[Q](n) =Q-aPT(n)2[Q] (n).

Since T (n) is linear in its vorticity argument, Q [Q] (n) is linear in Q. It suffices to work with |Q| < 1 and
extend by linearity. After decreasing ro, [Eq. (5.187)|places 6Q [Q] (1) in the ball required by[Proposition 5.21]
We use smoothing index p + 1 below.

For the constant part, apply [Propositions 5.14]and [5.15|to the Sobolev inputs in[Eq. (5.162)} with index
e +2, and use|Egs. (5.142)|and|(5.151)| By[Egs. (2.62)|and|(3.9)}

L(g. et
d, T (0) [h]Q = —%OpBw (M) h =0pBW (AIT'" [Q] (O;x,é)) h.

§

Subtracting the flat terms therefore gives lower-order symbols and remainders vanishing at 7 = 0. In partic-

ular,
X (D14) (T () 2~ 0p™ (A1 (0] (m)) ) = B, ., [ ()

integrate the derivative along 7, 0 < ¢ < 1, and use the fixed-index analytic bounds in and
compact output support, increasing the baseline.
Apply[Eq. (5.141)|to 6Q[Q] (1) and add the constant part. By[Lemma 5.25/and [Eq. (5.179)}

T(n)910] (n) = 0p™ (A7) (m0.0) + Az ()| 02 10] ()

+0p®W (AIT'” [Q[Q] (0)] (m5,€) + Ajp.211 [Q] (m5x, 5)) (5.189)
+R[Fp+1,21] (a|n) 6Q [Q] ( ) +Rl[m+[Ri >1] [ ] ( )

The matrix symbols and remainders depend only on 7; the vector symbols and remainders are linear in Q.
Applying P to[Eq. (5.189)} with both factors localized at high frequency in each symbolic composition, yields
the following identity. The low-frequency terms are controlled by[Lemma 5.25|and the boundedness of P;
for the order-one column use the same Schur estimate, retaining its flat multiplier exactly.

PT(n)2[Q] (n) = 0pBY ((P © AT{’)ﬁ (12,8) + Ai2,21; la] (175 x, 6)) 6Q[Q] (n)

+0p™ (P @ A" [Q[0] ()] (m:%,€) + A1 [Q] (a]n; x,€) ) m (5.190)
* Rlgor) (@) 001QI (1) + R 0] sl
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Plugging|Eq. (5.190)|into [Eg. (5.188)|gives the corrected first reduction

(OpBW d+a(P @ A%) (n;x,f)) PR (a|n)) 50[0] (n)

= -a0p™ (P © A" [2[0] (7)) (7:5.€) + A [2] (a5, €)) 1 .19

+a0p™ (42,21 0] (1;%,£)) 6Q [Q] (1) +RE];”§21] [Q] (aln)n.

Define .

P (a|m;x,¢) := (Id+a(7> ©) Af,lg)ﬁ (n;x,é))_ . (Tgo

f x
After decreasing ro, SUp|q <2 x.¢ Ha(P 639 ATIQ) < 1/2. Thus Py —1d € (r;)Z 2 Uanishes near £=0. By
|Pr0position 4.24| andlLemma 4.25|, composing[Eq. (5.191)|on the left with OpBW (P|o)) gives

(a+ RS (aln)82[0] (m)

)2x2

= op"W (Af:gg (Q] (a|n; x,€) + App,>11 [©] (ain;x,é))n (5.192)

+aop™ (Al . lal (m:x,¢)) 02 [Q) () + R Q] (aln)n,

2%2
[1],R o+l
where R[g+1,21] € (Rzl ) and

A3 (0] (almix,8) 1= ~aP @ AP [Q[Q] (n)] (7 5,8).

Indeed, the factor Pjg) —1d € (F;)zxz only produces order-zero corrections when it is composed with the
order-one symbol P (¢) AIT'" (Q[Q] (n)]-

We now remove the residual term Op5W (Agz,zl]) 6Q[Q] (n) by the same parametrix iteration used in
the Sobolev-input part. We prove by induction that, for every n € N*, there exist

2x2 2x2
2" [nlR o+l
P[_zn] € (le ) , R[Q+1,21] € (Rzl ) ,

(n] A . 2 [nl,R = . +1)\2
Ag (] e LN, A 0]ec(wi(re)))

with P[_p» =0 near ¢ =0, such that

(0™ (1 + Py (al . £)) + RS (alm)02(2] ()

= 0p™ (A}h, (0] (almx,€) + AL, (O] (almix, &)+ RIS Q] (aln)n.

(5.193)

The initialization n = 1 is obtained from [Eq. (5.192)| by moving the residual a Op5W (AEZZH)(SQ [Q] (1) to

the left. Assume|Eq. (5.193)|holds at rank n. Decreasing ry at each of the finitely many steps,[Proposition 4.24]
gives

Op™™((1d + P(om) ") Op™™ (1d + Pyom) = O™ (1d+ Py + R )

2x2
_on+l
Whel‘e P[_2n+1] € (FZ%

. Composing [Eq. (5.193)|on the left with OpBW((Id+P[_2n])_1) proves the in-
duction step: the new defect still vanishes near ¢ = 0, the smoothing terms acting on 6Q remain on the left,
and the extra composition of

(Id+Ppom) ' ~1d € (an)zxz with Ai'gg € (1“120)2 has order at most 0 for n > 1, hence is absorbed into

At Q).

118



2x2
Taking n > log, (0 + 1), one has Op®"Y (P_oy)) € RSI) . The left-hand side of [Eq. (5.193)|becomes

(Id + R[F 121 (a|n)) 5Q[Q] (n). Invert this factor by|Eq. (5.186)| Its smoothing correction composed with

the order-one column belongs to (Rgl)z by|Lemma 4.25l Adding Q gives

Q[0 (n) = 2+ 0™ (477, (9] (0l x,€) + Aoz [Q] (almi x,&) J + B (0] (alm)m. (5.194)

This proves Finally, using and P (&) &L = &L, the principal symbol in is
exactly

O

5.3.4 Paralinearization of Dirichlet-Neumann-type operators 5* () and g (a|n)

Let Q:= [wl
w2

nonlinear convolution type, that has been introduced in[Eqg. (2.13)|and that we recall here for simplicity

, where w1, w, are scalar functions that map from R? to R. Consider the operator g* (n) of

g*(n)[Q]=—v*[Q](n)~[ Ll (5.195)

where v* is defined in[Eqg. (2.90)

The paralinearization of the operator g* (n) is given in the following proposition.

Proposition 5.26 (Paralinearization of g* (1) ). There exists oo > 0 such that for any p = g, there exists s) >0

and ro > 0 such that for anyn € Bg g (I;10),Q € (Bs, g (I; ro))z, the operator g* (n) [Q] as in|Eq. (5.195)|admits
the following paralinearization:

7" (m) 191 = 0p™ (i 47 (m:x,€) + 4%, (:,€) + Ap-zon (3:,8) ) -

+0p™ (] 191 (5:%,8) + o 2y (14,8 )+ BNE (n) -2+ rf™F (),

(5.196)

T e(r?, )? is explicitly defined as
A ° (m;x,¢8):= (1 + |V17|2) AT (1 x,8) = —Vi i (m5x,€), (5.197)

where A7 is defined in|Eq. (5.8)};

. A{;'Q € (T2))? is explicitly defined as

(A‘f*l’Q (n;x,f))T =

where A?O'n is defined in|Eq. (5.103)}

. af o eL((H )2, F;l) is a symbol 1-positive homogeneous in &, admitting the following expression:

1 1
5 (V)T VE Jep) Hxn_Z]x|vn|2V§]é_(P1%» (5.198)

a{*,n . . ) _ /1’1 (n;x) 6)

[Q1 (1;x,€) :=1& - V* [Q] (m; x - Vin-Q, (5.199)
1+ |V17|

where V* [Q)] is defined in|Eq. (5.123)}

* aumz1 €Y, Az € (F>1)2, m € R, denote generic symbols as per|Notation 5.1;

2 . . : ;
o Nk ¢ R, and Rhn * € (R2,)” denote generic smoothing remainders as per|Notation 5.1

"lo=1] le=1]
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Proof. The part —v3[Q] (1) has already been analyzed in [Eq. (5.129)} so we only need to paralinearize the
term

V> 1Ql(n)-Vn
in|Eq. (5.195)| Indeed give us that

2
VX (91 (n)-Vn=0p" (V¥ (21 (n)) - Vi + Op™Y (V) - [V*1Q] ()] + 3 R™ [V Q1 (1);,0m].  (5.200)
i=1

First, applying|Proposition 4.24} we have

op®™ (V* Q1 (n)) - Vp=0p®" (i&- V* [Q1 (1 x) + ago,>1) [Q) (m; x,€) ) + r;i;fl] @ (n)n. (5.201)

We use now|Eq. (5.124)|and|Proposition 4.24]and obtain that

Op™ (vn) - [V* 191 (n)]
. * 1 * *
=OpBW(1 VnTAy 'Q(n;x,§)+§{VnT, A (&) b+ VT AV (15,8) + Aoz (095 x.8) | @ (5.202)

+0p™" (VnTAY*’n (m:x,8) Q+ agp,=1 (0.2 x, 5)) n+ Rlinfl] (m)-Q+r% (n.9)n.

[e. [o.21]
Next, using[Remark 4.19} [Eq. (5.129)} and[Lemma 4.25|we obtain that
2 .
Y RV Q) (n);, 0] = 1" (. Q). (5.203)

i=1 021

We now plug the results of [Egs. (5.129)| and |(5.201)| to [(5.203)| in [Egs. (5.195)| and |(5.200)| and obtain the

paradifferential decomposition stated in [Eq. (5.196)|where the symbols Ag “ and A{ " assume the explicit
form

* T . *
(452 (mx,0)) = A0 (mx,8) + VT Ay (5,8), (5.204a)

* T * 1 *
(Aﬂ'Q (n; x,é)) =nTAY 9 (5 x,8) + E{vnT, AV (n; x,f)}, (5.204b)

* * _L
& Q1 (n;x,) = i€ -V [QI (g x) + VT AT (n;x,vf)Q+(A{f°’" (n;x,f)) Q.

J

-

=B " (1x8)Q

Let us notice that using|Egs. (4.13)}[(5.127)|and|(5.128)|we obtain that

T

1 V*,Q 1 V*Q 1 By 03 L 1 2 Bo,0;L)\T
E{VTIT’ 4, }Z [_EaXixjnafjao;ik = _EaxixjnaJCinafjAo;kw = _Z]JC’VW’ Ve (Ao ¢ ) )

1 k=1,2 k=1,2 (5.205)
vnTAY ¢ = 5 (V)T Je AR Ho.

Thus, inserting[Eq. (5.205)|in[Eq. (5.204b)|proves[Eq. (5.198)] It remains hence only to prove that[Egs. (5.204a)|
and can be expressed as in[Egs. (5.197)|and [(5.199)| respectively.

The equivalence of[Eq. (5.197)|land[Eq. (5.204a)|follows from[Eqgs. (5.127)|and[(5.204a)} while using[Egs. (5.103)}
and[(5.126)|we obtain that

* AL (1%,
B! " (mix,8) =~ n;x i) vin,
1+ |V17|
and so we conclude.
O
Let us recall that the operator g (a|n) v is defined through[Egs. (2.13)}(2.15)|and(2.90)|as:
Y

slalmv =g ()5 aln) [v]] == [w] ()| )", (5200

where g* (n) is defined in and S(a|n) is defined in
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Proposition 5.27 (Paralinearization of the Dirichlet-Neumann operator g4 (a|n) ). There exists pg > 0 such
that for any o = po, there exists sy > 0 and ro > 0 such that for any n,v € Bg,r (I;19), the operator g (a|n)1//

defined as in|Eq. (5.206)|admits the following paralinearization:

a,=1] [1//] 1 %,¢)

BW [ 44
A
( ar-1,=1) n,x{

glaln)w=0p L (almw;x, &) +

11n R n
) [w] o211 (7¥)° [w] '
where
* a is the Atwood number defined in[Eq. (1.5)}

o Ale (1"120)2 is explicitly defined as

" [v](aln; x,¢)

g . =
Al (a|nrw» X, f) T o (17; X, f) +alg (T];x; 5) ,

where

- A €TL, and Ao €T, are defined in|Eq. (5.4)|and|Eq. (5.5)| respectively;

- af el (H*; 1"120) is a symbol 1-positive homogeneous in &, admitting the following expression:

" [w] (almx,&) := A1 (m:,) b[w] (alm; x) +i9 [w] (a]m; x) -¢, (5.207)

where ), is defined in The coefficient V [y| (a|n; x) is real-valued, & -independent, and
of order zero; it is the product i [y] (a|n; x) - ¢ that has order one.

= by] € L(H%;FR) is the real-valued coefficient defined in|Eq. (5.264);
« V[y](aln)eL (HSO; (]-'R)Z) is the real-valued coefficient defined in|Eq. (5.265)

e A=y € (1“(;1)2 denotes a generic symbol as per|Notation 5. 1}

lin,R
[0.21]

2 . . . ;
* R € (Ril) denotes a generic smoothing remainder as per|Notation 5.1

Proof. Choose the baseline regularity one derivative above the threshold in[Proposition 5.26} so that Sy has
the required input regularity. Applying that proposition with smoothing index p + 1 and the composition
rules stated in|[Lemma 4.25 we infer that

7" () S(alm) v = 0p™ (147 (1:x,€) + 47 (1:5,€) + Ar-oony (:,8) ) - [S alm) ]
(5.208)

+0PBW(0{'U [S (aln)w] (m;x,&) + a1 (n,w;x,é))n+Rli“’R (n,v)- 1//]'

+1,=1
©

Next, we combine [Eq. (5.165)|and [Eq. (5.208)|together with the composition rule [Proposition 4.24] Since S
has order one, this loses one derivative on the preceding remainder; after relabeling o + 1 as g, we obtain

g* (1) S(aln)y =0p"" (A1 (m;x, &) + AG™ (15%,) + a-1,21) (1%, €)) w

+OPBW(¢1M (] (aln; x,&) + ap =1 (0, v; x, {))n+R““R (n,w)- LZ] ’

lo=1]
where
M (mx,e)i= =&t a) % (i x,6), (5.209a)
AN (1;3,€) = adl (i x,8) €4 @y (i, €)+1( {(Ag*'Q)T,él}+A{1’Q(n;x,€)-cfl), (5.209b)
" [y] (almx,€) = " [S (alm) w] (m:0,€) +i45 " (m%,€) - 47" [w] (almi . €) (5.209¢)

We now simplify the expressions in[Egs. (5.209a)|and[(5.209b)}
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Part 1 (Equivalence of[Egs. (5.4)|and|(5.209a)). From|Eq. (5.197)|and|Eq. (5.121)} we have

&t A{’Q (m;x,¢) = (1 + |V17|2) (Ag;""” (m;x,¢) - f) =11 (n;x,€). (5.210)

This justifies a posterior the choice of notation.

Part 2 (Identification of AODN =alg). We decompose this step in two subparts.
Subpart 2.1 (Proof that Im ADN = 0). We decompose A” I'Q (; x,&) - &1 using[Eq. (5.198)|as

AR = by (m3,€) + o (%, €), (5.211a)
1
bo (mix,¢):= 5 (V)T (VEJeo ) Ham £,

co (m%,¢) := —~ J |Vn|® (Vf]s‘i ?0) ¢

* O\ T
We show that ¢y = 0 and that by cancels § {(Aéé ’Q) , € L}.

Step 1 (¢p = 0). A componentwise expansion gives for any i =1,2

[(Verto) e], = -0c 00,0 (=t + 006,07 &1 = [Jea” ] .

i

Since Ag;"’w = Vg(/)?" is 0-homogeneous in ¢, Euler’s theorem yields ]grAg;O’w -¢ =0, whence ¢y = 0.

Step 2 (Cancellation of by with the Poisson bracket). From [Eq. (5.197)|and [Eq. (4.12)} the Poisson bracket
contribution reads

Lo\ 1. 1o 400 1 2\ Bow) EZGI0D] Vi-Ve
A7) =g vt Al = v (1 ) ) == (5.212)
Moreover, since |V7|” is independent of ¢,
(1 [9n?) JeAg = ~He . (5.213)

Substep 2.1 (Reduction of by). A direct matrix computation shows Vé ]5(/5{13" =7 ]gAg;"’“’, where J:= (9 1) is
the standard symplectic matrix. Since (V)" J = - (Vn)T, one obtains

 EzGzm) (V)" Hel
(V)T (VEJep?) = = (V)T Je g E== el

whence T
(Vi)' Hely
bo= "
2(1+|vnf?)
We compute (V)" He A, explicitly. From 402 = ¢ + (Vin- 6)2, which gives

AA 0 A =+ (V&) (Vi)

H.n&t. (5.214)

Differentiating once more in ¢; and contracting with (VLn)l., we find, using V1 -&ét = Vn- & and |Vln|2 =
vn|?,
1+ |V17|2

vin)TH:A

(1€ (V1) = (Vin-¢) &)T. (5.215)

Substituting[Eq. (5.215)|into [Eq. (5.214)} we obtain

1

_ 1 () (€4)" Haen (1617 Vi - (V1-8) &)
3228

2 (ol _ (vl T 1 Ha=
(F (Vo) = (Von-¢) ¢)" Han ¢ ZYYE

bo (5.216)
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Substep 2.2 (Reduction of the Poisson bracket). From 4/1% =& 12+ (Vln . 5)2 and the identities
Vyp (V&) ==&, Ve(Vin-&) =viy,

we compute
_ (&L 1

Owme = 161?] (167 (V)= (Vi -€) &) = =5

where J j are the entries of J. Applying the chain rule

Jjks

V- Ve 1
M= E%C(Hxn)jk O(v;n)0c. M,

the antisymmetric term vanishes by the symmetry of H,n:

5 (10) s = (0 17) = () = () =0,
B

so that

V.-V 1 TH 2vJ_ _ VJ_ .
Ve, ) Ha (1670 - (Vi) &) (5.217)
2 3243

Step 3 (Synthesis). Combining[Egs. (5.212)}[(5.216)}[(5.217)}[(5.209b)|and [(5.211a)} we conclude

V.-V
ImAPN = x2 £, + by =0.

Part 3 (Simplification of ReAODN). Considering the result proved in|Subpart 2.1{we have that

DN _ DN _  285Q 1 Tow

We can now apply|[Egs. (5.121)} ((5.156)|and|(5.197)|and obtain AJN = alo, with Ao defined in
Part 4 (Proof of[Eq. (5.207)). Using[Egs. (2.90)|and[(5.199)} we obtain

* VJ_ .S
a " =iv [yl (n)-E- M (n;x’é)w_
1+ |Vn|

Moreover, [Eqs. (5.164)} [(5.166)] and [(5.210) give the additional contribution from the composition of the
Q-column of g* with the n-column of S:

(5.218)

g S, ) ,
i) AY [y] = adyws [] +iady A S (aln) v (5.219)
We plug[Egs. (5.210)}[(5.218)|and[(5.219)|into[Eq. (5.209c)} using yields exactly[Eq. (5.207)]

O
5.3.5 Paralinearization of 7*
Let 7* be defined as in[Eq. (2.42a)} i.e.
7 (0% 1,0) = o (0 ) + 5 (al) 19,2, (5.220)

where 7 and 7} are respectively defined in|Egs. (2.17){and|(2.18)| The result we prove is the following

Proposition 5.28 (Paralinearization of 7*). Leto =0, p* = 0 with {p*) > 0, and g € R. There exists gy > 0
such that for any p = gy, there exist s) > 0 and ro > 0 such that for anyn € By, g (I;10) and Q € (Bs, g (I; ro))z,

the function n* (p* |17, Q) defined in|Eq. (5.220)|admits the following paralinearization:
m
Q

ap,1 (o, p%,a|n, @ x,¢)

* ([ + _ BW (| 7* (%], * .
™ (p¥In Q) = ~gan+Op (“2 A I T

(5.221)
+ ok

sy ) (aln )|

[0>1] Q] ’

where

123



cal e (1"220)3 and is explicitly defined as

a, " (p*|m;x,€)
ORZ

’

a3 (0*|mx.¢):=

where a;[*’” € Fio is real-valued and is explicitly defined as

o 1&P+|vin-¢)?

& " (0% x,€) = - (5.222)
? | <<pi>> (1+|Vn|2)%
e a7 € (TL,)° and is explicitly defined as
. a1, Q) (aln; x,¢
al (aln,Qx,¢):= ;ﬂ*,g[m (£|,|77_7x 5)) : (5.223)
0 ) )
where
— a e L2((H®)?;TY) and is explicitly defined as
a0, Q (aln; x,¢)
2
, 2 [ Vin-Q
= A1 (;x,8) |4 A9 (; x,8) - Q —(—
(0 g) [4(a8 " )0 | o
+a AT (0 x,8)-Q) VF QI (%) - €
(450 (3 x,¢) - ) (m;x) 5.224)

Vin-Q

+ald (m;x, &) vi Q] (n; x) ———

v3 Q) (m; x) V* [ (5 x) + V) Q &

—ia

Q2 +|Q-vnl?
_loP+] an v )
1+|Vn|

1
a(1+|vaf?) ((Q

where Ay € T is defined in[Eq. (5.4), AZ* € (1%,)? and AT := JAT are defined in|Eq. (5.8)]
and V* [Q](n), v} [Ql (n) are the two components of v* [Q] (1) defined in|Eq. (2.14);

- Ag*’Q el ((HSO)2 ; (FO)Z) and is explicitly defined as

1
AT Q) (aln;x,€) = (V* Q] (; x) + J(Q+(Vn-Q) V"))

4(1 * W”lz) (5.225)

Vin-Q :
—i(1+|vnl? avy [Q](n;x ——)A%'w'L ;%,8),
( \nl)( §100 )~ | A )

where V* [Q] (1) and v [Q] (n) are the two components of v* [Q) (1) defined in|Eq. (2.14), AT :
J A(Q;O"” with A(Qf"’w defined in ‘ and J the i /2-rotation matrix.

ap,=1) (o, p%, a|n,Q; x, &) € Fgl denotes the aggregate generic order-zero n-symbol: it is the sum of the
term coming from my and a term bilinear in Q. Moreover, Aj—1,>11[Q] € L ((HSO)Z;(F‘l)Z) denotes a

generic symbol linear in Q, as per|Notation 5.1}

ﬂo,R

"lo.1]

(0,0 \17) € Ril is the smoothing remainder linear in the final n input produced by m;
bil,R

lo=1]
whose Q-component is linear in Q, in the sense oflRemarks 4.30 and|4.31]

r € (Rgl) denotes a bilinear smoothing remainder, whose n-component is bilinear in QO and
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Paralinearization of 7y In this section, we paralinearize the term 7y, which represents the contributions
from surface tension and gravity. For the reader’s convenience, we recall from|Eq. (2.17)|its definition:

7o (p*[n) := T +>>V X (Vn) - gan, (5.226)

Vn
\/1+|V17|2

Lemma 5.29 (Paralinearization of ny). Leto =0, pJ—r >0 with (( pJ—'>> >0, and g € R. There exists po > 0 such
that for any p = o, there exist sy > 0 and ro > 0 such that for any n € Bs, g (I; 7o), the term 7o (n) defined in

Eq. (5.226)|admits the following paralinearization:

where % (Vn) is defined in|Eq. (1.7)|as X (Vn) :=

7o (1) = —gan+0p™ (a3*" (1;%,§) + apo,=1) (m; x, 6))n+r[ 1] (o,0%[m)n, (5.227)
where the symbols are defined as follows:

. ag oTer? <o I8 the real-valued principal symbol, given by

o 1R +|Vin-&f?

7o,T] .
a,"" (m;x,8) = —7— o (5.228)
= (1 onp)’
. r[Q >1] (0,p%|n) € RE,, cf. [Notation 5.1
Proof. Recall from|Eq. (2.17)|and [Eg. (1.7)|that
7o () = K (Vn) - gan K () = (5.229)
0 , = .
(o +>> V1+i0P
By vectorial paralinearization formula
F(Q)-F(0)=0p®W (]F(Q))Q+R[[R; 21 @Q, FeC™(R?), (5.230)
and composition rule|Proposition 4.24} we get
% (V) = Op™ (% (V) [Vn] +Rﬁ, Mok
= op™" IJK(VTI)%“P > {]K(VTI) i} + A1,z (m5%,6) 7I+R[Q GLE
where we used the notation|[Eq. (4.13)] Notice in particular that explicit computations show that
JK(Q) = (ld+QteQt). (5.231)

(1 + |Q|2)3/2

Let us now compute

V-%x(Vn) = OpBW(lfT)OpBW(UK(Vn)f"‘_{]K(Vn) i} + A1,z (15 %, 77+"[9>1] (m)n

:OpBW( ETTK(In) &+ 5 ({67, T (Vn) &+ (1% (Vn), €})+ o (n,xé))n+r[g>1]( ).

(5.232)
We use now|Eq. (4.13)|and Einstein’s convention for repeated indexes
{€7, 7% (V) &+ &K (Vn), & ={&i, TK (V) &5} + &K (Vn) € (5.233)

125



and Leibnitz’s formula {fg, h} = {f, h} g+ f{g, h} to obtain that

{60 7%(Vn),; 65} == % (V)0 &af =T (V) 4650 &3} (5.234)

=0

We plug [Eq. (5.234)|into [Eq. (5.233)} and use the symmetry of J% (Vn), which evident from [Eg. (5.231)} to
obtain that

{¢T, 7K (Vn) &} +¢T {7 (Vn), ¢} =0. (5.235)
We insert now[Eq. (5.235)|into[Eq. (5.232)|and use[Eq. (5.231)|to obtain that

op™ | 112+ |Vin- fl

V-K(Vn) =
! (1+|vn|)

+ag,=1) (m;%,¢) 77”[ >1]( ).

After multiplication by o/ { p*), we denote the resulting smoothing operator by r™% (g, p* |n). The claim

[021]
thus follows using|Eq. (5.229)
O

Paralinearization of n;_" Here we paralinearize the term n;‘ defined in|Eq. (2.18)|and whose definition we
recall here for the reader’s convenience

w3 (a|n) (1, Q21 := =735 (n) [, Q2] = 73 (a|n) (1, Qal, (5.236a)
QL - VX [Qa] () + Qi - V* Q1]
n31 () (21, Q2] 1= — 2 (n)2 2 1l (m)
3 () 21, Q2] : [ZV* (1] (n)- V* Q2] (n)

— v (1] (n) (v Q2] (n) -2V* Q2] (n) - V1)
— v} Q2] (n) (v3 (Q11(n) —2V* Q1] (n) - V)
19 (Idg: + V@ Vi) Qo ]
2 1+|Vn|?

The result we prove is the following

Lemma 5.30 (Paralinearization of 7). There exists oo > 0 such that for any o = po, there exist s) > 0 and

ro > 0 such that for anyn € Bg,g (I; 10) and Q € (Bs, g (I; ro))z, the term 1} (a|n) [Q, Q] defined in|Eq. (5.236a)

admits the following paralinearization:

a,=1] [Q Q] (a|77,x f)

* Q,Q] = 0pBY 2 Qi x,
5 (afn) (2. Q1=0p"" | a}* (a|n, Q5 x,¢) + Ai-1,21 [Q (a]m; x,€)

) [ ]+ I[J:RI (a|n. ) [g] (5.237)

where
. afz* e(rl 1)3 and is explicitly defined as

710,01 (aln; x,¢)

" (5.238)
A7 (9 (a]n;x,€)

a)’ (aln, 0;x,¢) =

where
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- af;'n € L2 ((H%)?;T") and is explicitly defined as

2
s, . 2 vin.-Q
ar? " 19,91 (a|n; x,€) := Ay (; x,€) 4(Af°"“(n;x,.f)-(z] - Lz
1+|Vn|
+a (1‘133""”"L (m;x,€) -Q) V*Ql(px)-€
Vin-Q
+al (m;x,¢) v3 Q] (n;x) Lz (5.239)
1+|Vn|

—ia[v3'1Q] (1;x) V* Q] (n; x)

(Q-Vn)Q &,

2 . 2
+ _Mv)

1+|V17|2

a(1+|vnl’)

where A € T is defined in|Eq. (5.4), A2 € (T2,)? is defined in|Eq. (5.8)[, and V* [Q] (n), v} Q] (1)
are the two components of v* [Q] (n) defined in|Eq. (2.14);

- Ag;’Q eL ((H“‘O)2 ; (FO)Z) and is explicitly defined as

a

—21(9+(V17-9)V77))
a(1+|vnf)

Ag?ﬂ [Q1 (a|m; x,€) = (v* [Q1 (m;x) +
(5.240)
Vin-Q

avy Q] (%) - ——— | Ag" (m3x,€) 5
1+[vn|

~i(1+]vnf)

where V* [Q] (1) and v} [Q] (1) are the two components of v* [Q (1) defined in|Eq. (2.14), Ag>** :=
JAR with A7 defined in ‘ and J the rt/2-rotation matrix.

o a1 [Q,Q] € L2 ((H®)?;T°) denotes a generic symbol bilinear inQ, and A;_1,>1 [Q] € £ ((HSO)Z;(F‘l)Z)
denotes a generic symbol linear in Q, as per|Notation 5.1
o pPiR | € (R‘;l)?’ denotes a bilinear smoothing remainder, whose n-component is bilinear in Q and

(0,21
whose Q2-component is linear in Q, in the sense of|[Remarks 4.30 and|4.31}

Corollary 5.31 (Bilinear paralinearization of 73). There exists oo > 0 such that for any = g, there exist so > 0
and ro > 0 such that for any n € Bs,r (I;10) and Q1,Q € (BSO'R I; ro))z, the bilinear form ng (a|17) [Q1,Q5]
defined in|Eq. (5.236a)|admits the following paralinearization:

7wy (a|n) [Q1, Q2] = OpBW(df2 Q1 Qo) (a]m;x,€) + ago, 211 [Q1, Q2] (a]m; x, 6))17

1 ,
*+5 op®W (AO2 1] (a|m; x,8) + Al_1.21) (] (a|m; x.&)) -y

1 7,

+ 5 OpBW (Aoz Q Q1] (C1|T]} X, f) + A[—l,zl] (€] (a|7]; X, {)) Qo (5.241)
bil,

+ r[g,z[Rl] [Q1, Q] (a|n)n
1 1

+ o RE (@2 (al) - Q1+ SRE 100 (afn) - 02,

where
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. af;'n € L2 ((H%)?;T") and is explicitly defined as
a1, Qa1 (a|m; x,€)

Vin-Qp) (Vin-Qy)

=41 (1%,€) 4( it (s x,6) - Q )( Qg‘)“’;L(n;x,f)-Qz)—(

(14 vaf)
+g(Af°"‘“(n;x,E)- )V [Qa] (%) - &+ = ( 3"“(17;96,6)-92) V¥l (%) ¢
ali(n;x, (5.242)
P M0 | 0) (747 02) + 0 1021 (150 (77 00)
2(1+|vnf?)
1 1
a Ev;f [Q1] (5 %) V* [Q2] (m; x) + > v3 [Q2] (m;%) VX Q1] (m; x)
Q -Q Q,-Vn)(Qy-V
+;( Q- vn)92+ (Q2- V) Qy ——— 2+ (™ T’g( 2 ")vn) &
(1+|V17| ) 1+|Vn|
In particular, setting Q1 = Qy = Q gives[Eq. (5.239)]
. Agz*’Q el ((HSO)2 ; (FO)Z) and is explicitly defined as
L
73,0 . a
A (9] (almix,8) = (V*[Qj](ﬂ¥x)+ﬁ](9j+(vﬂ'ﬂj)vn))
4(“' ) ) (5.243)
Vin-Q; .
—i(1+ Vol lavy[Q;i] (m;x) - ——L | AZo@ L (1 x, €),
(o5 oot ] )~ T2

for j =1,2. In particular, setting Q) = Qp = Q in|Eq. (5.241)|gives the Q-component in|Eq. (5.240)};
* aim,>1) and Aim,>1) are generic symbols as per|Notation 5.1

o 2R and RR are smoothing remainders as per|Notation 5.1

[e.=1] [o=1]

Proof. The claim follows from the polarization identity

7} (aln) (@1, Q0] = (nz (a]n) 191 +Qa, Q) + Qo] — 75 (a|n) 101, Q1 -7 (a]n) QZ,QZ]) (5.244)

Applying[Lemma 5.30|to each term in[Eq. (5.244)] the n-symbol is the polarization of[Eq. (5.239)} which gives
Eq. (5.242), The Q-symbol A, ik “ s linear in its argument, hence

1 * * *
5[40 191+ Qa1 @1+ Qo) - AT (Q1)- Q1 - A7 [Q2)- 2
equals
A7 )0 4 A Y1)y,
The generic symbols and the smoothlng remainders polarlze in the same way, yielding|Eq. (5.241) O

Proofo All along the proof we write

Ry 11[9”)

aj,>1 [, Q] (n; x,¢)

) _ BW
a=p < a=f modOp ( A-1,211 Q1 (15 %,6)

el |
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Part 1 (Parallnearlzatlon of 7). This is a straightforward application of|Lemmas 4.18/and 4.25/and [Propo-|

4 and[5.19} which gives that
)[ I 249

[Q Q] n,x (f

AOZ;I' [Q] (1;x,€)

15 (1) 1€, Q] = 0p®* (

where
& 10,01 (1%,6) = - QT1A) " (1:3,8) 0
o) - )
A 10 (3 x,8) = = vE Q1 (n)t +i(Q1)T A (5x,€).
Part 2 (Paralinearization of 7). Let us write

a 1102 +|vy-Qf
T3 (1) 192,00 = 2| [V 191 ()] = v3 19 () (v3 192 () - 2V 12 (1) - V1) + Z#

Using|Lemma 4.18|and [Proposition 5.19|we obtain that

|v* 191 (n)]* = 0p™ [2v* 101 (m) "2 (1,9 x,)) [g] : (5.246)

where 2" is defined in[Eq. (5.125) Again |Lemma 4.18| and|Propositi0n 5.19| give us that
= v3' 191 (n) (v3 191 (n) -2V 1Q1 (n) - Vn)

= OpBW (—ug* [ (n) (ul"; (n,Q)-2 ((QLY* ()T vn+

A (n)])) ~ (3 191 () ~2V* 19 (1) - V) @} (”'Q))' [g] '

ORZ
(5.247)
Let h:R* — R, defined as h(X,Y) := }1% with such notation we have that
11Q7+|Vn-Q
_# h(Q vn)
4 14|
We apply|Eq. (5.230)|and [Lemma 4.25|we obtain that
1102 +|vp-Qf* BW Q
L0 DO, v 2]
where
X+(X-Y)Y T
1Y[?
Txyh(X,Y) =2 | a4y e nx—(xP+xn?)y
(1+|Y[?)?
so that, applying|Proposition 4.24|we obtain that
11012 +|vn-Qf n
— = OpBW(a{l (n,Q;x,f))- [Q] ,
4 1+|vn|
where ,
Q2 +] Q-] )
i Q-VnQ—-——F——F—Vn|:¢
al(n,Q):=|* 1+|an ( 7 e )0 (5.248)

lQ+Q~Vn Vn
2 1+|vpf

Part 3 (Synthesis). We keep all principal quantities expanded in the notation of the previous proofparts. Let
a;’ be as in|Eq. (5.238)|s0 that

7 (al) 10,01 = 0p™ (a1 alix.8)) | 1]
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We first compute the Q-component. Since ) = -7, — from|Eqs (5. 245)|t0|(5 248)|We obtain

Using

we have

and

A3 190 (almix,

(@)

&) =Vv*1Ql (n;x)"

21 2 1Y

-i(@4)" Ay (mx.¢)

- g [Zi VA Q) (;x)" Ay (5%, €)

- 101 () iy 0, €) - 214" (3.6)) ")

= (v3 191 (n;x) = 2V* [Q] (n; x) - V) iAg;’Q
1 Q+(Q-Vn)Vn]

2

1+ |Vn|2

*

a2 (mx,8) =Vne A (), AP (mxg) =

21V Q] (m;x)7 AX*'Q (m;x,¢)

— v 101 (%) (145" (6, €) - 2i
—(v3 191 (; x) =2V [Q1 (1 x) - V
—21(1+|V17| )v3 [Ql (n; )A%‘”l(n,x,é).

Inserting|Eq. (5.250)|and|Eq. (5.251)|into|Eq. (5.249)|gives

Since

11 (alm; x,6) = V¥ Q] (5 x) " -

~i(1+|vnf?)

(J(Q+(Vn-Q)Vn))*" =-

a(1+|vnf?)

the identity|Eq. (5.252)|is exactly|Eq. (5.240)

We now compute the n-component. From Eq. (5.245)|and Corollary 5.20} the contribution of —73; is

~a"(0,Q] (%, ) =

=M1 (m5x,6)

)1A0y3*’Q

a vy (0] (m;x) -

Ay mix,8))'
(m5x,¢)

Vin-Q
1+|V1]|2

(Q+(Vn-Q)Vn),

AL (2,8) = = (V- Q) AP (m.x,8),

vn)

(Q+(Q-Vn)Vn)

(AY*"7 (m;x,¢) Q) ol

2

(ZAS;O’“’;L (m;x,¢) ~Q) -

1+ |V17|2

For the contribution of -7, we first record the two pointwise identities

and

(1+19nf*) @y 121 (5 ,¢) =

Indeed,

Eq. (5.254)

A (2,8) @+ Vna)s " (9] (.x,¢) =

follows from

Eq. (5.126)

and the definition of af SR
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~(Vn-¢) (Af""‘“ (m;x,¢) -Q) + A1 (m5,¢) .

, while

—¢ (g (mx.8)-q),

+|V

Vin-Q ?

Eq. (5.255)

(n;x,¢)

— AT (1, x,€),

Ag U (m5x,€).

Vin-Q

-
|

follows from

(5.249)

(5.250)

(5.251)

(5.252)

(5.253)

(5.254)

(5.255)

Eq. (5.122)




Using[Eq. (5.254)|and[Eq. (5.255)} the n-symbol coming from [Eq. (5.246)|and [Eq. (5.247)|satisfies

— 2 [2vr i (mx)- Y (i €) - 205 191 (5x) @) 101 (5 ,€) + 203 190 (i) V- A (5 x,8) €

+2(V* Q] (n;x) - Vn) ai};’n [Q] (m; x,&) + 21 v Q] (m;x) V* Q] (m; x) - f]
L.

o Vin-Q
= a(Af‘” (5 x,€) -Q) V(QI (%) - +ady (m5x,8) v3 Q] (m; x) Lz
1+|Vn|

—ia v} [Q] (n;x) V* Q] (n;x) - €.

Finally, the contribution of[Eq. (5.248)|to -7}, is

i1 Q2 +|Q-Vp|? ia Q2 +]Q-Vn|?
5—2((Q.V )Q_|—2|v ) ]:_—Z(Q.V )Q_|—2|Vn .
L+ |vr| 1+ V| a(1+|vnf’) 1+|Vn|

(5.256)

a

2 ¢

(5.257)
Combining[Eq. (5.253)} [Eq. (5.256)} and [Eq. (5.257)|gives precisely[Eq. (5.239)] Therefore the paralineariza-
tion follows.

O

Proof of[Proposition 5.28, By[Eq. (5.220)]
7* (*1,2) = mo (p*|n) + 73 (aln) 12, .

The term 7 is paralinearized in[Lemma 5.29] Its principal symbol is[Eq. (5.228)} which is exactly[Eq. (5.222)
and it has no Q-component. The quadratic term 7} is paralinearized in|Lemma 5.30|: its order-one symbol

is the one displayed in[Eq. (5.223)} namely|Eq. (5.224)[and |Eq. (5.225)}

Combining these two decompositions gives the order-zero n-symbols and the order —1 Q-
symbols are absorbed into the generic symbols, the smoothing remainder of 7 gives the separate linear
term rET;’fl (0,0% |17) n, and the smoothing remainders of 7 give the bilinear/linear terms displayed in the

|

last line of The stated symbol classes follow from|Lemmas 5.29|and [5.30|and from|[Lemma 4.25
O

5.3.6 Paralinearization of 7

Let the function 7 (p*|n, ) be defined as in namely
7 (p*|n,y) == 7o (= [n) + 72 (aln) [v, v, (5.258)
where 7 is defined in[Eq. (2.17)|and 7, is defined as

2 (afm) [y1,v2] = 3 (alm) S (alm) w1, S aln) vl (5.259)

Proposition 5.32 (Paralinearization of 7). Leto =0, p* = 0 with {p*) >0, and g € R. There exists gy > 0 such
that for any o = o, there exist sy > 0 and ro > 0 such that for any n,vy € By, g (I; 10), the function n (p* |17,1//)
defined in|Eq. (5.258)|admits the following paralinearization:

7 (p*[n,w) =—gan+0p™" (A7 (0*|m; x,&) + A (aln, v; x,&) + App21) (0, 0%, a|n, w3 x,£)) - [n]
1
(5.260)
lin,R + K
+R[9,21] (00" alm.w) [w]
where

¢ Ale (Fio)z and is explicitly defined as

a,” (p*|n;x, &
A’z’(piln;x,f):[ : (p(,'n )

)

where
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- u2 Ter? 2o i real-valued and is explicitly defined as
o 1E%+ IVlanz'

a, (p*|n; x,&) = -
2 (P |nr rf) <<Pi>> (1+|vn|2)%

In particular,

5 (p*]0;x,¢) = O +>> I
o Ale (1“121)2 and is explicitly defined as
) i é‘
A" (a|n,w; x,&) = [ vy a|17x
Helm s 0= |y ol .
where
- a;’"e £2(H%;TY) is real-valued and is explicitly defined as
"y, w] (o x,8) i= A (mx,€) [aF (v, ] (alms x.€) = (b [w] (alms )] (5.261)
In particular, a”" [y, y] (a|n; x,&) is even in &;
- a}"V e L(H%;TY) is explicitly defined as
YLl @l e 8) =~ (8 bly] (alpx) + 10 [w] (@) & 6262
In particular, the first term in[Eq. (5.262)| is real-valued and even in &, while the second one is the

transport symbol;
- qF € L?(H*;T°) is real-valued and is explicitly defined as
a5 [, w2 (alm x,€) = (4-02) (A3 (m.3,€) - S (alm) y ) (40 (m:,8) - S alm) w2 ). (5.269)

In particular, q is even iné;
- by] e L(H;FR) is real-valued and is explicitly defined as

V- S(aln)w
b[w) (o) =[] (alin) - S EY. (5260
1+ |Vn|
In particular, by] (a|n; x) is independent of ¢;
- V[y](aln)eL (HSO; (.FR)Z) is real-valued and is explicitly defined as
a
V] (almx):=V{y](alnx) + ———— T (S(aln)w + (Vn-S(aln)w)Vn).  (5.265)
a(1+|vnl’)

In particular, V [y] (a|n; x) is independent of €.
* Aj,>1 is a generic vector symbol as per|Notation 5.1

. Rl[i;’fl] is a smoothing remainder as per|Notation 5.1} its aggregate signature is the one displayed in

Proof. Fix the target gain p. Apply[Lemma 5.30|and [Proposition 5.24|with smoothing index p + 1. If s, is the
Sobolev threshold in|[Lemma 5.30} choose the present threshold so that sy = s, + 1. Since S (a|n) has order
one, y € H% then gives S a|17 v € H*; composing a remainder of gain p + 1 with S leaves gain p. We relabel

all such final remainders as Rl[m R 1 below.
Set
Qy:=S(aln)y
Then, by EG-5259),

2 (aln) [y, v] = 75 (a]n) [Qy, Qy].
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Part 1 (Composition with S (a|n)). By[Lemma 5.30} applied with Q = Q,,, and by Proposition 5.24} we have

2

o ) [ ] = 0p? [ | @ 12 2] (sl )

0
+0pBW ( [Qw] (a|m;x,& ) (aln)y
(5.266)
+Op (A[o >1] Cl|17 Y; X, f [ ]
lin,R
RO (a|n,y)- [1//
Moreover, gives, at the principal orders needed here,
S(al)y =0p™ (437 [y (alrixd) ic]+ [Aos [v] (o) v (olix&)]) | 1)
(5.267)
11n R
*Flpan (elmY): [w]
because the correction —iaéta (17, x,¢) in has order 0.
From|Eq. (5.166)|and [Eq. (5. 164)[ the n- column in|Eq. (5.267)|is
A ) (alns x,€) = —a Ag (1:%,€) - 0y — w3 [y] (afms x)) €. (5.268)
Composing|Eqg. (5.266)|with|Eq. (5.267)|and using the symbolic composition formula yields
0 Sm
Qy, Q + A Qy|-A
o] -op(| 4 1A AT 1]
"l (5.269)
hn R
tR [0=1] (alm.w)- 1//]'
All the symbols in are evaluated at (a|n; x,¢).
Part 2 (y-component). Using|Eq. (5.240)}[Eq. (5.264)} and [Eq. (5.265)} we compute
5,0 . . .
A7 [9] (afmin ) -iet =i [y] (alms ) -+ (1+ |90 Lw] (afix) A5 (i) -
Since , )
(1 9n[) 452 (5 x,€) - = 1+ |Vnl*) A (3 %,€) - & = =2 (mi ,€), (5.270)
we obtain -
Ag? 7 [Qy ] (a]m ) 16T =~ (2,€) b [w] (a|n; x) +i 9 [w] (alm; x) - . (5.271)

This is exactly|Eq. (5.262)
Part 3 (n-component). We now simplify the first component of[Eq. (5.269)] First, by[Eq. (5.240)|and[Eq. (5.268)]

A2 10y]- 43" 9] = ~a (AT (2,6) -y =03 ] (a0 (V] (ol )+ 10 (.€) b ] (ol 0)

(5.272)
where[Eq. (5.270)|has been used in the second factor.
We shall also use the two pointwise identities
J(Qy +(Vn-Qy)Vn)-¢ .
(Qy +( ‘”2) ) =1 (m;x,€) (A(?O"“’L (n;x,f)-ﬂw), (5.273)
a(1+|vnl)
and
1 |0y |* + |2y - Vn|* il vin-Q,
———(Qy - V) Qy — v l-&E=0(m;x,8) | A" (5 x,8)-Q © (5.274)
4(1+|vn|2)( v v 1+|vn|? ( 0 W)1+|Vn|2
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Both follow directly from the explicit formula for Ag *® and from|Eq. (5.4)

Combining [Eq. (5.239)| with [Eq. (5.272)] and using[Eq. (5.273)HEq. (5.274)} the imaginary part cancels
exactly. More precisely, the imaginary part is

o ol S ol V-0,
ia| - ——— | (Qy - V) Qy - v l-E+ M (mx,8) (A" (m5x,€) - Qp| —— | =
4(1+|vn|2)( Y v 1+ |V (45 v) 1+|vn[®
The remaining real part is
ar " (9, Q] (almix,8) + 4577 [y ] (0 x,6) - 47" [w] (alms.€)
, 2 vin-S(aln) v\’ (5.275)
< (56) | (8- 02) (435 (5,8) -5 el ) — aos [w] (o) - - SCDY )
1+|V7)|
By the definitions[Eq. (5.263)|and [Eq. (5.264)} [Eq. (5.275)|is precisely[Eq. (5.261)]
Part 4 (Conclusion). By[Lemma 5.29)
70 (0*|n) =~ gan + Op™" (a5 (p*|m;x,¢) + @21y (0™ |m3 x.€))
mo,R (5.276)

+
o] (o,0%|n)n.

Combining|Eq. (5.276)L Eq. (5.269)[ Eq. (5.271)[ and|Eq. (5.275)[ we obtain exactly|Eq. (5.260)| The parity and
reality properties stated in the proposition follow from the fact that A, is real and even, A 0L s real and
odd, while b [y] and ¥ [y] (a|n) are real-valued and independent of £.

O

5.3.7 Paralinearization of 7

We now paralinearize the term 7 which was defined in [Eq. (2.16)} this is a generalization of the paralin-
earization of 7 provided in|[Proposition 5.32[since 7 can be recovered from 7 in the limit Q — 0. The result
we prove is the following

Proposition 5.33 (Paralinearization of 7). Leto =0, p* = 0 with {p*) >0, and g € R. There exists gy > 0
such that for any o = g, there exist so > 0 and ro > 0 such that for anyn, W € By, g (I;19) and any Q € R?, the
shifted Bernoulli function 7 (p*, Q|17, V) defined in|Eq. (2.16)| admits the following paralinearization:

7 (p*,Qln,¥) =~ gan+0p™" (47 (0 [m:x,¢) + AT (0, Qn, ¥3.,§) + Apo,21) (0,0, 0, Qf1, 5 x,)) m

R £ Ay ). |7
+R[9,21] (U’p ’arQ|77’W) |:1p »
(5.277)
where
o Ale (Fio)z and is explicitly defined as

~ TTo,1] + .

A3 (0™ |5 x,€) = [az (po i) : (5.278)
where
- a;[ o e 1“220 is real-valued and is explicitly defined in|Eq. (5.228)| In particular,
o

ay”" (p*|0;x,¢) = I{

(p*)
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« ATe (1"120)2 and is explicitly defined as

" (a,Qfn, 9 x,¢)
" (a,Qfn ¥ x,8) |’

AT (0,Q|n,%;x,¢) :=

where

Terl >0 18 real-valued and is explicitly defined as
" (a,Qn, % x,) = A1 (:x,€) [qg (@, Qn, 75 %,¢) = (Dean (a,Q|17,u7;x))2] : (5.279)

In particular, af’n (0,Q|n,9;x,¢) is even in&;

Verl =0 s explicitly defined as

ay" (a,Q0m, % x,8) := A1 (1,€) bean (2, 2|0, ¥ X) +i Vean (0, Qfn, ;%) -, (5.280)

In particular, the first term in|Eq. (5.280)| is real-valued and even in ¢, while the second one is the
transport symbol;

‘70 er? >0 s real-valued and is explicitly defined as

~ _ 2
a8 (0 Qfn, 95%,) = (4 02) (AP (5 x,€) - (], 75.x)) (5.281)

In particular, qg iseveniné;

Q(Qn,¥) is explicitly defined as
Q(Qn,¥;x) :=Q[Q] (n;x) + S (a|n) ¥ ). (5.282)
bean € F is real-valued and is explicitly defined as

)] (n; x) VLW'Q(QM,V?;X).

bean (0, Q|n, ¥; x) 1= a vy [Q(Qn,¥)] (n; x) - 5 (5.283)
1+ |V17|
In particular,
bean (a,Q]0,0;x) = 0;
Vean (0,Q|n, 7) € (FR,)? is real-valued and is explicitly defined as
Vean (0, Qfn, 5 x) := V* [Q(Q[n, )] (n; x)
+————J Q@)+ (Vn-Q(@Qfn Fix)) vn). 5289
a(1+|vnl?)

In particular, its nonzero flat part is separated as
A I L 2
{Vcan(a*QM’W) = ZQJ—"'(VCI;ln (a’an»V/)’ q/crelilne(fR) .
Thus Vean (a0, Q|n, ¥; x) is independent of & and

Vean (0,€2]0,0;x) = EQL;

* Ajo,=1) is a generic vector symbol as per|Notation 5. I}

.RR

[o,21

| is a smoothing remainder as per|Notation 5.1

135



Paralinearization of 7y We isolate the background contribution to the zero-th order canonical pressure.

Namely, with Q [Q] (1) defined in[Eq. (2.10)} we set

70[2,9] (aln) = 75 (aln) [2[2] (), (0] (m)] - (5.285)
Equivalently, the full zero-th order canonical term in is

Teano (0%, Q|n) =70 (0*|n) + 70 [ Q] (a]n) - cg.

The local background term has value cg at 7 = 0; this constant must be retained in its paralinearization and
cancels the explicit —cg in the full canonical term.

Lemma 5.34 (Paralinearization of 7ip). Leto =0, p* =0 with {p*) >0, and g € R. There exists po > 0 such
that for any o = o, there exist sy > 0 and ro > 0 such that for any n € Bg,g (I;10) and any Q € R?, the term

%0 [Q,Q] (a|n) defined in|Eq. (5.285)|admits the following paralinearization:

710 [, Q] (a|77)=CQ+OPBW( 1"9,9] (aln; x,¢) + @20 [2.0] (aln; x, 'f))TI”[ 1 [2.0] (aln)n, (5.286)
where

« a]"" e L2(R%T)) is real-valued and is explicitly defined as

al*" (9,0 (afn; x,¢) = 1 (1:%,€) (a5° (2,0 (am:6,€) — (bog [©] (aln; x))?), (5.287)
where

q”“ € L2 (R%TY,) is real-valued and is explicitly defined as
s 2
a5° [, 0] (afn; x,¢) = (4-0?) (A3 (m%,€)- QO] (mix)) s
— bug[Q] € L(R*FR) is real-valued and is explicitly defined as

vin-Q[Q] (n;x)
1+|vn|?

bg [ (alrsx) == a3 [2(0)] (m)] (1) - : (5.288)

* aj =1 is a generic symbol as per|Notation 5.1;

o is a smoothing remainder as per|Notation 5.1
lo=1]

Consequently, the full zero-th order canonical term satisfies

ncan,o(pi,fl|n)=—gan+OpBW( 2" (0*mix%,€) + a7 [2,Q

+ 1oz (20 (0%, alm) 7,

where ago'" is defined in|Eq. (5.228)

Proof. Set

Q] (a|m; x,€) + a1 [2.Q] (0, p* a|n,xé)

(5.289)

ngizﬁ[ﬂ] (1]), 5ng2: ng—Q.

By|Egs. (5.169)|and|(5.170) 5ng is the Sobolev correction whose principal n-symbol is Af’gg [Q] We first
use the bilinearity of 75 to split

73 (aln) [Qbg Qbg] =73 (aln) [, O]
+2m35 (a|n) [, 6Qpg]
+ 7'[; (Cl|1]) [5ng,5ng] .
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The constant—-constant block equals cg at 1 = 0 by[Eq. (2.21)} its difference from cg vanishes at the base point
and is paralinearized in  with Q as an external parameter. In the two remaining blocks we use the bilinear

formula of|Corollary 5.31} applying its Sobolev estimates only to §Q},g and using[Remark 4.14|for every direct

paradifferential action on Q. Composing the Sobolev factors with the canonical paralinearization just cited
and resumming the three blocks gives

710 [Q, Q] (a]n) = cq +0p™" (afz [ Qbg, Qg] (a]m; x,é)) n
+0p®W (Agzm [Qg] (almix,€)- AT [©] (alms,€) ) (5.290)

+Op™ (@021 [0,0] (ol &)+, 12,0 (al) .

We now simplify the order-one symbol in[Eq. (5.290)] From|Eq. (5.240)|and[Eq. (5.170)} one has

*yQ S, _
Ag" [Qng] - A 9]
= —a[A% Qe —ivF [Qug]) |V [Qog] &+ ————— T (g + (V1 Qog) V) - €
( 0 g 3 g ) . g 4(1+|V77|2) J J (5.291)
Vin-Q
+id1 |avy [Qug] - 77—bzg) )
L+|vr|
where all the symbols in the right-hand side are evaluated at (a|17; x,¢) and all functions at x.
The two pointwise identities
J(Qpg + (V- Qpg) V) - ¢ :
(g * i) )< (m3%,€) (452 (5.2, €) - Qg (5.292)
a(1+|vnf?)
and
1 |ng|2+|ng‘V77|2 Bow; L V- Qpg
[ (Qbg- V1) Qg — Vi |-& =M (mx,8) (A" (m%,8) - Qug| ———
afvefogP) U ’ 1+ |vpl (49 J 1+ |vn?
(5.293)
follow directly from the explicit formula for AS;O’“’ andm
Combining[Eq. (5.239)|and[Eq. (5.291)} the imaginary part of the resulting order-one symbol is
2 2 1
1 .Q.b + Qb -VT] . \Y n'Qb
| (g ) 2y e e T Vn) & =M (A - Qpg) ——%
s(1+[vP) L+ |vn) L+ |va|
. J(Qpe + (V- Qpe) Vn) - €
_ a2v§ [ng] A (A(Z)?O,w,J_ .ng) _ ( g ( i) )
a(1+|vnl’)
which vanishes by|Eq. (5.292)|and [Eqg. (5.293)} Hence the principal symbol is real.
Taking the real part and using again we obtain
: . ] . 2 Vin-Qpe |
Re ] [Qug Qg + 457 [Qng] - 477 [Q]] = A1 | (4- %) (457 - Qg S| el - 2 ) |

This is exactly|Eq. (5.287)] The generic order-zero symbol and the smoothing remainder in [Eq. (5.286)|col-

lect the lower symbolic terms from [Eq. (5.169)] from [Lemma 5.30} and from the Bony-Weyl composition

formula. Finally, [Eq. (5.289)|follows by adding|Eq. (5.227) the cg in|Eq. (5.286)|cancels the explicit —cg in
the definition of 7¢apn,0 from|Eq. (2.23a) O
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Paralinearization of 7;, We now paralinearize the term which is linear in the canonical perturbation .

Recalling the decomposition[Eq. (2.23a)} we set
71 (0 Ofn) [7] =273 (aln) [2[0] (). S (alr) 9. (5.290

Lemma 5.35 (Paralinearization of 71). There exists g > 0 such that for any p = py, there exist sy > 0 and ro >0

such that for anyn,¥ € By, g (I;19) and any Q € R?, the term 71 (a,Q|n) (/] defined in|Eq. (5.294)| admits the
following paralinearization:

71 (0, Qfn) [#] = 0P (AT (0, Q| #:x,¢) + A1) (0,2, 5 x,€)) [Li]

(5.295)
R S i) | T
* Rigan) (20 9): [w]
where
. A’fl € (F;O)z and is explicitly defined as
1,1
™ (a,Qn, @5 x,8) = | 1, [ 9] (alm 5)
1 (@ i) a™v Q] (a|m; x,€)
where
- afl e L(R%L(H®;TL,)) is real-valued and is explicitly defined as
0,7 el ) = 20 (.8) | (4- ) (4B (15,8)- 0[] 1)
x (A5 (5 x,€) - (alm) 9 () (5.296)
— bug [Q] (a]n; x) by [#] (alm; x)
In particular, a}"" [Q, 9] (a|n; x,€) is real-valued and even in &;
”' Ver (R%TL,) is explicitly defined as
17 0]l = A (5.) g (93] () 19401 i) €. 5290

In particular, the first term in|Eq. (5.297)|is real-valued and even in ¢, while the second one is the
transport symbol generated by the canonical background;

- byg [Q] € £(R?; FR) is the real-valued coefficient defined in In particular,
bg [Q] (al0; x) = 0;

- by (W] € L(H*; F®) is real-valued and is explicitly defined as

V- S(ajn) @ (x)

by [w] (alm; x) := avs [§] (afm; x) - T il (5.298)
In particular, by (W] (a|n; x) is independent of &;
- Yhg[Q](a|n) e L ([R%2 (F%) ) is real-valued and is explicitly defined as
T [Q] (a|n; x) := V*[Q[Q] (n)] (m; x)
+mu@ (92 (0:) + (V- 2[2] (m:)) V). (5299
Its flat part and nonlinear correction are
The[0] (aln) = 50+ 93 (0] (aln), Uy e £(RE(FR)). (5.300)

In particular, %g [Q] (a|n; x) is independent of € and equals $Q* atn = 0.
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* Aj,>1) is a generic vector symbol as per|Notation 5. I

e RR | is a smoothing remainder as per|Notation 5.1

(0,21
Proof. For the duration of the proof set

Qg =Q[Q](n),  6Qug:=Qg—-Q,  Qy:=S(an)y

Then|Eq. (5.294)|reads
71 (a,Qfn) [#] =273 (a]n) [Qbg, Q]

Part 1 (Application of the bilinear paralinearization). For the target gain g, use|Corollary 5.31|and [Proposi-|
at gain p + 1 and choose the Sobolev threshold one derivative above the one in the corollary. This
is legitimate because Qy = S (a|n) w loses one derivative, and the subsequent order-one composition turns
gain p + 1 into gain p. We also split

75 (a]n) [Qog, Q] =73 (a|n) (2, Q5] + 73 (a|n) [0Qng, Q]

Using the bilinear formula with Q as an external parameter, applying its Sobolev estimates to & Qpg and Qy,
and using|Remark 4.14|for the direct actions on Q, then resumming, gives

1 (o, Q) [7] =20pBW(af;'" [©bg: 23] (0l x,€)) m
OPBW( [Qu/] (alm;x, 5)) “Qpg

+Op ( ng a\n,x{) (5.301)

U]

7 +RE}>1] (0,Q|n, %) 1

+OpBW (A[O,El] (a,Q|T],1/~/; x)é)) N 1//] .

For the background factor we use directly|Egs. (5.169)|and |(5.170)} in particular, the principal n7-symbol of
8 Qg is Af’gg [Q]. Likewise, by|Proposition 5.24

+Ry, .y (aln9)- w] (5.302)

Q= OpBW([AS” [9] (a|m; x,€) 1§l]+A[0>1] (aln,¥;x, 5))

where
A7) (alns x,€) = —a Ag (1:%,€) - Qg () —ivs [ 7] (alms x) ) £ (5.303)

The constant vector Q in [Eq. (5.169)| is annihilated by Bony-Weyl quantization. Therefore, composing
[Eq. (5.301)|with|[Eq. (5.169)|and[Eq. (5.302)} and using the symbolic composition formula, gives

12

X x,Q R = xQ R ~
2a7*" [Qug, Q] + 45° " [Qg] - AR (O] + A7 [Qug] - 477 []
A5 [Qng] it

1 (o, Q) [¢] = OpBW(

(5.304)
S 17 o [0
+0p™ (A (0. Bl dix.8)- | 1] 4 8,y (@0l 9)-[ ).
All symbols inare evaluated at (a|n; x, €).
Part 2 (/-component). Using[Eq. (5.243)|with Q; = Qpg, we compute
o) . . = - ;
455 [Qug] (alms x,€) 16" =194 [Q] (almi x) - + (1+ V0| bog (O] (afms ) 4G (m5,8) -+
Since
(1 [9n ) 452 (5 x,€) - = = a (m5 x,€),

we obtain . i

AG? [Qug] (a]m; x,8) 16 = =11 (3%, €) g [Q] (a|n; x) +1%g [Q] (a|n; x) - & (5.305)

This is exactly|Eq. (5.297)
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Part 3 (n-component). We simplify the first component of|[Eq. (5.304)| The two elementary identities

J (Qng + (V- Qpg) V1) -¢
a(1+|vnl’)

=M1 (m%,8) (Aff""‘”i (m;x,¢) -ng), (5.306)
and
J(Qg + (Vn-Qq) Vi) -5
a(1+|vnf?)

follow from the explicit formula for Ag;"”” and from|Eq. (5.4)| We shall also use

A (:6,€) (49" (m3 x,€) - Q) (5.307)

1 1 Qg+ Qg+ Qg - V1) (- V1
( (Qbg- V”)Qw+ (Qw V1) Qbg - - £+b|gv i2)( . )Vn)-f
a{vefval’) \2 7 (5.308)
M X&) (sl Vin-Qy Bo,w; L VN Qpg
= L2 (AT (5, 6) - Qg | ——— + (AT (5, 8) - Q| ———=
2 ( (n ) bg) 1+|V17|2 ( (n ) U/) 1+|v17|2

This is the polarization of[Eq. (5.293)
Combining|Eq. (5.242)}|Eq. (5.170)} and|Eq. (5.303)} the imaginary part of the first component in|Eq. (5.304)
is a sum of the two brackets

. vin-Qy . vin-Q
(0] TS aeg) T2 2
n

minus the corresponding expression in [Eqg. (5.308)} together with the two transport brackets cancelled by

Eq. (5.306)|and [Eq. (5.307)l Hence the imaginary part vanishes.
The real part is

272" [Qog, Q] + AT [Q] - APT Q] + AT [Qug) - 477 (]

lbg
=21 (m%,€) | (4= 0?) (A4 (1:%,€) - Q) (450 (5 3,€) - 25 (5.309)
. vin-ng)( _ Vin-Qy ]
- Q X)) ——— X)) - —— | |-
(avs [Qug] (15 x) AL avs 7] (aln; x) e vl

By the definitions|Eq. (5.288)|and Eq. (5.298)} this is exactly|Eqg. (5.296)
Part 4 (Synthesis). The identities [Eq. (5.305)| and [Eq. (5.309)] inserted into [Eq. (5.304)} give [Eq. (5.295)

The lower order symbols and smoothing remainders collect the order-zero part of the paralinearizations
of $(a|n) and of 1 [Q] (1), the order —1 column of|Corollary 5.31} and the symbolic remainders in the Bony-
Weyl composition formula.

O

Paralinearization of 7, Recall that 77, is defined in[Eq. (2.23c)} definition that we recall here for simplicity
72 (a|n) [@, 9] = w2 (aln) [¥, ]
so the paralinearization of 77, is provided by|Eq. (5.269)

Proof of|Proposition 5.33. We combine the three homogeneous components in [Eq. (2.22) using the short-
hand

Qg =0[0] (1), Qg = S(aln)d,

so that, by|Eq. (5.282), Q(Qn,v) = Qpg + Q. Since the formulas|Eq. (5.283)|and [Eq. (5.284)|are linear in Q,
this decomposmon gives

bean (@, Q|n, %) = bg [Q] (a|n) + by [#] (aln),  Vean (a,Qfn, 97) = 1 [Q] (a|n) + V9] (a]n).
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Part 1 (Order-two symbol). The only order-two contribution comes from 7, which is paralinearized in
Eq. (5.289)} the order-two symbol is therefore exactly|Eq. (5.278)

Part 2 (Order-one n-component). By|Lemmas 5.34/and|5.35|and|Proposition 5.32, the three contributions to

oM 71,1

the order-one n-symbol are a;,”", a; ", and a’f’n (with ¥ replaced by ¥). Summing and using Q = Qpg +Qy,

0,1 1M N _ .
a” +a"" +al" = Ay (m;%,8) )

. . 2 S
(4= 02) (A2 (15,8) - @ (O, 53))” ~ (bean (0. ], 7))

which is precisely A1 [g] — bz, ), i.e.,|Eq. (5.279)|by|Eq. (5.281)}

Part 3 (Order-one 1-component). The two contributions are a’f“w from|Eq. (5.297)|and af’w from|Eq. (5.262)

with ¥ = ¥. Summing and using the additivity of bcan and Vean,

a4 dV = <2 (1%,€) bean (0, Q0,7 ) + 1 Vean (0, Q| n, 975 %) - €,

which is exactly[Eq. (5.280)

Part 4 (Lower-order terms). All remaining contributions have order at most zero: they come from the
generic order-zero symbols in [Eq. (5.289)|and [Eq. (5.295)} from the lower-order parts of the paralineariza-
tions of Q[Q] (7) and S(a|n) ¥, and from the Bony-Weyl composition remainders. They are absorbed in

Ajo,>1) and R[[R; o1’ giving(Eq. (5.277)|and concluding the proof of|Proposition 5.33

O

5.4 Synthesis: proof of

We now assemble the paralinearizations obtained in the previous subsections in the canonical variables
of The point is that the equation for 1 contains both the canonical background contribu-
tion g* (n) [Q[Q] (7)] and the Dirichlet-Neumann contribution g (a|n) ¥, whereas the equation for ¥ is
the shifted Bernoulli equation paralinearized in [Proposition 5.33] We keep the expansion of the Dirichlet-
Neumann column in ¥ up to order zero, namely 1; + aly, and absorb only the terms of order at most —1 in
the corresponding generic symbol.

Proof. Set )
Qpg:=0[Q](n),  Qy:=S(a|n) .

Thus, by G- G1T]
Q(Qn, §) = Qg+ Q.

Part 1 (Paralinearization of the n-equation). By[Eq. (2.9a)] the first equation is
ne=g" (1) [Qwg] +4(aln) [¢].

We first paralinearize the background term. Write

Qg =Q+6Qpg,  6Qpg:=Qpg— Q.

The canonical paralinearization and its principal symbol are exactly [Egs. (5.169)| and |(5.170); we do not
redefine them here. Since g* (1) is linear in its vorticity argument, split

5" () [Qng] =7 () [Q] +47 (1) [0Qng]

For the first term we use|Remark 4.14} every direct Bony-Weyl action on Q vanishes, while the dependence
on Q remains in the symbol acting on n. We apply[Proposition 5.26to the Sobolev correction in the second
term and compose it with|Egs. (5.169)|and|(5.170)] Resumming the two pieces gives

7" (1) [Qvg] = 0p™ (& " [Qg] (i 0,€) 4145 (m:,€) - A7, [9] (al x,€))

+0p™" (0,211 [Q] (a|m;x,8)) m + rfi;fl] (2] (a]n)n.

(5.310)
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Using|Eq. (5.197)} [Eq. (5.199)} and

(199 [) 452 (5 x,€) & = = a (ms x,€),
the principal symbol in[Eq. (5.310)|becomes

& " [Cug) (1:,) +i.45  (13,€)- AY 2] (a3, €)
VLn : ng)

-5 o5 o] 1)~

+i (V* [Qng] (m;x) + a )I(ng + (V- Qpg) Vn)) ¥ 3

4(1+|vnl*

Equivalently, using|Eq. (5.288)|and [Eqg. (5.299)} we have

5" (1) [Qng] = Op™ (A1 bug +i94g Q] (alms )¢ + ATy _, )+ s (5.311)

By|Eq. (5.300), the transport coefficient in this formula is the sum of the flat velocity %QL and a nonlinear
correction in (F& ),
On the other hand, |Proposition 5.27|applied to ¢ gives, with the order-zero DN contribution kept ex-

I

[0>1] (aln,#;x,8)
A;V1>1](a771//rx'f

Mby +iv[¢] (an;x) ¢

T BW
g (an)9=0p ( Ay +alo

(5.312)
lin,R 7). n
+R[Q 2l (a|n, ) [1/7] .

Here the symbol Ay is the real order-zero symbol defined in the generic symbol in the ¥-column is
now of order —1 because the order-zero part of that column is precisely the term aA( displayed in|Eq. (5.312)
Adding|Eq. (5.311)|and [Eq. (5.312)} and using the linearity of v* in the vorticity argument, gives

)13

u£0 >1] (a, Q|77 7;x,8)
Al 5 (@, Qn,#;x,¢)

n: = OpBW [/hbcan (0, Q|n, ¥;x) +iVean (0, Q|n, 95 x) - €
! A1 (m5x,€) + ado (5, &)

(5.313)
lin,R SIrAN )
+R[Q,21] (a,Q|17,1//) [lp] .
Part 2 (Paralinearization of the {/-equation). By|Eq. (2.9b)} the second equation is
Yi=17 (Pi,m’?ﬂf/) .
Therefore[Proposition 5.33|gives
- ay"" A(nx )("’(aﬂlnwxf) (aﬁlnw )]\ [
- _ +0 BW( (P |77:x5)+ 1D ) 9 ’ can y X ) [~]
Vi 8an P -M (n»x f bcan Ql +1%an CL,Q|77 W’ 5 L4
»Q|77 W»x f
oot (| Ao (@ [ ] (5.314)
P ;}1>1] a»an W,xf 1//
lin,R A -
R[Q =1] (a |n w) [1/‘} .

All symbols in|Eq. (5.314)|are evaluated at the displayed arguments whenever the dependence is not written
explicitly.

Part 3 (Matrix synthesis). Combining [Eq. (5.313)| and [Eq. (5.314)] the terms that are kept explicit in the
quasilinear matrix are the following.
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First, the symbols independent of b.,, and of the transport assemble into

0 A1 +aly
—ga+ ago’n+ﬂllqg 0

Q:

Second, the real order-one terms involving b¢a,, assemble into the Alinhac block

_bcan 0

B=-
bgan bcan

A

Indeed, the first row of B gives 1; b¢ap, in the n7-column, while the second row gives —1,; bﬁan in the n-column
and — A1 beap in the {¥-column.
Finally, the imaginary first-order transport symbols in the two equations are the same, namely

i Vean (0, Q|n, 75 x) - €,
and therefore form the diagonal transport matrix
i(Vean (0,20, ¥; x) - €) Idce.
7
(0,11
are collected in A?U_l ~1p» consistently with the fact that the order-zero DN contribution al has been dis-

lin,R
[0.1]

The remaining terms in the n7-column are collected in A whereas the remaining terms in the 1/-column

played explicitly in Q. The smoothing remainders are collected in R . This gives exactly|Eq. (5.1)

6 Diagonal reduction and proof of Theorem 1.12]

The purpose of this section is to prove [Theorem 1.12| The argument proceeds by a cascade of paradiffer-
ential conjugations that progressively simplify the canonical CDE the real paradifferential sys-
tem is brought to a fully diagonal complex form with purely imaginary positive-order symbols,
and a modified energy for the resulting scalar system satisfies a closed Riccati-type differential inequality.
A prescribed-background regularization followed by a Kato—-Bona-Smith argument then yields existence,
uniqueness, and continuous dependence. The section is organized as follows.

* [Section 6.1|introduces the real Alinhac good unknown Yy := [gAl
Al

conjugation G of|Definition 6.1} The conjugation is exact by[Eq. (6.2)} leaves the elevation component
unchanged, and removes the off-diagonal Alinhac block B from|Eq. (5.1); the reduced system is stated

in|Proposition 6.2

. reformulates the Alinhac-reduced system in complex scalar variables. Under the strict
Atwood-Weber stability condition[Hypothesis 1} the principal symbol of the resulting system is block-
diagonal with purely imaginary entries of order 3/2; the complex paradifferential system is recorded
in|Proposition 6.4

, defined by the nilpotent triangular

. diagonalizes all positive-order symbols of the complex system via two successive paradif-
ferential conjugations. The quasilinear order-3/2 block is treated in[Section 6.3.1} the explicit order-1/2
off-diagonal block is treated in|Section 6.3.2] The outcome is the fully diagonal positive-order system

of[Proposition 6.7} with diagonalized unknown W.

* [Section 6.4|constructs a modified energy E for the diagonalized system. The multiplier A; is diago-
nal, with each entry a scalar function of the corresponding diagonal symbol d; of DEO. The resulting
Poisson-bracket identity eliminates the potentially derivative-losing subprincipal commutator and
yields the closed Riccati estimate of[Proposition 6.11} the associated uniform a priori bound is[Corol|

b.14.
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. applies the same reductions as linear operators on an increment over a prescribed back-
ground. The resulting flow estimate and the tame dependence of 3[Y] yields the local Cauchy theory.
This local theory is then combined with the inverse-size a priori estimate of [Proposition 6.10, The
Hamiltonian part remains of size O (¢), whereas the missing undifferentiated low-frequency compo-

nent of ¥ is controlled by[Lemma 6.18} the continuation criterion then gives T, > 1.

6.1 Areal Alinhac good unknown

The purpose of this subsection is to remove the Alinhac block B displayed in|Eq. (5.9)| We work directly on
the real paradifferential system|Eq. (5.1)} written for

Y .=

)

The transformation is triangular and nilpotent. It leaves the elevation component unchanged and replaces
the potential component by the usual Alinhac good unknown.

Definition 6.1 (Real Alinhac good unknown). We define the matrix symbol

S 0 0
N :Q y ; = a ~ . 61
(Cl |77 v X) bean (Cl,Q|1],w; x) 0] 6.1
In particular,
N*=0. (6.2)
The associated paradifferential operator is
G(a0,Qn, %) :=1dc + Op™W (N (a, Qn, ¥; x)). (6.3)
Equivalently, the Alinhac variable is
Al I AN|
Y = ~ = G y Q ) ~ | 6'4
W= gy | = Gl v) [u/] o
that is,
na=mn, 1/N/Al = 1? + OPBW (bcan (a’ Q|T]» 1/7; x)) 1. (6.5)
By|Eq. (6.2)} the inverse is exact:
G(a,§_2|17,1/7)_1 =Idez — Op"W (N (0, Q|n, 3 x)). (6.6)

Proposition 6.2 (Real Alinhac reduction). Let the assumptions o hold. If (n,¥) solves|Eq. (2.9)|
and if Y| is defined by|Eq. (6.4)} then

d,Ya =0pBY (Q (0, Q7,95 %, &) +i (Vean (0, 2|0, 7 x) - €) Idez + AP (0, 0, 73 x, g)) Yai

+R”ﬁ9y21] (0,Q|n, %) Yar.

The objects entering|Eq. (6.7)|are defined as follows.

* Yy is the real Alinhac unknown defined in|Eq. (6.4)} equivalently, its components are given in|Eq. (6.5)
In particular, the elevation variable is unchanged, while the potential component is corrected by the

Alinhac coefficient bcan, defined in|Eg. (5.10)
* Q is the quasilinear off-diagonal symbol defined in|Eg. (5.3)

* Vean 1S the canonical transport velocity defined in|Eq. (5.12)

RAI . . . s
* A isageneric lower-order matrix symbol satisfying

(6.7)

; rd, I
AN (0, Qln5x6)e | ! ol (6.8)
=1

=1
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2x2 . . .
. R[FQ o) € (R9,)7" is a generic smoothing remainder.

Proof. By[Egs. (5.1)}[(5.3)land|[(5.9)] the real paradifferential system can be written as

atY:OpBW(Q+B+T+Ai'§,)Y+R?Q Y (6.9)
where, in this proof only,
T :=i(Vean (0, Q|n, ¥; x) - §) ld¢z, (6.10)
and o .
A[R c le rzl )
R LA

The goal is to prove that the triangular good unknown
G =1dc +OpBY (V)

removes the Alinhac block B from the positive-order part. We shall use repeatedly the following conse-
quence of [Definition 4.22} [Proposition 4.24} and [Lemma 4.25} after choosing the truncation order g in the
Bony-Weyl product sufficiently large,

0p™ (4)0p®" (C) = 0p®" (4#,C) + RY

(0=1]’ (6.11)

for matrix symbols A, C of the orders occurring below. Moreover, if f € F < Fgl is independent of ¢ and
acT”, then

=0’

attof = af + am-1,21), fHoa=fa+aym-121, aim-1,21] € F'z”fl. (6.12)

All smoothing errors generated by|Eq. (6.11)|will be absorbed into the final R”ﬁg o1)"

Part 1 (Conjugation of the equation). Since
Ya=GY, Y=G 'Yy,

we have
0;Ya=(0,G) G 1Yy +Ga,Y. (6.13)

Inserting[Eq. (6.13)]into[Eq. (6.9)]and using|Eq. (6.6)} we obtain

0:Yn=|0:6) G +GOp™ (Q+B+T+A}) G| Y+ GRY, | GV, (6.14)

The first term in the square bracket will be treated separately. The second one is the spatial conjugation to
which the paradifferential formula below applies.

Part 2 (Algebraic cancellation). Let us first highlight the Alinhac cancellation of the B term. We write

b:= bcan, Al = ﬂ“l (17, x!é) ’ q12 = Al (77, x!é) + aﬂ'o (77, X, é)

and

. To,7)
g2 = —ga+ a,

Then|[Egs. (5.3)land|(5.9)|read

(0*[mx,€) + A1 (5%, €) 4F (0, Q| n, 3 x,€).

:[0 qi12

b 0
Go1 0]’ B_}Ll[— ]

w2l (6.15)

Moreover, by|Eq. (6.1))
Idcz +N= [2 (1) ,

Idcz—N:[l O]

-b 1

At the pointwise symbolic level, isolating the principal upper-right entry A, one has the exact cancellation
1 0 0 M b 0 1 0
b 1f\|ga © -v*> -b|J|-b 1
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For the full upper-right entry q;2 = 11 + aly, the same pointwise multiplication gives

1 0
b 1

Since A9 €T, and be F cI'?, the residual term in|Eq. (6.16)|belongs to

-b 0

(Q+B) 2 bl (6.16)

1 0
_b 1] —Q+Cl/1()

re, o
0 0
rzl le

)

and will be absorbed into the lower-order symbol.

Part 3 (Paradifferential formula for the conjugation). Let A be any matrix symbol of the orders occurring
below. Since Op®W (N) has only one nonzero lower-left entry, one has

OpPY (W)’ =0, 6 '=Ide - OpPW (),
as recorded in|Eq. (6.6)] Hence, at the operator level,

Gop®V (4) G = 0p®VW (4) + OpBWY (V) OpBW (4) - 0pBY (1) Op®W (V) — OpBWY (V) OpBW (4) OpBWY (V).

Applying|Eq. (6.11)|to each product, and using[Proposition 4.24|and[Lemma 4.25} gives

0p®" (V) 0p®W (4) = Op®W (N#,4) + R[FQ,ZI], (6.17)
0p®" (4) Op™W (V) = Op®W (A#,N) + R[ﬁ),zl], (6.18)
Op®"W (N) Op®¥ (4) Op®W (V) = Op®" ((N#,A4) #,N) + R[FQ,ZI] . (6.19)

In the last line, the smoothing remainder produced by the first composition is composed once more with
the order-zero operator OpB"W (N), and is still absorbed by RRQ o1 after decreasing and relabelling p. Here #,

denotes the matrix product whose entries are composed with the scalar Bony—Weyl product, and we denote

N#,A#,N := (N#,A)#,N.

Therefore

GOp®™ (4)G™! = Op®"W (Aconj) + R[FQZI] : (6.20)
where

Aconj:= A+ N#,A— A#,N — N#, A#,N. (6.21)
All smoothing remainders generated in [Egs. (6.17)|to((6.19)|are absorbed in the generic matrix remainder
R"ﬁg o1’ after decreasing and relabelling p.

Part 4 (The quasilinear and Alinhac blocks). Set

P:=Q+B.

Applying|Egs. (6.20)|and|(6.21)|with A = P, we have

GOp™ (P) G~ = 0p™ (Peonj) + R, 1,

where
Pconj:= P+ N#,P — P#,N — N#,P#,N. (6.22)

Using|Eq. (6.15)} we have

= Arb qi12
- [fhl - b? —/hb] ) (6.23)
Since
0 0
V=1, o)
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the matrix structure gives

0 0
N#oP= | ) bhyas) (6.24)
_ qlg#pb 0
PhoN=| 3 oeb o) (6.25)
N#,P#,N = 0 o (6.26)
(b#gﬂlz)#pb 0

The important point is that ¢»;, although of order 2, is never differentiated by the Bony-Weyl corrections
generated by the triangular conjugation. Only g2, A1 b, and b enter the composed symbols. Combining
[Egs. (6.22)]|to[(6.26)} we get

Mb—q2#yb P

. 6.27
(o1 — M B? + ity (M b) — (A1 b) #,b— (bt p o) #b —Ayb+ bitpqnz 627

p conj —

We now expand each product by|Eq. (6.12)| Since be F c Fgl, AL € Flzo, and g1 = A1 +adp € 1"120, one obtains

q2#eb = q12b + app >1), (6.28)
b#oh2 = qrab+ ap 1), (6.29)

b#, (A1b) = M b* + ag 1), (6.30)
(~A1D) #pb = =11 b* + ag 1), (6.31)
(b#oqr2) #ob = qr2b* + ajo,>1). (6.32)

Here ap,>1) € I'?, is generic: the first neglected Weyl correction contains one ¢-derivative of an order-one
symbol, while all further corrections have lower order. Substituting|Egs. (6.28)|to|(6.32)|into|[Eq. (6.27)|yields

b o] [I% o e, o
Pconj=Q+alg I + r21 F‘il =Q+ 1“21 F‘ll . (6.33)

Part 5 (The transport block). Let

T:= 1%ean (a,Qn, ¥; ) - ¢, T :=7ldce.
Applyingl|Egs. (6.20)|and ((6.21)|with A= T, we have

GOp™(T)G™! = Op™W (T cony) + R“ﬁg'zl],
where

Teonj:= T+ N#,T — T#,N — N#,T#,N. (6.34)

Since T is scalar in the matrix indices, it commutes with N at the pointwise principal-symbol level:
NT-TN=0, NTN=1tN*=0.
At the Bony-Weyl symbolic level,

0 0

NitpT=THoN = | by v v#,b 0

)

and N#,T#,N = 0 by the same lower-left matrix structure. Since we have that b is independent of ¢ and

0:T = 1%an (0,Q|n, ¥; x), then using the first Weyl correction in [Definition 4.22and then the composition
rules in[Proposition 4.24} we get

b#oT — T#ob = = Vean (0, Q0,93 x) - Vb + aj—1 >1).
Consequently, by[Eq. (6.34)

Teonj =T+ ’ o * [t o
conj = _%an(a,ﬂin,ﬁ/;x)-Vb 0 1—‘;% 0

0 o
—T+[rgl .

(6.35)

Thus the transport symbol is unchanged at order 1, and all new transport contributions are lower order.
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Part 6 (The original lower-order symbol). Applyl'nglEqs. (6.20)| and|(6.2 1)|With A= A”f;, we have

GOpBY (Ai{)) G' = opBW (A[R,Al,lo) 4+ RR

where
RALlo ._ 4R R _ 4R _ R
Aconj = A, + N#p Al — Al #o N — N#p Aj #oN.
Write
R ayn aa 0 -1
A, = ) a, a1, az €I'5y, a2 €T37.
azy a2

The pointwise products generated by the triangular matrix are

0 0
bau ba12

alzb 0

R _
NA]O a dng 0

R a7 R a7 —
,  AN= ,  NAYN=

0 0
b(llzb 0|

Since b € F c Fgl, these products have the same matrix order structure as AE; . The Bony-Weyl correc-
tions only differentiate symbols in x and &, and every ¢-derivative lowers the symbolic order. Therefore, by

[Proposition 4.24]and [Lemma 4.25)}

e, 1o
5;?11]:10 st (6.36)
rzl le

This contribution is included in AiR;’Al.
Part 7 (The time derivative of the good unknown). It remains to treat the first term in|Eq. (6.14)| Note that

0 0
b 0

0 0
ob 0

0 o

N= .
e, o

€

y OtN:[

In particular, the product of the two corresponding lower-left matrix operators is exactly zero:
op®W 4,N)0p®W (W) = 0.
Thus, using the exact inverse G~ = Id2 — Op®W (),
0:6)G ' =0p®V (o, N). (6.37)

This term is included in Op®W (A;%Al).

Part 8 (Smoothing remainders and conclusion). The map
A— A+ N#,A— A#,N — N#,A#,N

appearing in[Eq. (6.21)|is linear in A. Therefore the spatial conjugation in[Eq. (6.14)|is obtained by summing
the three contributions computed above with A= P, T, A.

It remains to control the smoothing remainder in The operators G*! are the identity plus an
order-zero paradifferential operator with coefficient controlled by the same tame norms as bcan. Therefore,

by|Lemma 4.25

2x2

GR? .G 'e(RY)7,

lo=1]
after decreasing and relabelling p. The same convention absorbs all smoothing remainders produced by
the symbolic compositions in|Eqg. (6.11)

Collecting[Egs. (6.33)|and[(6.35)|to[(6.37)|inside the conjugation identity[Eq. (6.14)} we obtain

0, Yy = OpBW (Q +T+ AE“;AI) Ya+ R® Y, (6.38)
[>1]
with o .
. -
R,AL >1 =1 R o \2x2
4y ro, o |’ R, -1 € (R2)™

Recalling the definition of T in[Eq. (6.10)} this is exactly|Eq. (6.7)
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6.2 Complex formulation

Throughout this subsection we assume [Hypothesis 1| Hence, by [Proposition 3.4} d (a,Q|€) < 0 for every

¢ € R?\ {0}, and the two branches of the flat linearized CDE are purely imaginary and simple. We use the
positive frequency introduced below to complexify the real Alinhac unknown and diagonalize the positive-
order flat dynamics.

Definition 6.3 (Complex Fourier multipliers and non-homogeneous coordinate). Assume fix
the even low-frequency cut-off y of[Eq. (4.7), and let ¢ € R? \ {0}. We introduce the following objects.

1. Homogeneous dispersive multipliers. The order-3/2 dispersive frequency is

w3 (0,0]6) 1= /0,0 O T2, (6.39)
In particular, by[Eq. (3.4)}
o (a,0¢) :—gq(a,mé). (6.40)

Thus the two branches in|Eq. (3.5)|are obtained by replacing v/2 with iw 3.
The order-(—1/4) symmetrizing multiplier is

m_1 (a,0[¢) = NS S (6.41)
2w; (a,Q¢)
Equivalently,
Lig oy 203
m?, =2 =-—2  mi=— (6.42)
1 w% q 4 |€|

where all quantities in are evaluated at (a,Q[¢).

The homogeneous leading capillary frequency and symmetrizer are

@3 (a,0]¢) =, /2<(Zi>> &3 e I3 (6.43)

and
w1 (a,Q¢):= NS S (6.44)
2w3 (a,Q|£)
In particular,
. =1 2.2 ~_3 -2 -2 ~_1
w3 —ws€elz, m°,—-m°, el 2, mi-—-m el 2, (6.45)
2 2 ~1 ~1 ~1 ~1

2. Non-homogeneous complex coordinate and flat defect. Define, initially for ¢ # 0,
m™ (@,Q[¢) =y @+ (1= ©)m_s (0,2[¢), (6.46)
4

and extend it smoothly through ¢ = 0, where it equals 1. In the following two matrix displays, every

occurrence of m™! is evaluated at (a, Q|€). The non-homogeneous complex diagonalizing matrix is
~q

-1
] I
M(a,Q|é):=— S : (6.47)
N [
4 4
Its inverse is N N
L1 m™] m™]
0 i -1 4 -1
M(a,Q|§) AR (mn}}) i(mn}}) . (6.48)
~1 ~1



The complex coordinate is

U= "= M(0,Q|D) Yy,  Ya:= 7.7.‘“], (6.49)
Yal
where Yy is defined in
Finally, define the diagonal sign matrix
-1 0
Ja=| 1] (6.50)
and the flat low-frequency defect
Ciin( ¢ N L
A" (0,9)¢) = M (a,0Q¢) i 2 | M(a,Q¢)
q(a,Qfe) 0 (6.51)
-(1 —X(f))iw% (0,Q]¢) Jq
For later use, we recover the real Alinhac variable from U by
a1 (U) =1 -1
- =M|(a,Q|D) "U. 6.52
| =M E2IP) (6:52)
The coefficients of the real Alinhac-reduced system are evaluated on the physical variables
n(U) - . -1 (na1(U)
- =G(a,Qn),y (U - , 6.53
] = OO g @) (659
where G is defined in More explicitly, by[Egs. (6.5)|and|(6.6)}
nW) =na@), ¥ W) =g U)—0p"Y (bean (a, 2|0 (1), F (U); x)) a1 (U). (6.54)

Proposition 6.4 (Complex form of the Alinhac-reduced paradifferential system). Let the assumptions of

Theorem 5.% and |Hypothesis 1| hold. If (n,1) solves the canonical CDE|Eq. (2.9)} if Ya is the real Alinhac

unknown defined in[Eq. (6.4)} and if U is defined by|Eq. (6.49)} then

0:U = 0p™ (4™ (0,018) + (1- 1 (©)) iw; (0,9]¢) Ja 1dee + EG, o (U3 x.€) )| U

+0p™ (i (Vean (0, Q0 (), ¥ (U); %) - &) 1de2) U
+0PBW((1 —x &) A5 (0,Q|U; x,8) |5|%) U
+0p™Y (Ajp,>1) (0, Q|U; x,8)) U+Rjy) (a,Q|U)U.

where:

e U= [g] is the complex Alinhac-reduced unknown defined in|Eq. (6.49)

(6.55)

; the physical variables n (U)

and y (U) are recovered through the inverse real Alinhac map in|Egs. (6.53)|and|(6.54)}

e AL (a,0)¢) € (F9)**? is the Fourier-localized symbol introduced in

N = =3/2 - . T . |
w3 (a, Q|€) € I’ is the scalar Fourier multiplier defined in|Eq. (6.39)
* ]q is the diagonal sign matrix defined in|Eq. (6.50))

; 5 2x2 | o . .
. Egl,o (U;x,E) € (T2,)7 is the homogeneous degree-zero quasilinear matrix coefficient

By (Ui &)= j(‘g f; (U;x,8),

where the scalar homogeneous coefficients are
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- é€ 1"01 and is explicitly defined as

vJ_
éo (U; x,€): \/1+|vin(U) 5| 1+] —|-L (6.57)
(1+[vn @)’
- foe Fgl and is explicitly defined as
1+ |Vl ~2
fo(U;x,é) = 5 \/1+|vin(U)-f| ; (6.58)
(1+|vn(U)| )’

* the transport is kept in the explicit scalar form
i(Vean (0, Qn @), ¥ (U); x) - €) ez,
where Vean is defined in|Eq. (5.12)}

o AS(a,Q|U;x,é) € (rgl)zxz is the homogeneous degree-zero coefficient of the explicit order-1/2 block. It

is defined by .
A§ (0,Q|U;x,8) =1 _“lgc ﬁo (0,Q|U; x,€), (6.59)
0 0
where
o be-at .
a§ (a,Q|U;x,6)::%(a,ﬁw;x,f), (6.60a)
<C_ LC
B5 (a,Q|U; x,€) = % ;b" (0,Q]U;x,8), (6.60b)
ag (a,Q|U; x,€) = ,/<< >>/10(17(U) ;%,6), (6.60c)
_ 2 +
Eg(a,Q|U;x,$)::4 2«5 ) 1+’VJ-T](U)’$|2

16

@4 &%\ 1+ |vin @y

2
y (ABO‘"L(n(U) %,8)-Q(Qn W), ¥ W); x)) - (6.60d)

3
(1+[vn @)’
Here Ay is defined in , Ag‘)"” is defined in ‘ and Q is defined in
* Ap=11 € (rgl)zxz is a generic matrix symbol as per

2x2 . . . )
* Rpp=) € (Rgl) “isa generic smoothing remainder as per|Notation 5.1

Lemma 6.5 (High-frequency diagonalization of the constant-coefficient linear part). Assume|Hypothesis I
Then AZ™, defined in|Eq. (6.51)| belongs to (T°)**%, and

M (0,Q)¢) Lo (&) M (a,0[¢) " = ig (@ ldez +(1- x ©)iws (a,Q[¢) Ja+ 4™ (a,Q1¢). (6.61)
On the low-frequency core where y ({) = 1, one has
€] <]
o i a(eQfe)- ‘t g (a,9[¢)
A" (@009)=5 | g R 062
—(—+q a,Q|€) > (a0,Q¢)

Consequently, under the change of variables in|Eq. (6.49)| the linearized equation|Eq. (3.1)|is equivalent to
a - . -
0:Uiin = i (0" - D) U + O™ ((1 - 1 ©)) i3 (1, 2]¢) J) Uin

o (6.63)
+0p™ (45" (a,0¢) ) Uiin,
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Proof. By[Egs. (3.4)|and|(6.39)}

= <] = ¢
200l = S0l of(@0]8)=-Sla(0f)
Moreover, [Eq. (6.42)|gives
qm21 =—-ws, |€_|m_21 =ws,
% 2 2 i 2

nh

4

where all multipliers are evaluated at (a, Q|E) On the high-frequency region where y () =0, one has m

m_1; hence ordinary matrix multiplication yields
4

0
q

16l
M (2) M= iw3Ja,  on supp® (x)- (6.64)

The transport part i2 (Ql 6) Idc2 is scalar and therefore commutes with M. Combining |Eqs (3. 3)|, |(6 51)|
and [(6.64)| proves [Eq. (6.61)] The defect vanishes where y = 0, and is therefore supported in a fixed low-
frequency ball. Since the symbolic calculus i 1s restricted to |{| = 1/2, it belongs to (FO)

On the core where y = 1, one has m = 1. Direct multiplication of the two constant matrices in
[Egs. (6.47)|and|(6.48)|gives|Eq. (6.62)] Flnally, [Eq. (6.63)|follows from|[Egs. (3.1)}(6.49)|and|(6.61)! O

Proof of{Proposition 6.4 Throughout the proof the physical variables 1 (U), ¥ (U) are those recovered from
U through [Egs. (6.53)| and [(6.54)] We use the notation of symbols Aj;,>1) and smoothing
remainders Ry, >y are generic and may change from line to line.

Part 1 (Real order splitting). We first split the nonlinear increments of the real off-diagonal entries according
to their symbolic order.
The homogeneous order-one Kelvin-Helmholtz shear symbol is

. —a? (8P
G (0, Q)¢) = ——= (o el (6.65)
8 1<
The real order-one and order-zero increments in the upper-right entry are
8121 (0,Q|U; x,8) 1= M1 (n(U)5x,8) — 5' — el (6.66)
86120 (0,Q|U; x,8) := ado (n(U); x,€) € le, (6.67)

where 1; and A are defined in [Egs. (5.4)| and |(5.5)} The real order-two and order-one increments in the
lower-left entry are

€% eT?, (6.68)

8212 (0,Q|U; x,8) := a)" (p* n(U); x,&) +

<<+>>

8211 (0,Q|U; x,8) 1= 4 (n(U); 5,€) g7 (0, Q| (), 7 (U); x,€) — 45" (a0, Q&) € TL,. (6.69)

Here ago'" and qg are defined inlEqs. (5.6)|and|(5.7)[
With this notation, the real off-diagonal quasilinear block in[Eq. (5.3)|decomposes as

= 0 L1 +0q12,1+0¢q =
Q(a,0|U;x,¢) = ‘ ‘ g O TOq20 (4 O|U;x,¢). (6.70)
q+06G21,2+06G211 0

The flat entries |¢| /2 and q (a,Q|¢) are defined in
Part 2 (Conjugation of the equation). By[Egs. (6.49)|and|(6.52)}

U=M(a,Q|D)Yy, Yu=M(a,Q|D)"

Since M (a,2| D) is a Fourier multiplier independent of time,

0:U=M(a,Q|D)d; Y (6.71)
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Using|Eq. (6.38)} the Alinhac-reduced real equation can be written as

0: Yy =0p™ (Q+ T+ AZN) Yar + Ry Ya. (6.72)

Substituting[Eq. (6.72)|into[Eq. (6.71)|gives

0.U=MOp™ (Q+ T+ AN MU+ MRy, . M U. (6.73)

We study each term separately.

Part 3 (Paradifferential formula for the complex conjugation). Let A(U;x,¢) be any matrix symbol whose
structure will be specified below. We define

Cu[Al(a,Q|U; x,&) 1= M(a,Q¢) #,A (0, Q|U; x,€) #,M (a,Q]¢) " (6.74)

Note that if A = A(a,Q|¢) is a Fourier multiplier independent of U and x, then the relation [Eq. (6.74)|simpli-
fies into the classical conjugation

Cr Al (0,2[6) = M (0, 2[¢) A0, 2[6) M (a,0[¢) ™"

and

mMop™W (M =0p™W (MAM™). (6.75)
In|Eq. (6.75)} all matrices M *1 are evaluated at (a, Q|D) when considered as the conjugating operators and
at (a,Q2|¢) when considered as symbols. Since there is no possible confusion, in what follows, we alleviate
the notations removing this dependence. Otherwise, if the matrix symbol A belongs to (T g)zxz, then, by
the Bony-Weyl composition formula [Definition 4.22|and |Proposition 4.24|and by the composition rules in

LLemma 4.25)

MOop™Y (A M~ = 0p™V (Cm[A]) + Ry -y)- (6.76)

Indeed,
MOp®Y (4) = 0p™Y (M#,4) + R, -1, (6.77)
Op®" (M#,A) M~ = Op™" ((M#, A) #,M™') + Ry o) (6.78)

The smoothing remainder produced in the first composition remains smoothing after composition with the
Fourier multiplier M~!, after decreasing p by a fixed amount.

Part 4 (Conjugation of the linear Fourier multiplier and transport component). By|Eq. (6.70)]

0
q

0 0 qi12,1

€l
2+
0 0012 0

Q:

0 56712,0]
04G21,1 0o |

Moreover,
T =i(Vean (0, Q|0 (U), ¥ (U); x) - €) 1dce.

By[Egs. (2.93)}[(3.13)|and|(5.12)} define

_ - _ a -
Vo1 (0, Q|U; x) := Vean (0, Qn (D), ¥ (U); x) - ZQL e (r%,)%.

Consequently,
T= iz (4 &) Idee +i (V2 - &) Idee,
and, by[Eq_(33]

Q+T=L0+

0 54'12,1] +[ 0 dq120
6421, 0 64o1,1 0

Applying|Lemma 6.5|and [Eq. (6.75)|gives

+1(71 -8 Idee.

MOp™ (Lo ) M~ = 0p™ (£ (0 ¢)ldes + (1 - ©) iwy Ja + AT™).
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For the remaining transport component, apply [Egs. (6.74)|and [(6.76)|with A =i(7%; -{)Idcz. Its pointwise
conjugation is unchanged because the symbol is scalar in the matrix indices. Every non-pointwise Bony-
Weyl correction is of order zero and at least one-homogeneous in U. Therefore

Cm [i(921-O)1de2] =1(7%1 - &) Ide2 + A 21y

Recombining the flat and nonlinear transport contributions yields

0.=1]

0 0dr2,1 0 12,0 (6.79)
cop™ (Curl [y, 6 Lo " 5])
P MI16Gn, 0 0ga11 O

It remains to analyze the last term in[Eq. (6.79)

Part 5 (The high-frequency quasilinear block and the explicit order-% block). All positive-order terms are

lo

MOpPY (Q+TYM™ = OpBW((1 ~X@)iws Ja+ AZ™+ T+ A[O,EH) +R,|

extracted on the high-frequency region suppE (x)- On this region
™ (0,01) =m_, (a.8]¢).
4

The complementary low-frequency contribution is compactly supported in ¢, hence it corresponds to bounded
operators. Moreover, since 04121, 6§12,0, 0 G212 and dg»1,1 are at least 1-homogeneous in U, such contri-
butions are included in the generic bounded symbol Ao >1;. In what follows, we shall only work within this
high-frequency region. Given two scalar symbols a, b, we define

b—a a+b
—(a+b) —-(b-a)

A(a,b) =

With this notation in hand, one readily has on supp® (x),

_1 -1 -1
Cm b0 _E‘%}(m—i#ﬁ’a#?m—i’m—i#gb#"m—i)'

[Oa

Now, observe the following Weyl cancellation: If m = m (¢) € T'¥ is a scalar Fourier multiplier, then for any
cel'’, wehave

- 2u+m—2
>1 :

m#pctom=m?c+T (6.80)

Indeed, the first-order Weyl corrections cancel because the same multiplier appears on both sides of c.

1

Applying|Eq. (6.80)|with either the couple (m,c) = (m: 1 a) € l:i X Flzl or a couple (m,¢) = (m_ 1 b) el 1 x
4

I2,, we find on supp’ (x),
i

0 a _
=—-A (m Zla,mz 1 b) + A[0,21]~ (6.81)
2 1 1

CM[bo

According to the explicit formulae[Egs. (6.41)|to[(6.44)} one can check that

w3
m?2=—2m? (6.82)
1 w%

and

w3 5
m2. - w_ZmZ =¢h 47z, (6.83)
3
2
with ¢, defined by
2

el 3. (6.84)
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Inserting|Eqs. (6.82)|and|(6.83)|into |Eq. (6.81)l we infer for any a € 1"121 and be FZZI, on suppc (x),

i 03

0 a — 2 2 =2 2 2 i .sh
CM[ P —Zd)ie@(miia,miib)+2<@(0,c_% )+ Ap2. (6.85)
2

We now extract the quasilinear order-3/2 correction. Applying[Eq. (6.85)|with the pair
(a,b) = (8G12,1,8G21,2) €TL, x T2,

we obtain by definition|Eq. (6.56)|that on suppB (x),

0 dqu21]] _. e i .sh -
CM [ [5QZ1,2 0 = 1w%]quL0 + E% (0, C_%5q21,2) + A[O,zl]y (6.86)
where .
. e fo
EC =" o,
a0 fo éo
with

0?  §Go12 - M 26412,
ey = —— — , (6.87)
Zw%

. _2 . . 2 .
Wm_10q12,1 +m°,6G01,2
4 4

for=- (6.88)

2w

[NIY

By[Egs. (5.4)}[(5.228)}[(6.43)} [(6.44)} [(6.66)| and[(6.68)] we compute explicitly
\/1+|vin-$|2—1), (6.89)
1+|vin-&[°
(1+vn )’

Inserting [Egs. (6.89)|and [(6.90)|into [Egs. (6.87)|and (6.88)L we get[Egs. (6.57)|and (6.58)L Similarly, one can
apply[Eq. (6.85)}to the pair

=2 o . .
m_léqlg,l = w%
4

0?81 = d)% 1- (6.90)
4

(a,b) = (8¢12,0,6G21,1) €T2; xTL,

and get on supp® (x),
0 56']12,0 _ i L2 o .2 .
Cum [ [5(.]21'1 0 = 2,@(111_%56]12,0,111_%56]21’1) +A[0,21]. (6.91)
w ~
Indeed, % =1+1"2 so the remaining terms create only bounded symbols. Now observe that the cut-off
2

function being with compact support, for any me Rand any A, B € (F’Z"l)zxz,

(4=B on supp‘(y)] = A=(1-x@©)B+Apz. (6.92)

Putting together|(Egs. (6.79)}[(6.86)}[(6.91)|and[(6.92)] we have obtained

MOp™ Q-+ 1) M~ = 0p™ ((1 -y (©))iw; Ja (1d+ EG o) + AL + T+ (1 -y (©)) A + App2 ) + Ry

ql,O 9,21]»
(6.93)
where .
1
AE =— (:@ (0, és_h§6c']21,2) +<@(ﬁ1:2l5(:]12_0,ﬁ1315q.21y1)) . (6.94)
2 2 2 1 1
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We are left with the explicit computation of the symbol Ag in|Eq. (6.94)| Note that we can rewrite
2

. 1 . o
AE = A5, A5 2 -7 (a5, 05),

DN | e

where
C._ rl—-% . -24.
a() = |6| 2 m_16q12,0»
4

bg = i [t’hz_;@élzl,l + ts_hgéélzl,z] .

Combining [Egs. (6.43)} ((6.44)| and|(6 67)} we immediately obtain the explicit expression [Eq. (6.60c)|for a§.
The explicit computation of b requires more explanations. We compute the two contributions separately.

First,[Eqgs. (5.4)}[(5.7)}[(6.65) and (6.69)|give

\/1+|VLn(U) (A3t Wi x,8) -2 (@I W), W) x))

86p1,1 (0,Q|U;x,€) =

_4_ @*-§°.
Moreover,
|é|—5m31(a,0|é)=m|5| !
Therefore 4

€172 @2 a,Qif 86211 (0,Q|U; x,¢)

2{p*)

16 o

Second, by|[Egs. (5.6)|and (6.68)L

\/1+|an(U) | (A%“(n(U) %,8)-Q(Qn W), ¥ W); x)) (QL-E)Z]. (6.95)

1+ Vin(U)-
6q212(aQ|Ux€) 5 |€| | L é-|3
<< ) (1+|vn(U)| )E
Using[Eq. (6.84)} this gives
2{p*y - . 1+ |VEin(U)-
675 (0,018 82 (0, Vs 1,8) = <<§>>(Qi-)2 ( [V ? (6.96)
1+ |V

square on A)”"~ - Q comes from g7 in[Eq. (5.7)
Part 6 (The bounded real lower-order block). We app1y|Eqs. (6.74)|and|(6.76)|with A= A?;Al. Then

Adding|Eq. (6.95)|and|Eq. (6.96)|cancels the i ure flat shear contribution and yields precisely[Eq. (6.60d)} The

MOpBW(Aﬁ;AI)M‘ OpBW(AEOlI(l’])+R[ AClo . CM[AF;AI.

o.z1]’ conj

By[Eq. (6.8)}

0 -1

R,Al rzl rzl
lo 0 0

le rzl

Moreover, by |Eqs. (6.47)| and|(6.48)|, the entries of M and M~! have orders —1/4 or 1/4 at high frequency,
and are order zero at low frequency. Therefore the largest order produced by the pointwise products is 0. All
non-pointwise Bony—Weyl corrections contain at least one ¢-derivative and therefore have no larger order.
Consequently

2x2
AGe (%)™

conj

(6.97)

This contribution is included in the generic bounded symbol A >1).
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Part 7 (Smoothing remainders and conclusion). The smoothing remainder in is controlled by
[Lemma 4.25t

MR[g,zl]M_l € (Rgl)zxz’
after decreasing and relabelling p and can be renamed R [0.21]" The same convention absorbs all remain-
ders generated by the symbolic compositions in[Egs. (6.77)|and|(6.78)l Combining|Egs. (6.73)}[(6.93)}[(6.97)|

and|(6.98), we have obtained|Eq. (6.55)

(6.98)

O

Remark 6.6 (Non-homogeneous Sobolev scale and the explicit order-1/2 block). By|Eq. (6.49)]

_ 1 nh = -1 . nh A ~
”_E((m_l(a’QlD)) nA1+1m_}l(a,Q|D)1//A1).
Conversely,
1 _ i i a1
Al = ﬁmf_ﬂ% (@,QD)w+m),  Ga= -7 (ml_lg (0,0D)) " (w-a).

Byl|Eq. (6.46)} the multiplier mfli is equal to 1 at low frequency and coincides with m _ 1at high frequency.
Hence the complex variable in|Eq. (6.49)|satisfies the non-homogeneous equivalence

10 ~ [l ey + 7]l ey -

In the capillary high-frequency regime,

. o 3 o —Co -1
Um0 =\ aery T TR ol

Therefore the explicit order-% block

(1-x ©) A (a,0|U; x,8) €12

is displayed only on the high-frequency region. The complementary low-frequency part is a bounded con-
tribution and is included in Ajp>1). The Alinhac order—% terms are absent because the Alinhac block has

already been removed in ¢

6.3 Diagonalization of the positive-order symbols

In this subsection we diagonalize the positive-order part of the complex Alinhac-reduced system obtained
in [Proposition 6.4 The diagonalization is performed in two steps. First we diagonalize the quasilinear
order-3/2 matrix
i7C
Ja(1des + ES o),

by a matrix paradifferential operator of order 0. Then we remove the off-diagonal part of the explicit order-1/2
block by a correction of order —1. The scalar transport part remains diagonal at all positive orders.

Throughout this section we use the conventions of scalar symbols are denoted by lower-
case letters, two-component variables by upper-case letters, and 2 x 2 matrix symbols and matrix operators
by upper-case bold letters. Homogeneous symbols in ¢ are denoted with a dot, and the subscript records
the degree of homogeneity.

Proposition 6.7 (Diagonalization of the positive-order symbols). Let the assumptions of
hold, and let U solve|Eq. (6.55)| There exists a bounded and invertible operator

B(a,Q|U)e L(H') Vs=zs,

such that, defining
W:=B(a,Q|U)"' U, (6.99)
the unknown W solves

2, w =0p®W (Afo’“n (a,Q\f)) W +i0p"Y (DS, (a,Q|U; x,) + Ao 211 (0, Q| U5 x,€)) W + R o) (0, Q| U) W.

(6.100)

0=1]

The objects entering|Egs. (6.99)|and|(6.100)| are defined as follows.
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. Aico’lin (a,Q¢) is the same flat low-frequency linear multiplier introduced in|Eq. (6.51)}

3

2x2
e D) (a0,Q|U;x,&) € (F;O) is the diagonal positive-order matrix of real symbols
DS, := D§+D“1:+D§. (6.101)

The symbols Dg, D‘IE, and DE are real-valued diagonal matrix symbols for real U and are explicitly
defined as follozzys: ’

— the high-frequency diagonalized quasilinear order-3/2 symbol is
_ S R 3 \2%2
DS (a,Q|U;x,8):= (1-x (&) ws (a,Q]) 80 (Us x,8) Ja € (r;o) ; (6.102)
2 2

here ] 4 is defined in ‘ w3 is the order-3/2 linear frequency from ‘ and 6y (U; x, & )

is the real-valued homogeneous degree-zero scalar symbol given by

bo(Usx,&):=1+¢é (Usx,é),  00(U;x,8):=1/02- f2(Usx,§). (6.103)

The coefficients éy, fo € Fgl are the real-valued homogeneous quasilinear coefficients introduced
in|Egs. (6.87) and|(6.88))

— the scalar transport symbol is
D (a,0|U; x,8) := (Vean (0, Q0 (), § (1) x) - €)1z € (TL) % (6.104)

here Van is the canonical transport velocity defined in|Eq. (5.12)| This block is scalar in the com-
plex components and is therefore unaffected by the diagonalizing matrices at positive order;

— the high-frequency diagonal order-1/2 symbol is
D¢ (a,0|U;x,8):=-(1 1O (0, Q| Usx, ) 161} Jy e (1 M 6.105
L (@QUix €)=~ (1-x(©) a5 (0, QU x, )61 Jae T2, | (6.105)

The coefficient dg’pr € Fgl is the diagonal component of the full order-1/2 coefficient after the
principal diagonalization; it is defined in[Egs. (6.111)|and|(6.112)]

o Aps1 (a,QUsx,8) € (rgl)zxz is a generic bounded matrix symbol in the sense o

* Ry (a,Q|U) € (Rgl)zxz is a generic smoothing remainder in the sense of|Notation 5.1

The operator B is constructed as a finite composition of paradifferential parametrices, each eliminating
a block of off-diagonal symbols at a prescribed order. The diagonalization is carried out in two succes-
sive steps, corresponding to the principal and subprincipal orders, in[Propositions 6.8|and|[6.9|respectively;
Proposition 6.7is then a direct consequence, as detailed in[Section 6.3.3]

6.3.1 Diagonalization at principal order

Here, we perform the diagonalization of the order-% in the complex paradifferential system |Eq. (6.55)} The
result reads as follows.

Proposition 6.8 (Principal-order diagonalization). Let the assumptions of[Proposition 6.4 hold, and let U
solve|Eq. (6.55)| There exists a bounded and invertible operator

By (a,QU)eL(H®)  Vs=s,

such that, defining
U := By (0,Q|U) ' U, (6.106)
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the unknown Uy solves
0:U = 0p™ (4™ (a,01¢)) Uo

+i0pBW (D‘g (0,0]U;x,6)) U

+i0p®™ (DF (0, Q|U; x,¢)) Uy (6.107)
+OPBW((1 —1(©) ASP (a,0|U; x,€) Ifl%) Uo
C =17 c, =
+0p™ (4G (0,9 U3 x,8) | U +RUY L (0,0]U) U,
The objects entering|Egs. (6.106)|and|(6.107)| are defined as follows.
* B (U) is the order-zero paradifferential operator
By (U) := 0p™ (P (U; x,¢)),
where Py is the non-homogeneous principal diagonalizer
Po(U;x,8) = x O 1dez + (1- ¥ () Po (U; x,€). (6.108)
The high-frequency homogeneous diagonalizer is
. I 1 y A . x
Po(U;x,8):= ! 7510] (U;x,8),  Po-Idez e (1)) (6.109)
1— X% Xo
Here jo € Fg | is the real homogeneous scalar defined by
. ; fo(Usx,é
X0 (U3 x,6) 1= —~ ( . ) -
[0 (U; x’é) +90 (U; x’é)
i f2)d 6.110
(1+|vn(U)|2)4—(1+|VL17(U)-§| )4 . (6.110)
= 3 T € rzl;
3 o !
(119 @ ) + (14 Vi@ -&)’
. Ai:o‘hn is the flat low-frequency linear multiplier explicitly defined in '
3 \2x2 . N
. Dg € (Fio and D“l: € (1“120)2 > are the diagonal quasilinear and transport symbols already defined
2
in[Egs. (6.102)|and|(6.104)]
. Ag'pr (0,Q|U; x, f) € (Fgl)zu is defiend as
c dC,pr IBC,pr
Copr - . e - oL
AP (0,015 x,8) = (5 AT Po) (0,0 U x, &) =i | 00 Pocf, (6.111)
0 0
where
1+12)as + 25085
%C,pr - ( Xo) 0.2 Xo0By , 6.112)
1- Xo
. 23065 + (1 + 12) BS
Cpr,_ 2odp * ( .ZXO)ﬁ". (6.113)
I-x
0

Here &5, B§ € T2, are defined in|Egs. (6.60a)| and|(6.60b)|

. A%I;rl] (0,Q|U; x,¢) € (T2,)**? is a generic bounded matrix symbol in the sense o
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¢ RSP (0,0]U) € (RE,)*

(0.>1] is a generic smoothing remainder in the sense of|Notation 5.1

Proof. Throughout the proof all symbols are evaluated at
(0,Q]U; x,¢),

unless explicitly stated otherwise. We use the convention of the symbols A(;;,>1) and the
remainders Ry, -, are generic and may change from line to line. We also use componentwise the symbolic
calculus of Definition 4.22]and [Proposition 4.24]and the remainder rules[Lemma 4.25Hi} [Lemma 4.25}ii]

Part 1 (The diagonalizer and its symbolic inverse). We first verify that the high-frequency symbol defining
the principal diagonalizer is admissible. By[Egs. (6.57)}[(6.58)|and[(6.103)} we have the explicit expressions

2

; 2 1+|vin.é
[0=1+é0=% m_i_ﬂ—ﬂf

)

3
N
(1+[vn?)?
~2 3
. [1+]vin-éT)!
0o = |—T’§| . (6.114)
L+ |Vn|
In particular,
éo—lEl—gl, é0—1€rgl.
After increasing sy and decreasing ry, we get
. 3 . 3 . . 3
ly=—, 0o = -, lo+0p= -
0= 0= otbo=7
This allows to define .
. fo :
X()Z:—MEF(;I, ||X0||LOOSCT'0.
In particular, decreasing ry once more if necessary,
1— 21
Xo = 2 (6.115)

Moreover, after straighforward simplifications, we obtain from [Egs. (6.58)|and [(6.114)} the explicit expres-

sion|Eq. (6.110)} Now, using|Egs. (6.109)|and|(6.115)|and the substitution rule{Lemma 4.25Hiii, we get

Po-Tde € (T2,)7%,  Poe (1)
Moreover its high-frequency pointwise inverse is
. 1 1 —x
P(;l:—[__ f"] (6.116)
/1— X(Z) Xo
It satisfies - -
Pyl —lde € (I2))77, Pyl e(2)

We next record the differential algebra of the homogeneous diagonalizer, which is the key point both for
the symbolic inverse and for the cancellation of the order-1/2 Weyl correction below. Set

Xog = (6.117)

1 0

0 1].

Since
Py =exp (90Xod), ¢ := arctanh ,,
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we have, for every y € {x1, x2,¢1,¢2},
Ay =Py, Pg = (0y90) Xod. (6.118)

Thus all the matrices Ay commute. Moreover aypg 1 - —AyP_l, and therefore

{By1, Bok= Y [ (06, 251) (0, 0) - (92, 25 ") (02, Po)
(6.119)

Hence the homogeneous symbolic inverse has no order-(—1) defect

. . _9\2x2
PO I#QPO = Idcz + A[—2,21]r A[—2,21] € (F 2)

=1 )

and the same identity holds with the two factors exchanged.
We now pass from Py to the final non-homogeneous symbol Py of[Eq. (6.108)| Since Py— Idc2 = O(rp) in
the order-zero symbolic seminormes,

Po—lde = (1- &) (Po-1de2) € (12)7%,  ||Po—1dez o < Cro.

Thus By = OpBW (Py) is bounded on H¥, and after decreasing ry it is invertible on H*® by the Neumann series.
Let PB_H be the pointwise inverse of Py. Then

)2><2 and PyU=P;' on supp® (x)-

Py —1dgz e (12,
On theregion y = 0,|Eq. (6.119)|applies; on the region y = 1, both Py and P([)_l] are the identity. Every discrep-
ancy from the homogeneous calculation is supported in the fixed transition annulus; since the symbols are
smooth and compactly supported in ¢ there, it belongs to IV for every N. Consequently, after absorbing
the transition contribution into the order-(—2) symbol,

Aj-2>11 € (rj)zxz

)

OpBW (P([)_l]) B() = qu:z + OpBW (A[—Z,zl]) + R[Q,Zl]’

and analogously on the other side. Since B is already known to be invertible, its true inverse has the form

A e (r2), (6.120)

- -1
B;' = 0p®W (p([) I\ )+R[9,21], 2.21]

[-2,21]
after decreasing and relabelling p.
Letnow A€ (Fgo)zxz, m < 3/2, be one of the symbols treated below. CombininglEq. (6.120)|With |Deﬁni-|
and[Proposition 4.24]and Lemma 4.25}fi} we obtain

B;' 0p™" (4) By = Op™Y (Cp, (Al + Ajpp-2,211) + Rip 511 (6.121)
where
Cp, [A]:= P, i, Aty Py.

The additional term A(,;,—2 1) is solely due to replacing the true inverse by the symbolic parametrix. Since
m < 3/2, it has order at most —1/2, hence it is bounded and will be absorbed into A >1; below.

Part 2 (Conjugation of the equation). We write
U = ByU,.

Differentiating gives
0:Uy = By'0,U - B," (0,By) Up. (6.122)
Set

qu'o =Jq (Idcz + Egl,O) .
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By[Egs. (6.56)}[(6.87)]and[(6.88)}

. [t —fo
Cato = Jo éo]’

where ¢y, f; are defined in[Eq. (6.103), We rewrite|Eq. (6.55)|as

atU:OpBW(L10+L% +Li+ Ly +L0)U+R“3 U,

lo=1]
with
Lio:= AT (a,0[¢),
L;:= (1-x©) iw%qu,O;
L, :=iDf§,
Ly :=(1-x©) A5 112,
Ly:=Ajpp>1].

The classes are
3 \2x2 1 \2%2 N
Loe(T%)™,  Lye (r;o) , o Lie(Mi)™ Lye (r;l) , Loe(r%)*.
Thus all five blocks are admissible inputs for|Eq. (6.121)| The factors 1 — y (§) encode that the positive capil-

lary diagonalization is performed only at high frequency.

Part 3 (The order-3/2 block). We first work on the homogeneous high-frequency region y = 0, where Py =
Pjand L% = iw% qu,o- A direct multiplication gives

L1 . 1 —é0(1+)'(2)—2fox'0 —2?0X0—f0(1+X.2)
PylCqoPo=——| ., M ; . . 0 (6.123)
0 FAOTOT Tz | 200g0+ fo(1+42)  Co(1+13)+2foko
The choice of §( in|Eq. (6.110)|gives
200j0+ fo(1+15) =0,
Co(1+45) +2fox0 =60 (1- 15)-
Inserting these identities into[Eq. (6.123)|yields
Py CqoPo =001
Set
D', :=iws00J4.
2 2
Equivalently,
i3 Cql0 = poD" Py, (6.124)
2
and therefore
Py (w3 Cquo) o = D (6.125)

2

We now verify the order-1/2 cancellation in the principal conjugation. On y = 0, the Bony-Weyl expan-
sion gives
Cpo [iw§ qu,O] = Pal (iw; qu,O) Py
2 2
T PN (6.126)
to ({PO , m)%cql,o} Po+ {PO (m)% Cqm) , PO}) FALL L)
Differentiating|Eq. (6.124)|gives, for every y € {x1, x2,¢1,&2},

Palay (ia)%cquo) P() = ayDé +
2

Ay,Diﬂ.
2

162



By|Eq. (6.118)} every Ay is a scalar multiple of X ,q, whereas Dﬂ§ and all its derivatives are scalar multiples of
2

J4. Since
XodJda+JaXod =0,

we have
Ay3.D" +0.D A, =0, Vyzeix),x,&1,E). (6.127)
2 2

Furthermore, OyPal = —AyP_l, so that
0,(Py" (iws €qro)) 0:Po = (aypi - ngAy) As.
2 2 2
Consequently, the formally order-1/2 correction in(Eq. (6.126)|is
L . (. .
{PO , 1w%CqL0}P0 + {PO (w%cquo), PO}

2
= Z [_As‘j (aijus +
j=1 2

+ ij (angﬁ +
2

ij,Dﬁ% A,fj,D“g])

+

angﬂ% - D% Agj) Ay, - (ax jD’?% - Dﬁ% ij) Ag

The terms linear in A y vanish by|Eq. (6.127), The quadratic terms vanish because all Ay commute with one

another and anti-commute with Dﬁﬁ. Hence
2

{Pal, iw% qu,O} Po + {P61 (iw% qu,O) , Po} =0. (6.128)

It remains to pass to the non-homogeneous symbols. On y = 0 the preceding calculation applies verba-
tim. On y =1, one has Py = Idcz and L% = 0. Every discrepancy in the transition annulus, including every

term in which a ¢-derivative hits the cut-off, is smooth and compactly supported in ¢, hence belongs to '™V
for every N. Combining[Egs. (6.121)}((6.125)} ((6.126)|and|(6.128)} we obtain

Bl op™ (L;) By = OpW (ipg + A[O,EH) +Rjy)- (6.129)

In particular, the order-3/2 block produces no homogeneous order-1/2 symbol.

Part 4 (The flat low-frequency linear block). We treat the flat multiplier
Lio= A7 (a,9[¢).

By[Eq. (6.108)
Po—1Ide2 = (1—x (&) (Po - Id¢2).

Since Py—Idc2 € Fgl vanishes at least linearly in U, and since Ly, is a constant-coefficient order-zero symbol,
the pointwise conjugation gives
-1
P([) 'LioPo = Lo + Ao 211

The Bony-Weyl correction terms contain either an x-derivative of Py or an x-derivative of P([)_”, hence
again at least one nonlinear factor. Since all symbols involved have order 0, these corrections are bounded.
Therefore

B;' 0p™ (L) By = Op™ (A" + Ao 1)) + B| (6.130)

e=1]"
Part 5 (The scalar transport block). We apply to A= L;. By|Eq. (6.104)}
Ly =iD} =i(Vean (0, Qn (), ¥ (U); x) - &) 1.

It is scalar in the matrix indices, so its pointwise conjugation is exactly unchanged on the whole frequency
space:
PiULIPo= L.
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Every non-pointwise term in Cp, [L;] has order at most 0: the first Bony-Weyl correction contains one ¢-
derivative of an order-one symbol, and all higher corrections are lower order. Terms in which a ¢-derivative
hits the cut-off are supported in the fixed transition annulus and are smoothing. Therefore

B! Op™" (L)) By = Op”" (iD] + Ajo,211) + Ry (6.131)

e=1]"
Thus the scalar transport block is unchanged at every positive order.

Part 6 (The explicit order-1/2 block). By[Eq. (6.128)} the order-3/2 block produces no homogeneous order-1/2
correction. Hence the only surviving source at order 1/2 is

L =(1-x(©) A €2

1
2
On the high-frequency region y = 0, one has Py = P,. Since Pa—'l € (Fg , the first non-pointwise Bony-
Weyl correction in the conjugation of L 1 has order —1/2. Every derivative of the cut-off is supported in the
fixed transition annulus and is smoothing. Therefore

2x2
0

Cp, [L%] =(1-x©®) Py A Py HE + Ajp,>1-

By[Eq. (6.59]

- C C

AC=i| % 0
0 — C _dC
0 0

Using|Egs. (6.109)|and|(6.116)} we obtain

e i 1 gl [as  BS1[1 o
PIlAC P, = [ . 0 %l |,
00 1-j5 =X 1 -5 —a5] ko 1
.C,pr >C,pr
| oa p
=1 9GZ,pr .OC,pr .
—Bo —Q
where dg’pr and ﬁg’pr are defined inlEqs. (6.112)|and|(6.113)l Thus
_ . C, 1
By 0p™ (L) Bo = 0p™ (1- 1) A5 1¢17 + A=) + Ry (6.132)

This is the unique homogeneous order-1/2 block in the principal-diagonalized system.

Part 7 (Bounded symbols, time derivative, and smoothing remainders). For Ly = A(E:O,zl]’ Eq. (6.121)|gives

B,' 0p™" (Lo) Bo = Op™" (App21)) + R{p 511 (6.133)

Indeed the three factors are order-zero operators and all symbolic corrections are of order at most 0.
We now treat the time derivative in[Eq. (6.122)| Since By = Op®W (Py), the symbolic composition formula
gives

By 9:Bo) = Op™ (P10, Py + A _121) + Rip o).

The cut-off is time-independent and d; Py = (1 - )9, Pg. Hence 8, Py is of order zero in ¢: the time derivative
acts only on the coefficients depending on U and does not alter their high-frequency homogeneity. Its tame
bounds follow, after increasing sp, from the equation for U, from|[Egs. (6.87)}[(6.88)} [(6.103)|and|(6.110)}, and
from[Lemma 4.25Hiiil Thus

By (0:Bo) = Op™ (Ajp21)) + Ry o1 (6.134)
and this contribution is absorbed into Aﬁ)’r;l].
Finally, by[Lemma 4.25}{i
B;'RC _ Bge(RO)¥?, (6.135)

lo.=1]
after decreasing and relabelling p.
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Collecting[Egs. (6.129)|to|(6.135)|inside[Eq. (6.122)} and using[Eqg. (6.128)} the only homogeneous order-1/2
contribution is the pointwise-conjugated block defined in[Eq. (6.111)| Absorbing all bounded symbols into

A%I;u and all smoothing contributions into Rq[:ép: ok we obtain

0:Uy = 0p™ (4™ Uy + 0p™ (D) Uy + 0p™ (DY) Uy

+0p™ (1 (©) AG™"161% ) Uo + 0™ (A, | Uo + R Up.

Restoring the common symbol arguments
(a,Q|U;x,€),

and the multiplier arguments (a,Q|¢), gives precisely|Eq. (6.107) O

6.3.2 Diagonalization at subprincipal order
Here we perform the diagonalization of the lower positive order terms. The result reads as follows.

Proposition 6.9 (Subprincipal diagonalization). Let the assumptions of[Proposition 6.7 hold, and let U, solve
Eq. (6.107)l There exists a bounded and invertible operator

B_i(a,QU)eL(H®) Vs=s,

such that, defining
W:=B_,(a,Q|U) "' Uy, (6.136)
the unknown W solves
0w =0p™ (4" (a,0)¢)| W
+iopBW (D‘I%: (0,Q]U;x,€) + D (0, QU3 x,8) + DS (0, QUi x,€) + AT (0, Q| Ui, Hlw  6.137)

+R‘[i;‘f‘2 y@oluyw.

The objects entering|Egs. (6.136)|and|(6.137)|are defined as follows.

 B_,(a,Q|U) is the order-zero perturbation of the identity
B_1(a,Q|U):=1d¢e: + Op®" (8_1 (0,Q|U; x,8)).
We use the fixed off-diagonal matrix X oq introduced in|Eq. (6.117)l The final non-homogeneous gener-
ator is

S-1(0,Q|U;x,¢):=(1-x (&) 8-1(a,Q|U;x,&) € (F;})zxz, (6.138)

where the high-frequency homogeneous generator is
307 (0,0|U; x, &) 1612
201 (0,92[¢) 6 (0, 2| U,
Here X oq is the off-diagonal matrix defined in|Eq. (6.117)|, w3 is defined in -Eq. (6.43)} Oy is defined in
and 'g,pr is defined in|Eq. (6.113)|; 2 -
. Afo'hn is the same flat low-frequency linear multiplier from'

e the diagonal symbols

8-1(a,Q|U;x,&) := (6.139)

C HC HC
Dy, Dy, Dy
2 2

are those defined in|Egs. (6.102)}((6.104)| and|(6.105)| They belong respectively to

3 \2x2 1 \2x2 1 \2x2
L) e (i)

and are real-valued diagonal matrix symbols for real U;
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. A%il] (0,Q|U;x,é) € (rgl)zxz is a generic bounded matrix symbol in the sense o ‘

- 2x2 . . . , . ;
. R‘ﬁi 1 (a,Q|U) € (RY,)" is a generic smoothing remainder in the sense ofiNotation 5.1

Proof. Throughout the proof all symbols are evaluated at
(a,Q|U;x,¢),

unless explicitly stated otherwise; Fourier multipliers are evaluated at (a, Q| ). We use the convention of]
: the symbols A, >1) and the remainders Ry, -, are generic and may change from line to line. The
symbolic calculus is used componentwise, through|Definition 4.22|and[Proposition 4.24} and the smoothing
remainder calculus is used through[Lemma 4.25}iland[Lemma 4.25Hiil

Part 1 (The subprincipal diagonalizer and its inverse). We first check that the symbol defining the change
of variables is of order —1 on the high-frequency region. By|Eq. (6.113)|

5C,pr 0
o €%y
Moreover, by|Eq. (6.103)} after increasing sy and shrinking r,
. . 3 .
Op—1€T?,, 0o =7, 0,1 er?,.

Since
-1 1 ~_1
w5 [€l2el
2

by|Eq. (6.43)} the product rule for I'>¢-symbols and|[Lemma 4.25Hiii| give
N 1
BPEE

S =—€eTI';5.
! 2W3 60 =1
2
The coefficient s_; is real-valued for real U. Therefore
: . —1\2x2
S_1=51Xeq€(T2])7 .
Multiplying by the fixed high-frequency cut-off gives
. _1\2%2
S-1=(1-1©)8-1€(T5))
In particular, S_; is anon-homogeneous order-(—1) symbol: it vanishes at low frequency and coincides with
the homogeneous generator §_; where 1 - y (&) = 1.

By the action estimate for paradifferential operators, Op®"W (S_;) is bounded on H?, for s = s,. Since §_;
vanishes at least linearly in U, its low Sobolev seminorm is O(rg). By[Theorem 4.15} after decreasing ry, we
get

HOpBW (S_1)||£(HS) <1, $= 5.

Hence
B_; =Ide: +0pBW(S_) (6.140)

is bounded and invertible on H® by the Neumann series.

We next record the symbolic expansion of the inverse. Since we have that §_; € (F;%)sz, then by virtue
of[Definition 4.22|and |[Proposition 4.24} we infer
(Idcz —0p®Y ($-1)) (1dc> + Op™ (S-1)) = Idez — Op™" (S_1#pS-1) + Ry o]
. (6.141)

= Idcz + OpBW (A[—Z,zl]) + R[Q,zl] .
The same identity holds with the two factors exchanged. Combining the invertibility statement|Eq. (6.140)
with the parametrix identity[Eq. (6.141)} and using|Lemma 4.25Hi, we may write the true inverse as

BZ} =1dc2 - Op”Y (8-1) + Op™ (A-221)) + Ry (6.142)

e=z1p

after decreasing and relabelling p.
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Part 2 (Symbolic conjugation formula). Let A€ (F;”O)ZXZ, m < 3/2, be any of the symbols to be conjugated

below. By[Eq. (6.142)} [Definition 4.22]and[Proposition 4.24} and|[Lemma 4.25}i

B2 0p™ (A) By = Op"" (A + A#,S_1 — S_1#pA) + Op™" (Apn-221)) + Ry (6.143)

0=1]

The pointwise products AS_; and S_; A have order m — 1. The first non-pointwise Bony-Weyl correction
contains one ¢-derivative falling either on A or on S_;, and therefore has order m — 2. Consequently, at
positive order,

B2 0p”V (A4) B_; = 0p"™" (A+ AS_1 — S_1 A+ Ap-221) + R; (6.144)

e=1]"
For m = 3/2 the discarded terms have order at most —1/2, and for m < 1 they have order at most —1. All
such contributions are bounded in the non-homogeneous scale and are absorbed into a generic Ao >1;. Ifa
¢-derivative hits the cut-off 1 — y (), the resulting contribution is compactly supported in frequency and is
again absorbed into Ajp,>1).

Part 3 (Conjugation of the equation). Set
Uy=B_1W.

Differentiating this identity gives
0;W =B"10,Uy—B_} (3;B_1) W. (6.145)

We write|Eqg. (6.107)|as

d,Uy = 0pBY (Llo #Ly+Li+Ly+ Lo) Up + R“[zépjl] Uo,

where

Lo = A0 (0,9]8),

L= iDg, (6.146)
L := ID(II:,
- C, 1
L= (1-x©) A" I¢12,
_ ACpr
Ly:= A[O,zl]

Moreover Ly, € (l“go)2X2 is constant-coefficient and does not vanish at U = 0. It will be kept explicitly

through the conjugation. The bounded nonlinear defects generated by its commutators with the diagonal-
izer are absorbed into A[p 1. The transport symbol Df is the scalar diagonal symbol defined in[Eq. (6.104)

The factors 1 -y (¢) in Dg, L 1 and D“l: encode that the subprincipal diagonalization is performed only at
2 2

high frequency.

Part 4 (The flat low-frequency linear block). The subprincipal diagonalizer has the form
B_1=Idez+0p™™(S_),  S_1=(1-x(©®)8-1.

In particular S_; vanishes at least linearly in U. Since Lj, = Aﬁ)’hn is a constant-coefficient order-zero multi-
plier, the conjugation formula gives

Llo + LloS—l - S—lLlo + A[—l,zl]-

The commutator term has order —1 and vanishes at least linearly in U. It is therefore included in the
bounded nonlinear symbol Ajg >1;. Thus

B~ 0p®¥W (L,) B_, = Op®Y (Aﬁ;““ + A[O,EH) +Riy1). (6.147)

167



Part 5 (The order-3/2 block and the subprincipal correction). We compute the order-1/2 term produced
by conjugating the already diagonal order-3/2 block with the subprincipal diagonalizer. This is the term
designed to cancel the off-diagonal part of the explicit order-1/2 block. First,

JaXod — XodJa=27.

By|[Egs. (6.138)}[(6.139)|and [(6.146)}

Ly =i(1-y @) wsboJs,  S-1=(1-1(®)$-1Xoq,

where c X

Cpr o1

ek

S 1 =—

2(0;00
2

The pointwise commutator in|Eq. (6.144)|is therefore

L3S_1-S-1Ls =i(1- ()" 036051 JaXod ~ XoaJa)

2

w

=i(1-y©)° i P IE| T,

w3

[N]]

By [Eq. (6.45)} ws/@s —1 € T~!. Hence its contribution after multiplication by ,BC PT1EI1Y2 has order —1/2.

2
Moreover, (1 - 7()2 — (1 - x) is supported in the fixed transition annulus and is smoothing. Therefore

w3 —
2

LsS1—S1Ls =i(1- (@) By 12 T+ A1 2y)- (6.148)

2

The first non-pointwise Bony-Weyl term in L3 #QS 1—S- 1#oLs also has order 3/2—-1-1 = -1/2, and all
subsequent terms are lower order. ComblnlngIEqs (6. 144)|and|(6 148)} we obtain

IOpBW(L3)B L= OpBW(lDC+1( G) Cpr|5|2]+A[o>1])+R[ (6.149)

e=1]
Here Ajp >1; absorbs all order —1/2 and lower terms.

Part 6 (The explicit order-1/2 block). We now treat the explicit order-1/2 block in the principal-diagonalized
system. By|Egs. (6.105)|and|(6.111)}

Ly = (1-x(©) A7 1¢I5 =D ~i (1 -1 ©) A7 €12

1
2
Here the coefficient ﬁg’pr comes from the pointwise conjugation of the explicit order-1/2 block. The cancel-
lation in[Eq. (6.128)|shows that the order-3/2 block adds no homogeneous order-1/2 contribution.

Since L% € (1"”2)2X2 and -1 € (T )ZXZ, the pointwise commutator

L:S 1-S_1L
2 2

has order —1/2, and the first non-pointwise Bony—Weyl corrections have even lower order. Therefore the
subprincipal diagonalizer does not modify the order-1/2 part of L 1. Using(Eq. (6.144)) we get

B:iOpBW(L%)B,l:OpBW(iDQ%:—i(l—X(f)) P El ]+A[0>1])+R[921]. (6.150)

The off-diagonal term in [Eq. (6.150)| cancels exactly with the off-diagonal order-1/2 term generated by

the conjugation of L%, computed in|Eq. (6.149)| Therefore

BZ}op™ (L, +1L

1
2 2

)B L= OpBW(lDC+1D1 +A[0>1])+R[921]. (6.151)
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Part 7 (The scalar transport block). We now conjugate L; = in. By|Eq. (6.104),
DS = (Vean (0, Q|0 (U), § (U); x) - €) 1.

Thus the pointwise commutator with S_; vanishes. The first non-pointwise Bony—-Weyl commutator has
order 1+ (—1) — 1 = -1, and the defects produced by the A|_» >1)-part of the inverse have order 1 -2 = —-1.
Hence

BZ10p™ (L) By = Op®Y (iD] + Ajo,211) + Ry 511 (6.152)

Thus the subprincipal diagonalizer does not change the scalar transport block at positive order.

Part 8 (Bounded terms, time derivative, and smoothing remainders). Since Ly = A([Co’pzrl] € (I'2,)**2,[Eq. (6.143)
gives
BZ;0p™" (Lo) B-1 = Op”Y (Ajo,211) + Ry 511 (6.153)

Indeed, all additional products with S_; have order at most —1, hence are bounded.
We next treat the time derivative in|Eq. (6.145)| Since the Bony-Weyl cut-off is time-independent,

0,B_; =0p"" (0,8_1).

The factor 1 -y (¢) is independent of time, and differentiating the high-frequency homogeneous coefficient
§_; along the solution does not change the ¢-order. After replacing d; U by the vector field in[Eq. (6.55)} and
increasing sy if necessary to absorb the fixed loss of derivatives in the tame bounds, we may regard

0,81 (r2})™ = (1))
as a bounded matrix symbol depending on U and on the fixed parameters. Therefore

BT} (3:B-1) = 0p™ (Ajp21)) + Ry 1) (6.154)

Finally, by[Lemma 4.25}i and [Lemma 4.25}{ii

2x2

BTIRT” B i e(R)7, (6.155)

[0.21]

after decreasing and relabeling p. Indeed, the identity parts of Bﬂ preserve the smoothing order, whereas
every factor OpBW (S-1) improves it, because S_; has order —1.

Part 9 (Conclusion). Substituting|Egs. (6.147)|and|(6.151)|to[(6.155)|into[Eq. (6.145)} we obtain

0w =0p™ (AL W+ Op™™ (iD§ +iDf +iD + A2y | W+ R W
2 2 =

Since Ajp>1) € (I'2,)%*?, the symbol —iAjg>1; is agaig a generic bounded matrix symbol. Renaming it as
e

A% and renaming the smoothing remainder as R

0,>1)’ 1)’ gives exactly|Eq. (6.137)

6.3.3 Proof of[Proposition 6.7|

Part 1 (Construction of the complete diagonalizer). Let By and B_; be the principal and subprincipal diag-
onalizing operators constructed in[Propositions 6.8]and[6.9} respectively, and define

B(a,Q|U) := By (a,Q|U) B_; (a,Q|U). (6.156)

Both factors in[Eq. (6.156)|are bounded and invertible on H¥, for every s = s3. Hence B has the same prop-
erties. Moreover, by|Egs. (6.106)|and|(6.136)}

W=B_iUy=B_|B,'U=B"'U,
which proves|Eq. (6.99)
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Part 2 (Identification of the positive-order symbol). By|Eqg. (6.137)} the variable W satisfies
0w =0p™ (4" (a,0)¢)| W
[0,21]

+iop®W (Dg (a,Q|U; x,€) + DS (0, Q|U; x,) +Dg (0,Q]U; x,¢) +A%d (a,Q|U;x,€)) W (6.157)

+R‘[Eéf‘2 j@oluyw.

The three positive-order symbols in|Eq. (6.157)|are

1w

DS (0,0]U3x,8) := (1- 1 ©) 03 (a,01¢) 60 (U3 x,€) T,
D} (0,Q|U;x,€) := (Vean (0, Q|n (@), ¥ (U); x) - ) Idee,
(0,Q)U;x,8) = = (1- 1 ©) 657" (a,2|U; x,€) €12 Ja.

N=O =N

D

These formulas are precisely[Egs. (6.102)} [(6.104)|and|(6.105)| In particular, the symbols are real-valued and
diagonal for real U, and have orders 3/2, 1, and 1/2, respectively. Therefore, by|Eq. (6.101)}

3 \2X2
C C.nC,.nC 2
DZ,=D5+Di+Die (F;O) : (6.158)

Part 3 (Bounded symbols and smoothing remainders). Set

Apzn (00U x,¢) = ALY (00U x,¢),  Rjpzy(a,0)U):= R‘[EQ'L] (a,Q|U). (6.159)
By[Proposition 6.9

)2X2 2X2.

Apzn € (T2)77, Ri,-1) € (RE)

The flat multiplier Aﬁ)’hn remains explicit in'Eq. (6.157)[and is notincluded in Ajg >1;. Substituting|Egs. (6.158)

and|(6.159)|into|Eq. (6.157)|gives|Eq. (6.100)}

O

6.4 Uniform energy estimates for the diagonalized system

The purpose of this subsection is to prove a uniform a priori estimate for classical solutions in the standard
Sobolev phase space X'* of[Eq. (1.27)] The proofis carried out in three steps. First we prove a closed estimate
for a modified energy adapted to the diagonalized variables. Then we compare this modified energy with
the Sobolev norm, keeping track of the purely low-frequency component of i. Finally we combine the two
estimates.

Proposition 6.10 (Uniform inverse-size a priori estimate in the Sobolev scale). Let K € Sg. There exist
S0, 7o > 0 such that, for every s = sy, the following holds uniformly for (a,Q) € K. Let

Y (1):=

n(t)]
v (1)

be a real classical solution on an interval I 3 0. Assume that the reductions of{Propositions 6.2[6.4 and|6.7 are
defined on I, and that

suplY ()1l xs < ro.
tel

Then there exist constants
Esk >0, cs x>0, Csx >0,

such that, if
1Y 0)llxs =€ =<ésk,

then, for every t € I such that

-1
|t|SCS,K£ )

170



one has
1Y (0)ll s < Co k(€ + cs.x) - (6.160)

Moreover, the Hamiltonian component satisfies the sharper bound
1Y (Ollxs (a0) =< Cske- (6.161)

In particular, after choosing cs x sufficiently small, the solution remains in a fixed small Sobolev neighbour-
hood of the origin on a time interval of size comparable to e *. All constants are uniform for (a,Q) € K.

Roadmap of the proof. The proof of[Proposition 6.10|is organized in four steps.

1. The first step makes the dependence on the physical parameters quantitative. For every K € Sy,
compactness and the strict Atwood-Weber inequality provide a uniform positive distance from the
stability threshold. In this is converted into the uniform ellipticity estimate for the
flat restoring symbol. Consequently, the flat diagonalizing multipliers, their inverses, and the corre-
sponding symbolic estimates are uniform for (a,Q) € K. This is the source of the uniformity in the
parameter-dependent constants used throughout the argument.

2. The second step works in the diagonalized complex variable constructed in [Propositions 6.2} [6.4
and[6.7] At high frequency the positive-order part is diagonal at principal level. The modified weight
is chosen so that the potentially derivative-losing commutator is cancelled by the Poisson-bracket
identity[Eq. (6.179)] At low frequency the energy is completed with the Hamiltonian low-frequency
symmetrizer of The crucial point is the exact flat cancellation [Eq. (6.174)} the isolated
low-frequency defect is not skew-adjoint, but the complete flat linear symbol is. These two cancel-
lations give the closed modified energy estimate of [Proposition 6.11| and the inverse-size modified

energy bound of|Corollary 6.14

3. The third step compares the modified energy with the physical Sobolev variables. This is done in
Section 6.4.2] The modified energy is equivalent to the Hamiltonian Sobolev norm XIfI am (a, Q), which
controls all high-frequency components and, at low frequency, the Hamiltonian variables

n DIz .

The only missing component of the full inhomogeneous Sobolev norm is the undifferentiated low-
frequency part of ¢, isolated in[Eq. (6.185)

4. The fourth step propagates this missing component by the rough estimate of Since
the Hamiltonian energy remains O (¢), this component grows at most like O (¢|t]). Therefore, on the
time interval || < c;, k€1, it is bounded by O (s +cs, K). Choosing c; k sufficiently small keeps the full
Sobolev norm inside the perturbative regime, while the Hamiltonian component remains O (¢). This
proves the inverse-size a priori estimate stated in|[Proposition 6.10}

6.4.1 Uniform modified energy estimates

Part 1 (Uniform control on compact stable parameter sets). Fix K € Sg;. Since Wa,Q is continuous in the
physical parameters and W 5 <1 on Sg;, compactness gives

Og:=1- sup W 5>0. (6.162)
(a,Q)ek

Moreover,

inf ga>0.
(a,Q)ek

Let ¢ # 0. From|[Egs. (1.26)|and|(3.2)}

—q(a,0]¢) = ga+ —2 (&% - 288
q(0,Q[¢) =g TDh 2Wu,g,/<<pi>>|é|
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Using
€12

Icl < ga+

(( >> \ +>>
and[Eq. (6.162)] we obtain

S 2
0(0,910) 20 g0+ s )
Since the coefficients in the last expression vary continuously on K, there exist 0 < cx < Cg such that, uni-
formly for (a,Q) € K,
ek (6 = —q(a,Q)E) = Cx©)?, EeR (6.163)

By|Egs. (6.40)|and|(6.163)} there exist 0 < ¢}, < C} such that, uniformly for (a,Q) € K,

GlElZ @ =y (0,018 < ClEP (@), E#0.

Hence, by[Eq. (6.41)]
m_y (,Q8) ~c 1172, mIy (0,Qf8) ~x [§171 ()7 (6.164)

4

In particular, on supp (1 — x), where |¢| is bounded away from zero,
_1 -1 1
m_1~g &, m_y~K &),

The corresponding symbol seminorms are uniform on K: indeed, q is given explicitly by|Eq. (3.2)|, while w 3

and m_ 1 are obtained from it through the smooth operations in|Egs. (6.40)| and|(6.41)r on supp (1 - X) their
denominators are uniformly bounded away from zero by the estimates above.

It remains only to check the low-frequency regularization. By [Eq. (6.46), m" 1 =1 on the core where
x = 1, while it coincides with m_ 1 where y = 0. On the fixed transition annulus 0'< x < 1,|Eq. (6.164)|and

compactness of K give uniform upper and positive lower bounds for m_ L. Therefore m” ! hand its inverse

have uniform symbol seminorms for (a Q) e K. ByIEqs (6. 47)|and|(6 48)[ the same is true for the flat complex
change of variables and its inverse.

Thus the flat multipliers which enter the complex reduction are uniformly controlled on K. Together
with the convention that the symbol and smoothing classes have uniform seminorm bounds when the ex-
ternal parameters range in a fixed compact set, this allows all constants arising in the subsequent diagonal-
ization, symmetrization, and energy estimates to be chosen uniformly for (a,Q) € K.

Recall the cutoff function y fixed in We set

X1o (§) :ZX(g), Ani (€) :=1—=x10(S).

In particular, recalling[Egs. (6.51)|and|(6.64)}

Xo=1 onsupp(y), xmAL"=0. (6.165)
Reminding we can write
D%, (a,Q|U; x,¢) = diag(d; (0, Q| U; x,¢), d2 (a,Q|U; x, £))
where

dy = Vean (0,20 V), § (V) %) ¢ = (1= 1 ©) w3 (0,Q[¢) 60 (0, Q|Us x,§)

+(1-x©) a5P (0,Q|U; x,) €12, (6.166)
dp = Vean (0, Q1 (U), § (U);x) &+ (1= 1 ©) w3 (0,2]¢) 6 (0, Q| U5 x,)
—(1-x©) &SP (0, Q|U; x,) €12 . (6.167)
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Here ¢ := ¢/ |¢], and every symbol depending on ¢ is multiplied by 1 — y (¢). We split

DEO = DEO,lin + DEO,nl’
where
DEO,lin (0,9¢) := DS (0,9]0; x,€),
and ] ] _
DEO,HI (a’Q| U’ x' é‘) = DEO (aIQ| U; xy 'f) - DEO,hn (Cl,Q|f) .

Thus the diagonalized equation for W can be written as
— (ynBW [ 4Cli = :nC =
0w =0p™ (AL (a,0[¢) +iDS, 1, (a,01¢) | W

+iop™ (DS,

(0,0]U5x,¢) + A1) (&, 0| Us 2,8) | W + Ry ) (0, 0] U) W.

We next introduce the flat low-frequency symmetrizer. Let

_ —q (arﬂif) 0
Sjo (0,0/¢) := [ . @] ,
2
and define .
S, (0,01¢):= (M (0,008) ") Sf (a,0/¢) M (a,008) . (6.168)
For s =0, let

As(z):=(1+ zz)% v Aghi(0,Q]U;x,€) := yni (6) diag (A (d1), As (da)).

Since d; is of order 3/2, the weight A (d;) is of order s on the high-frequency region. For the unknowns U
and W, define ,
Wi := 0p™W (Aspni(a,Q|U)) W, Us o := Y10 (D) (D)™ 4 U.

The modified energy is
1 1 -
Es(0)i= 2 | Wani (0] 32 + 5 (8]g (0, 2]D) Usto () | Usio (0). (6.169)

Our goal is to prove the following modified energy estimate of the diagonalized system.

Proposition 6.11 (Modified energy estimate for the diagonalized system). Let the assumptions of[Proposi-
hold. There exist so, g > 0 such that, for every s = sy, every classical real solution satisfying

1
supEsz0 H<ry
tel

obeys
d 1
‘EES(I)‘ < CsEg, (1) Es (7). (6.170)

The constant Cy is uniform when (a,Q) ranges in a compact subset of S.

To prove[Proposition 6.11} we start by proving the following two lemmas about flat low-frequency Hamil-
tonian symmetrizer and high-low frequency modified energy bounds.

Lemma 6.12 (Flat low-frequency Hamiltonian symmetrizer). Assume[Hypothesis 1 Set

i o U A
Q(a,Q[¢) = ; 2|, vi(a,Q¢) :=Z(QL~€).
q(e,Q[¢) ©

Then the following identities hold pointwise in .
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1. The complex low-frequency symmetrizer has the explicit form
2
FRCNTY
j— + u——
c_1|™ (m—‘) 2

2 2l 2
I I L
o= 3 e e Iél o] (a,Q8). (6.171)
) =5 mes) ol o3 )

In particular Sg: is Hermitian and nonnegative. It is positive on the Hamiltonian low-frequency vari-
bles °
a

n D29,
and it is degenerate only on the purely undifferentiated zero-frequency component of .

2. The real Hamiltonian symmetrizer cancels the flat off-diagonal real symbol:
SR * oR —
10Qo+ Qo S}, =0. (6.172)
Equivalently, in the complex coordinate,

St (MQuM ™)+ (MQ,M™')" 8¢ =0. (6.173)

3. The complete flat complex linear symbol satisfies

C [ 4Clin | :\C Clin |, :nC *QC _
S5 (A ™ +iDS ) + (A5 +1DS, ) SE = 0. (6.174)
4. The low-frequency block has the diagonalization defect
C 4Cli Clin\* ¢C _ _: = C C
S s (Alo m) S, =-1(1-x(©) w3 (a,Q[¢) (S Ja—JaS),)- (6.175)

Proof. The explicit formula|Eqg. (6.171)|follows from|[Eq. (6.168)| Indeed,

and
C “1* R pp-1
Slo = (M ) SloM .
A direct multiplication gives [Eq. (6.171)| Since gives —q(a,Q2|¢) > 0, the real quadratic form

associated with S is
]
2
It is nonnegative and degenerates only at { = 0 on the undifferentiated ¥/-component. Since Sﬁ) is the pull-
back of SE) by the invertible matrix M, the same positivity and degeneracy properties hold in the complex
coordinate.

We now prove the symmetrizer identities. Direct multiplication gives

—alnf*+ 2 ol

<1 0 <]
: 21 « R 29
SoQ = | ¢ v QS| g
20 0 1 0

This proves|Eq. (6.172)l Conjugating this identity by M~!, and using the definition of S%, gives|Eq. (6.173)

At the flat state the nonlinear principal corrections vanish:

90 = 1! %an (arQ|07 0) = ZQJ—y d(g'pr = O
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Hence the flat diagonal positive-order part is
DEO'hn =vildez +(1-y%) w3 Ja.
On the other hand, by|[Eq. (6.51)} .
AT = MQuM ™ -i(1-y) w3 Jq.

Therefore the two transition terms cancel inside

Clin | ; C
A10 +1D>o,hn-

Consequently, the left-hand side of|[Eq. (6.174)|reduces to

St (MQuM™) +(MQyM )" ST
+ 8 ivildez + (ivildez)” S

The first line vanishes by|Eq. (6.173)] The second line also vanishes, since v, is real and the term iv;Id¢: is
scalar and skew-adjoint:

St ivilde: + (ivildez) " S

—; C _ . C _
o =1v18); —iv1§; =0.

This proves|Eq. (6.174)

It remains to record what happens if the diagonal positive-order flat part is removed. Using again
AY = MQuM T —i(1-y)ws ]
lo 0 X i

and cancelling the off-diagonal term by|Eq. (6.173)} one obtains

lo*"lo

This is exactly|Eq. (6.175) O

Lemma 6.13 (High- and low-frequency modified energy bounds). Under the assumptions of|Proposition 6.11}
one has

SEAGT +(A5™)" SE = —i(1-x) w3 SGTa +i(1- 1) w3 JaSE,

1d 2 i
‘55 Wil 2| < CsEZ Es, (6.176)

1d o >
55(810%10 | Usio)| = CsEZ Es. (6.177)

Proof. We omit the parameters a,Q and the time variable whenever no confusion is possible.

Part 1 (High-frequency contribution). Differentiating the first term in|Eq. (6.169)|and using|Eq. (6.100), we
obtain

Wil = Re (Op™ (0, g1) W | W)
+Re (Op™ (A1) Op™ (AT™) W | W)
+Re (10p™W (A i) Op™VY (D) W | Wips)
+Re (i0p®" (Asni) OP®W (Ajo.21)) W | Wini)

+Re <OpBW (Ashi) Rppon| W | Ws,hi> . (6.178)
At U =0, the weight A} (0) is a Fourier multiplier supported away from suppAE)’Hn. Hence its compo-

sition with the flat low-frequency multiplier vanishes. The remaining part of A;}; vanishes at least linearly
in U. The spectral localization of the Bony—Weyl quantization and|Eq. (6.165)|therefore give

: 11
|op™ (Asn) 0p™ (45w , < coE2EZ.
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We now consider the positive-order diagonal contribution. Since DEO is real and diagonal,
Re (10p®" (DS) Wi | Wyni) = 0.

Thus only the commutator remains. For j = 1,2, its potentially order-losing symbol is

1
I {xni ©) As(dj), dj}.
Where y1; is constant, one has the crucial scalar cancellation
{As(a)), ds} = A5(dj){d;, djt = 0. (6.179)

When a ¢-derivative hits yp;, the resulting symbol is supported in a fixed annulus and contains V.d;. It

therefore vanishes at U = 0. After the cancellation|Eq. (6.179)} the first remaining high-frequency Weyl term
has order

3 3

S+-—-3=s5—-.

2 2

Consequently,
1 1
” HOPBW (Ashi) op®? (DEO)]I W”L2 < CsEg, Es .
Similarly, 0;A i (0) = 0, and differentiating the nonlinear coefficients produces one lower norm of 0,U.
Using the equation, the tame estimates, and [Eq. (6.188)} we get
11
|op™Y (0, Asni) W|,2 = CsE2 E2. (6.180)

Finally, the bounded symbol and the smoothing remainder vanish at U = 0. Their tame estimates give the
same right-hand side. Substitution in|Eq. (6.178)|proves|Eq. (6.176)|

Part 2 (Low-frequency contribution). We differentiate the low-frequency part of[Eq. (6.169)|using the com-
plex equation|Eqg. (6.55)! The flat contribution is

Clin | ; C
A10 +1D>o,hn-

Since all low-frequency weights are constant-coefficient Fourier multipliers, [Eq. (6.174)|gives

C,lin + iDC

Re <Sﬁ> (Alo >0,lin) Us,lo

U5,10> - 0. 6.181)

This cancellation acts on the whole multiplier Aico'hn, including its transition-frequency part.

It remains to estimate the nonlinear terms. Conjugating the low-frequency quadratic form by M1,
these estimates reduce to the real Alinhac system[Eq. (6.7)} The off-diagonal quasilinear block has the same
Hamiltonian order structure as its flat part, while the lower-order block satisfies

0 -1
A[R,Al rzl le
] €
o FO I‘O
=1 >1

by|Eq. (6.8)} Together with the spectral localization of the Bony-Weyl quantization, this structure is bounded
on the low-frequency Hamiltonian energy space

LZXH%.

The nonlinear coefficients vanish at the flat state. Since the CDE coefficients depend on 7 and on differen-
tiated components of 1, their lower seminorms are controlled by the Hamiltonian smallness

1
Vg, o) S B

The undifferentiated low-frequency component || Y|| ;% is therefore not needed in this closed symmetrized
1

estimate. The smoothing remainder satisfies the same bound after fixing p sufficiently large. Hence
_3 in . 1
[Re (S 110 (D) D) (0,0~ (AS™ +1DS, ) U) | Usso)| = GBS .

Combining this bound with|Eq. (6.181)|proves|Eq. (6.177)
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We are now ready to prove[Proposition 6.11|

Proof of{Proposition 6.11, By|Eq. (6.169)}

1 1
Es= E ” Ws,hi ”iZ + 5 <Sﬁ) Us,lo | Us,10>-

Addingl|Egs. (6.176)|and|(6.177)|gives

d 1
‘EES SCSESZOES,
which is|Eq. (6.170) O

Corollary 6.14 (Uniform a priori estimate in the modified energy). Under the assumptions of{Proposition 6.11}
set

1
eo (1) := E; (1).
Then
eo (0)
et)s ——— (6.182)
1—Cs,e0(0)[7]
whenever the denominator is positive. Moreover, for every s = s,

Cs

Es (1) < E5(0) (1—Cyye0 (0)[2]) o (6.183)
Proof. Taking s = s¢ in[Eq. (6.170)|gives
Eeo = Cs, e(z).
Integrating forward and backward from ¢ = 0 proves For s = s,
‘iEs < CseyE;.
dt
Integrating again and using[Eq. (6.182)|proves|Eq. (6.183)| O

6.4.2 Equivalence between the modified and Sobolev energies

U , define the Hamiltonian low-high energy norm

ForseRandY =

||Y||2éam(am = |l xni (D) 7] jq + || i (D) 9| Z

_3 - L2
+H7clo(D) (DY*"i (—q(a,Q2|D))2n . (6.184)
+ 2o D)y D1} |
2 [| 1o Vil e
We also isolate the purely inhomogeneous low-frequency component of :
2 s=1 - 2
1V1Z. = |10 () (Dy4] . (6.185)

Remark 6.15 (Hamiltonian scale versus the inhomogeneous Sobolev scale). The norm in[Eq. (6.184)|is the
scale naturally produced by the flat Hamiltonian symmetrizer. It is fully inhomogeneous on 1 and on the
high-frequency part of i, but at low frequencies it measures |D|'/2 {, not ¥ itself. This is already present in
the real flat Hamiltonian energy through the block

= (e, Qf¢) 0]
o lel2]

Thus the missing component in the standard Sobolev norm X’¢ is precisely || Y || z- The symmetrized en-
ergy gives a closed estimate in the Hamiltonian scale; the missing low-frequency Sobolev component is
propagated by a rough estimate. ¢
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Remark 6.16 (Why the enlarged low cutoff is used). The choice y, (¢) = x ({/2) guarantees that yj, = 1 on
the whole support of the low-frequency linear defect Afo’hn. Therefore the low-frequency Hamiltonian sym-
metrizer sees the entire flat low block. The transition annulus between y and y), is compact in frequency;
all symbols supported there are treated as bounded symbols in the energy estimate. ¢

Lemma 6.17 (Coercivity of the modified energy). Let K € Sg. There exists ry, So > 0, such that for every s = sg

and every real classical solution satisfying
1

EEO (t) = o,

one has
E}(U"gK\“n(t)ﬂp(ﬂ)”iﬁmimﬁ), (6.186)
(10, % )| 5s ~s.x Es (0 + (00,5 (0) |2 (6.187)
In particular,
[CIORA0)| P CKESO(t) (6.188)

Proof. On suppyni, one has y =0, hence mn}} =m_1. The ellipticity of the diagonal entries gives

4
As (dj) ~sk (6, j=12.

Using the high-frequency form of M, the tame invertibility of B, and the real Alinhac transformation, we
obtain

IWenil72 ~s.x |l ani (D) 7| e Vi D) || .y (6.189)
For the low-frequency part, using U = MYy, andm one has
(S5 Usto | Usio) = |10 01014 (=a (0. 0|D)) |, +5 |10 01023 101 ] (6.190)

By IEq. (6.163)l |Eq. (6.190)| is uniformly coercive for (a,Q) € K. The Alinhac transformation is triangular
and tame on the Hamiltonian low-frequency scale. More explicitly, the correction to i is an order-zero
coefficient times 7, and therefore

110 (D)(D)* ™4 DI (7~ )
is controlled by the corresponding low-frequency 7)-term. Hence[Eg. (6.190)|is equivalent to the low-frequency

partof | Y] X (a)" Together with [Eq. (6.189)} this proves|Eq. (6. 186)}

Finally, by ‘the definition of the standard inhomogeneous space A’® in[Eq. (1.27)} the only missing term
in the Hamiltonian norm is the low-frequency inhomogeneous component of ¥. Therefore

1Y 1130 ~s ||Y||25 +IYIZ, .
m(@0)

Using[Eq. (6.186)|gives[Eq. (6.187)} and [Eq. (6.188)|follows immediately. O

Lemma 6.18 (Rough propagation of the missing low-frequency component). Let K € Sg. There exist sy, 1o >
0 such that, for every s = sy, every real classical solution satisfying

1
supE;, (1) <rg
tel

obeys
d 1 1
T, 1Y (Dl zs = CsEg (1) + CsEg (DY ()l ;s - (6.191)

Consequently, if

1
supE (1) < Mye, sup E¢ (f) < Mg,
ltl<T ltl<T

then, for|t|< T,
1Y (8)lz; < exp (CsMoe D) (1Yol z; + CoMel ). (6.192)
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Proof. The CDE vector field depends on ¢ only through differentiated quantities. At the level of the second
equation, its flat low-frequency part has the form

0+ = q(a,Q|D)n + terms at least linear in Y and involving differentiated .
Applying y1, (D) (D)7 gives

|10 ) (D) a (0,0 D)

2= Csxll Y”X;lam(a,ﬁ) ,

because q is a smooth bounded multiplier on the support of yj,, while the Hamiltonian low-frequency norm
controls

_3 - 1
Xio (D) (D)™ (=q(a,Q|D))2 n.
For the nonlinear terms, the tame paralinearization estimates of| and the real Alinhac structure
give
_1
[xo @ @y =Yy oy (171, w17 123).

The appearance of Z here accounts only for bounded zero-order low-frequency contributions. Using

Eq. (6.186)} we obtain[Eq. (6.191)| The integrated bound|Eq. (6.192)|follows by Gronwall’s lemma. O

6.4.3 Proof of the uniform Sobolev estimate

Proof of|[Proposition 6.10, By the bootstrap smallness assumption in X'* and the coercivity estimate[Eq. (6.187)
after decreasing ry we may apply[Proposition 6.11| Set

1
es (1) :=E¢ (1), zs (1) =Y (DOl z; -
The initial bound in X', together with[Eq. (6.187)| gives
es(0) +z5(0) = Cs ke, es, (0) = Cy, k€. (6.193)

Choose c; x > 0 and € x > 0 so small that

1
Cs.xes, (0) 2] = > whenever |t| < cs,Ke_l.
Then|Corollary 6.14gives, for every ¢ € I with || < ¢, xe L,
es (1) = Cs ke, es, (1) = Cy, KE. (6.194)

In particular, by[Eq. (6.186)} [Eq. (6.194)|gives the Hamiltonian bound [Eq. (6.161)
It remains to control the undifferentiated low-frequency component of . Applying[Eg. (6.192)|with

T= Cs,KE_l, My = Cso,K; M; = CS,K,
and using|Eq. (6.193)} we obtain
zs (1) < Cyx (e +€t]) < Cyk (€ + csk) (6.195)

for every t € I with |t| < ¢sxe™!, after possibly decreasing c; x once more to keep the exponential fac-
tor uniformly bounded. Combining|Egs. (6.187)} [(6.194)| and [(6.195)| proves [Eq. (6.160)} The final small-
neighbourhood statement follows by choosing c; x and € k sufficiently small. O

Under[Hypothesis 1} the two branches of the flat linearized system are simple and purely imaginary. We
denote the positive dispersive frequency by

(U% (a,Q|€) = \/_Da,fl ©).
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For every ¢ # 0, the corresponding flat eigenvectors suggest the complex coordinate

1 . ] . B
uhom.—E(m_%(D)nMﬂm_%(D)m), m_s (a,9]¢) = EPETa)

This choice diagonalizes the flat system exactly away from ¢ = 0 and has the correct high-frequency orders.
The obstruction is confined to low frequencies. Indeed, by[Egs. (3.2)jand|(3.4)}

HE
(2ga)i

- - a 1 -
CI(O,QK)—’_QC(, (1)% (O,Qif)’*’ %'{'27 m_i (Q,Q|€)~
Hence m:ll (a, Q|€ ) grows like |¢ I_i as { — 0. The exact eigenvector normalization therefore makes the map
4
Al — m:ll (D) na singular at the origin; in particular, it does not define a bounded Fourier multiplier from
4

H*1 to HE. Equivalently, the squared Fourier weight carried by the na-component behaves like |¢ I_%.
This singularity is not present in the physical quadratic energy. At the flat state the latter contains

fRZ (—q(a,fz\f) Iﬁ(£)|2+|2ﬂ|17/(6)|2 d¢.

Since —q (a, Q|£ ) — ga > 0, the gravitational term controls the low-frequency part of  with an ordinary L?
weight. Thus the factor |¢ I_% is an artifact of the exact homogeneous eigenvector normalization, rather
than a degeneracy of the flat Hamiltonian. The homogeneous coordinate is therefore well adapted to the
high-frequency diagonalization, but not to the natural inhomogeneous Sobolev phase space.

6.5 Proof ofTheorem 1.12|
Proof. Fix K a compact subset of stable parameter set Sy introduced in[Definition 1.10} Write

p:=(a,Q)eK.

We construct the proof of [Theorem 1.12| following a standard approximation procedure for quasilinear-
hyperbolic systems.

Part 1 (Analyticity). Recall that we use the notation Y := [11121

Eq. (2.9)| Its formulas combine pointwise analytic functions, Fourier multipliers, the kernels in[Egs. (2.3a)
Lemma5.23

. Denote by §p, (V) the right-hand side of

and|(2.3b)| analytic in the normalized differences of 7, and the analytic inverse (Id + azo (17)) " of]
Thus, for s sufficiently large, r. > 0 sufficiently small, and g = sy,

§peC”(Bra 0,r);X972), (6.196)

with uniform tame estimates for p € K. The smallness of ||7]| .o+ keeps the normalized kernel factors and
the inverse controlled when differentiating these formulas.

Define
Up (¥):= M(p|D) G (p] Y)Y,

@, (Y):=B(p|U, ")) U, (V).

By [Egs. (6.4)} |(6.49)| and [(6.99)} the maps entering [Eq. (6.197)| are real-analytic and tame for |Vl xs < 7+,
uniformly for p € K. Hence, for g = s,

(6.197)

®,€C”(Bya(0,1,); H)
on the real subspace, with uniform tame bounds. Moreover,

®,(0)=0, d®,(0)=M(p|D),
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and M (p|D) is a uniform isomorphism from X7 onto the real subspace of H7 (R?;C?). After decreasing .,
the analytic inverse function theorem therefore gives a real-analytic tame inverse

¥, =0,

uniformly for p € K.
We use @, as a nonlinear change of coordinates and set

W:=0,(Y), Y=¥,W).
Accordingly, the vector field of the canonical CDE[Eq. (2.9)|in the W-coordinates is
Sp (W) :=d®y (¥, (W) [ (¥p (W))].
Since §p, ®p, and ¥, are real-analytic and tame, for every g = s,
&) €C(Bra (0,r.); HI7?), (6.198)

on the real subspace, with uniform tame bounds.
If Y solves the canonical CDE

atY:%p(Y),

then, using W = @, (Y) and the chain rule,
W =d®,(Y)[0;Y]=d®, (V) [Fp (V)] =6, () (V)) =6, (W). (6.199)
Conversely, since Y =¥, (W), the same argument with the inverse change of coordinates shows that
0,Y=F,(Y) <= 0,W=6,W).
We now write explicitly the quasilinear operator associated with & ,. Set
Uy (W) :=Up, (¥, W),
and, for a sufficiently regular Z, define
L, (W) Z:= OpBW (Al’f;““ (p|5))z

+10p™ (DS, (p| % W); x,€) + A 21 (P| % (W); x,6)) Z
+ Ry ) (P|% W) Z.

The paradifferential representation of [Eq. (6.199)|is precisely [Eq. (6.100)| By [Eq. (6.198)} %), (W) depends
real-analytically and tamely on W, and

S, (W) =L, (W) [W].

Part 2 (The regularized problem). We now construct the approximate solutions. Let § € C° (R; [0, 1]) be real
and even, with ¥ =1 on [-1, 1], and set
(D)

Py = }Z (Z_N) .
The operators Py are real, self-adjoint smoothing Fourier multipliers and commute with Fourier multipli-

ers. Let
D, (W) :=diag(d, (W; x,$),d2 (W; x,¢))

denote the real diagonal order-3/2 part of .Z), (W) in the sense ofIEqs. (6.166)|and|(6.167)], and write

By, W) (Z]:=L, W) [Z]1-i0p™ (D, W)) Z.
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Thus %, (W) contains the bounded part of the linearized transformed vector field. For N = 0, define the
regularized diagonal symbols

52 <
na (@) i=2z) (23(N+1))’

a\]j,]\f+1 (W;x)é‘)::fN+l (d] (W;X,E)), j:1)2)
D1 (W) = diag o1 (W), do, 1 (W)).

Since the cutoff is real and even, the reality relation between the two diagonal branches is preserved. Set
Win:=®,(Yy), Wy(1)=0. (6.200)

Having constructed Wy, define Wy as the solution of

(6.201)

0: W41 =10pBW (D, n+1 (WN)) Wis1 + P18 (W) [Wis1l,
Whn+1(0) = Py Wip.

For fixed N, is linear in Wy;. The symbol 1~)p, ~N+1 (Wn) has compact frequency support, so its
Bony-Weyl quantization is bounded on every fixed Sobolev space, with a bound which may depend on N.
The second term in is bounded on the same space by the Friedrichs regularization.

Since Wy is known and continuous in time, the right-hand side of[Eq. (6.201)]is a continuous family of
bounded linear operators on H®. Hence the linear Cauchy-Lipschitz theorem gives a unique solution Wy,
on a possibly N-dependent time interval. The real subspace is invariant, and compatibility of the same
equation at higher Sobolev indices gives smooth approximate solutions for the smoothed initial data.

Part 3 (The uniform bounds). We prove that the solutions constructed in Part 2 exist on a common time
interval, independent of N.
For N =0, set
Un =%, (Wn).

For a real function Z, let £, x[Z] denote the quadratic energy obtained from [Eq. (6.169)| by freezing the
state-dependent coefficients at Uy and replacing W by Z. In particular, its high-frequency weight is

A= xni (€ diag (Aq (di (Un; x,8), Aq (da (Un; x,£)). (6.202)

The low-frequency part is obtained by freezing the change W — U at Uy and using the flat symmetrizer Sﬁ)
of The coercivity argument of[Lemma 6.17]is uniform with respect to N.

We verify that the regularization of Part 2 preserves the estimates used in the proof of[Lemma 6.13]

The crucial point is that the principal high-frequency cancellation is preserved exactly. We use in[Eq. (6.202)|
the unregularized weight A, (d j). For j = 1,2, the potentially order-losing symbol in the commutator with
the regularized diagonal operator is

%{Xhi & Aq(d;), dj,N+l}-

Where yy; is constant, one has

g (d)), dinor} = 1Ag(d)), fiver (d)} = Ay (d) Fiewn (d) Ay, dj} =o0.

Thus the regularization preserves exactly the cancellation in When a ¢-derivative hits yp;, the
resulting symbol is supported in its fixed transition annulus and contains Vd;. In particular, it vanishes at
U = 0 and is estimated exactly as in the proof of[Lemma 6.13]

Finally, the bounded part of[Eq. (6.201)|is harmless: Py is real, self-adjoint and uniformly bounded on
every Sobolev space. We choose once and for all the initial regularization scale in Part 2 so that, for every
N =0, both Py41 and dj — Zi; n+1 are the identity on the fixed low-frequency region entering
Hence the flat low-frequency cancellation[Eq. (6.181)|is unchanged.

We may therefore repeat the proof of[Lemma 6.13|with the coefficients frozen at Uy. The only difference
is that the coefficients depend on Wy, whereas the equation is solved by Wy .. When the time derivative
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falls on a frozen coefficient it produces d; Wp; using the equation at the Part 2 and the same tame estimates

as in[Eq. (6.180)|gives, for every g = sy,

d 1 1 1 1 1
T Ean Wl = Ca€Q y IWNIE Wl + Co i€y y IWNIE (Wil (6.203)

In particular, for g = sp,
1 1 1

d 1 1
&SSZO,N[WN+1] < Cso kg N IWNIES N W1l (6.204)

The initial data satisfy, uniformly in N,

2
So

1
gSZ'N[WNH (0)] = Cs ke,

by the tame bounds for ®;, and the uniform boundedness of Py ;. We set
Te = Cs,KE_l, I :=[-T¢, T¢].
We first apply[Eq. (6.204)] Assuming inductively that

1
supE2 \ [Wy (1)] < Mye,
tel,

Gronwall’s inequality gives

1
sup SSZOYN (W1 (0] < Creexp (CxkMoeTy).
rel,
Choosing first My and then ¢, g sufficiently small closes the induction. With this lower bound available,
Eq. (6.203)|gives in the same way, at the index s,

1
sup sup 552N [(Wn+1 (0] = Cs k€. (6.205)
N=0 tel,
It remains only to propagate the undifferentiated low-frequency potential, which is not contained in
the Hamiltonian energy. The proof of|[Lemma 6.18|applies to the frozen equation in the same way. If z; n+1
denotes the corresponding frozen version of[Eq. (6.185)} its tame polarization gives

1 1
PR Cox€qyn Wil +Co€s v [WN2gn+1

1
+Cqx€ g N IWN 25y, N1

Using first q = s, and then g = s, together with|Eq. (6.205)} yields

sup zs n+1 (£) < Csx (e+£|t]), tel;.
N=0
The frozen analogue of|Eq. (6.187)|therefore gives
supsup Wy ()l g5 < Cs,x (€ + ¢5,x) - (6.206)
N=20 rel,

After decreasing c, x and €, the right-hand side of|Eq. (6.206)|remains inside the coordinate neighbourhood
on which all the transformations and coefficients are defined. The continuation criterion for the linear
problems of Part 2 therefore extends every Wy to the whole interval I,.

Part 4 (Convergence of approximate solutions). We prove that the sequence (Wy) y is Cauchy in C (I; LZ).
For convenience, denote by

Loy W) [Z]:=10p™ (D) n (W) Z + PNB, (W) [PN Z]
the regularized linear operator introduced in Part 2. Thus

0:Wh+1 =Ly n+1 (WN) [Why1].
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Set
Zn =Wy — Wy

Subtracting the equations at the two consecutive levels gives

0:Zn = ZLpN+1 (W) [ZN]
+ (L, N1 WN) = Zp N1 (W-1)) [W] (6.207)
+ (L N1 WN-1) = Zpn (Wh-1)) [Wi].

The first line is the homogeneous linearized equation. Since the diagonal symbols 217 N+1 are real, their
Bony-Weyl quantizations are self-adjoint and hence

Re (i0p™ (D), n41 (WN)) Zn, ZN) 2 = 0.

The bounded part contributes at most C || Zy IIiz, uniformly in N.

By the tame Lipschitz estimates for the coefficients and the uniform bounds of Part 3, for W,V in the
structural ball and X € HS,

1(ZLpna1 W) = L ne1 (D) (X 12 < Coic IW = VIl 21X | s
For the regularization error, set

ajNW):= fyu1 (dj W) - fv(dj (W), j=1,2.

Since fn+1 — fiv vanishes for |z| < 22N , the high-frequency ellipticity of d; on the By, g (I; o) implies
suppa;,n (W) < {(&) >k 2N},
Together with the uniform order-3/2 symbol bounds proved in Part 3, this gives
|lop™Y (@jn W) X 1o < Cox2 G-V XN s,  j=1,2.

For the bounded part, one has

Pn1By (W) Pny1 — PN%By (W) Py
= (PNn+1—PN) Bp (W) PNs1+ PNPBy (W) (PN+1— PN).

Since
I(Pn+1—Pn) X2 < C27N 1 Xl s,

and %), (W) is uniformly bounded on the Sobolev scale,
|(Pn-+1Bp (W) Pyit — PNBy (W) Pr) X|| 2 < Cox2 N 1 X 1 s -

Consequently,
3
(Lo 31 (W) = Ly W) [X]]| 12 < Co 22N 1 X .

Using Part 3 in[Eq. (6.207)|therefore gives for some o > 0,

d _
P 1 Znllpz = Csx 1 Znll 2 + Cs x | Zn-1ll 12 + Cs k2 oN, (6.208)

Moreover,
Zn (0) = (PN+1— Pn) Wip,

and hence, after decreasing o > 0 if necessary,

1 Zn )12 < Cs 27N, (6.209)
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Integrating|Eq. (6.208)|and using|Eq. (6.209)} for 0 < ¢ < T,, we obtain
t t
AN () <Csx27 N+ cs,Kf Ay (1) dT + cs,Kf An_1 (1) dr,
0 0

where
AN (2):= sup 1Zny @)l 2.

0<t<t

Summing in N = 1 and applying Gronwall’s inequality yields

Y sup [ Zy (D2 < +oo.
N=10<r<T,

The same argument on [— T, 0] gives, recalling the|Notation 1.3} 3,

Y I Wn1 = Wallg g, < +oo.
N=1

Consequently there exists a real-valued
W eC (I L?)

such that
Wy— W in  C(I5L?).

By Part 3 the sequence is uniformly bounded in L* (I;; H®). Therefore, for every 0 < g < s, Sobolev
interpolation gives
1-1 a
IWN = Wpllg,1, < CIWN = Wnmlly ;* IWN o s + IWpll oo ps) s

Hence
Wy— W in C(I;H), 0<g<s.

In particular, choosing sy < g < s and using the local Lipschitz continuity of ¥, : HY — X', we obtain, with
Yn:=¥,(Wn), Y:i=¥,W),

that
Yv—Y in C(I;X9), S0<g<s. (6.210)

Part 5 (The limit is a solution of the original equation). Fix g with sy < g < s. By Part 4,
Wy— W in C(I;H). (6.211)
We pass to the limit in the integral form of[Eqg. (6.201))
t
Wy (1) = PN+1VVin+f Ly N1 Wy (1) Wy (D)]dT. (6.212)
0

We first remove the regularization. The uniform H’-bounds of Part 3, the Fourier localization of Py —1d,
and the definition d; v = fy (d;) give

|- L1 (W) Wiv1) = Z (W) Wil s . = Casic 2 MV 1N (D1, === 0. (6.213)

For the diagonal part this follows from the fact that fy (d;) — d; is supported where (¢) > 2%, since |d;| ~
(& )3/ 2. the bounded part is treated directly with Py —Id.

By[Proposition 6.7} the concrete operator .Z), (V) consists of a symbol of order 3/2, bounded symbols,
the fixed low-frequency multiplier, and a smoothing remainder. The symbol estimates in
and[Eq. (4.4)} the Bony-Weyl boundedness[Theorem 4.15|and [Eq. (4.11)} and the smoothing estimate [Defi-|
and[Eq. (4.3)|therefore give, uniformly for V in By, g (I, o),

-2, W (21| 43 < Cax 1 ZNpa. (6.214)
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Here the lower-order paradifferential terms take values in spaces of higher regularity and are then embed-
ded into H9" 2.

We also use the dependence of the concrete coefficients on the state. The same analytic dependence of
the CDE and of the changes of variables used in Part 1 to obtain [Egs. (6.196)|and|(6.198)} together with the
polarized versions of|[Egs. (4.3)|and|(4.4)} gives

Az, W 21| 43 < Casx I HI o 1 Z1 1,

2

for V in the same ball. In particular, since
1
2Ly () = £y (Va) :fo dZ) (Vo +0 (V1 = V1)) [V1 - V,]d0,

we have, thanks to the analiticity of the nonlinear vector field

(2, (V1) -2, (V) 121 < Cysx Vi =Vallga 1 Z1 s (6.215)

H3
We now apply these estimates to
Ly WN) [Wi41] =2 (W) [W]
=Ly (WN) (W11 — Wal + (£ (WN) = 2L (W) (W] + .2 (W) [Wy — W]

by[F 6217
|-Z» (WN) (W41 — Wi ”q—%,lg < Cqx IWn+1 —Wnllg, — 0,

|2 W IWN =W _s ;. = Cqx IWN = Wllg,1, — 0.
For the middle term, [Eq. (6.215)|and the uniform H*-bound of Part 3 give
|(Zp W) =L, M) IWNI,_3 ;. = Cops i IWN = Wilg,, IWNl5, 1, — 0

by|Eq. (6.211)| Hence

|1-Zp (W) (W11 = 2 W) (W] — 0. (6.216)

q_%'IE
Since
Ly (W) [W] =&, (W),

[Egs. (6.213)|and|(6.216)|give

Ly o1 W) Wyl — &, (W) in C(I;HT?).

Moreover,
Ppn 1 Win — Wi in HA.

Passing to the limit in|Eq. (6.212)|therefore gives
t
W(t) = Win+f Sy (W (1))dr.
0

Thus ,
W eC(I; HT)nC! (IE;H"_E)

and solves the exact transformed equation
O[W = Gp (W) .

Finally set
Yi=W¥,W).

Since Win = @), (Yp), one has Y (0) = Yp. By the exact equivalence established in Part 1,
oW=6,W) 0:Y =5, (Y)
—
W (0) = Win Y (0) = Y.

Hence ,
Y (1) =Y +f 3, (¥ (0)dr, 6.217)
0

and the limit is a solution of the original canonical CDE.
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Part 6 (Uniqueness of the solution). Let Y3, Y> be two solutions in the class constructed above with initial
data Y 9, Y20, and set
Wi:=0,(Y;), Z:=W;—-W..

Since
0:W; =2, (W;)[W;],

one has
0:Z =2, W) [Z]+ (.i”p W) -%p (Wz)) [Wo].

The L2-comparison estimate of Part 4 applies directly, now with no regularization error, and gives

| 2]
1Z (D2 < Csx 1 Z O]l 2 + Cs.x fo 1Z@lpdr,  tel.

Hence, by Gronwall’s inequality,
W1 = Wallo,1, < Cs k1, W1 (0) = W2 (0) Il 2 .

In particular, if Y7 9 = Y29, then W; = W5, and therefore Y = Y since ®,, is invertible. This proves unique-
ness.

Part 7 (Regularity of the limit). By Part 3 and[Eq. (6.210)} for every ¢ € I, weak lower semicontinuity gives
1Y (Ollxs < 1iNIIliorgfII Yy (O)lls = Csx (e +€]t]).
Hence
Y € L% (I; XF).

Moreover, by Part 4,
YeC(I;X9), spsqg<s.

It remains to prove strong continuity with values in X'*. Fix a lower Sobolev index g such that

<< 3 P >3
So<g<s——, =5—q>—.
0 2 2

For N = 1, recall from|Egs. (6.200)|and|(6.201)|that

Wn(0) = PNWin,  Win =) (Yo).

Since Wy (0) is smooth, the solution construction of Parts 2-4 may be performed at the index s + % Its
associated lifespan is still I, up to slightly modify the value of the constant ¢, g, since

IWn (0)ll s < CllWinll s < Csxc | Yol s,

by the uniform boundedness of Py and the tame bounds for @, following|Eq. (6.197), Moreover, the Fourier
localization gives
3 3
IWN O3 < C22N [ Winll s < Cox22™ 1| Yol s

Hence the higher-order estimate of Part 3 gives

3

N
sup [Wn (Ol 53 = Cs k1,227 [ Yoll s -
tel,

Take M, N € N* with M > N and set
Zym,N = Wy — Wy, TM,N = | (Pv = PN) Winll s -
Then

TN — 0, as N — oo.
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The frequency localization of Py; — Py gives

| Zm,n (0]

M,N (0)|| gy = Cs k2™ NT v
|Zm5 O] 1y < Csx27N7

s = TM,N,
H (6.218)

We first compare the two solutions at the lower index q. The difference 2, y satisfies the same equation
used in Part 5. Since

q+§<&
2
the order-% coefficient-difference term is controlled by the uniform H®-bounds of Part 3, and the corre-
sponding energy estimate gives

|2mwll, . = Csxr |28 O o Cox,,2 N Tag - (6.219)

We now repeat the same comparison at the index s, using the symmetrized energy estimate of[Lemma 6.13
The homogeneous part is controlled exactly as in [Egs. (6.176)|and [(6.177)] For the coefficient-difference
term, recall from [Proposition 6.7|that the only positive-order contribution has order 3/2. The tame symbol
estimate the Bony-Weyl boundedness [Theorem 4.15|and [Eq. (4.11)} and the smoothing estimate

Eg. (4.3), applied in their polarized form as in[Eq. (6.215), give

[ (Lo, it War) = Zp,n (W) W]

s (1WAl g + Wi

Hs+§ Hs+% ) *
Here the first term is the high-low contribution and is absorbed in the Gronwall estimate, while in the sec-
ond one the high derivatives are placed on the smoother solution. This is the same tame splitting used in

Eg. (6.203)} Recalling that

i < Csx | Zmn || s + Co.x | Zmv|

3

3N
sup Wy (2) ”HS*% =Csk,1.22" 1Yol xs,
tel,

the coefficient-difference term is controlled by the lower-order comparison multiplied by 22N,

|2, = Cosere (I 208 @ g + | 20wl g 1, (1Watlgas 1, + 1WNTi2,1.)) -

Using|Egs. (6.218)|and|(6.219)} we obtain

Zunl., <Coxr 142702V 74, 0. (6.220)
|Zmnll . < Csiot, :

Since 6 > % and 7 — 0,[Eq. (6.220)|implies that the sequence (Wy) i is Cauchy in L™ (I;; H®) . By uniqueness
of the limit, Part 4 gives
Wy— W in  L[®(I;HY).

The local Lipschitz continuity of ¥, : H® — X'¥ yields
Yvn— Y in  I®(IgX°).
Each Yy belongs to C (I; X'¥); hence, as a uniform limit of continuous functions,
Y €C (I X¥).

Finally, by|Eq. (6.196)
By XS — X572

is continuous. Therefore ,
§p(MeC(lsas),

and the integral equation|Eq. (6.217)|gives
Y eC (I x)nC 14°73).

Together with Part 3 and Part 6, this completes the proof.
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A Technical miscellanea

Lemma A.1 (Radial distribution identities). The following identities hold true in S’ (R), one has

00 o P 0o | 1 1 - t
f sin (r )dr:Esgn(t), f et dr = 768 () — ip.v.—, f L(”drzﬁm, (A.1)
0 r 2 0 £ Jo r 2

Proof. We prove the three identities separately.

Part 1. Fore >0, define

I.(n):= f e " sin(rt) dr.
0 r

The integral is absolutely convergent and may be differentiated with respect to . Thus

0.1 () =f0 e “"cos(rt)dr = e

Since I, (0) =0, integration in f gives
I, (t) = arctan (t/€).
Hence -
Ie(t)—>§sgn(t) for t #0.

Moreover, |I. (f)| < /2 uniformly in € > 0 and ¢ € R. Therefore, for every ¢ € S (R), dominated convergence
yields

limf LD @0 dr= zf sgn (D (D) dt.

€lo Jr 2 Jr

This proves the first identity in[Eq. (A.1)|in S’ (R).

Part 2. We next consider

1 € .t
= —1 .
e+it €e2+12 24712

]6 (1) ::f e—er—irtdr —
0

We treat the real and imaginary parts separately. Let ¢ € S (R). For the real part, the change of variables

L =es gives
€ @ (€s)
——— ) dt= d
f[mez+t2(p() le+s2 ¥
1
— (0 ds= 0).
w({&l+§ s=m(0)
Thus

ﬁ 25 inS'®).

For the imaginary part, fix an even function y € C2° (R) such that y = 1 in a neighborhood of the origin.
Since ¢ (¢2 + 12) ' y (1) is odd,

t t
fuaezﬂz‘p(”dt:fm—zﬁz lp() @@y 1)]dt

2 _
:f t“ (1) <p(0)x(t)dt_
R €2 + 12 t

The function
. @()—@ )y (1)

r
t
extends smoothly through ¢ = 0 and belongs to L! (R). Since 0 < ez’f 7 =1, dominated convergence gives
. 4 P @) -0y (@)
1 ——pdt= | ——————dt
el?(;l R €2+ 12 ¢ (1) [I;i r
t
=p.v. wdt,
R
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where the last equality uses the evenness of y. Consequently,

t

1
—— —pv— inSM®.
€2 +t2 p t ®

Combining the real and imaginary parts proves the second identity in[Eq. (A.1)

Part 3. Finally, for every ¢ € R, the integral

K(t):zf I_Lzs(rt)dr
0 r

is absolutely convergent. Indeed,

o(r*t?) asr—0,
o) asr — oo.

1—cos(rt) = {

For t # 0, the change of variables s = || r gives
*©1-coss
K(t):|t|f —st
0 S
It remains to evaluate the constant on the right-hand side. For 0 < § < R, integration by parts gives
R1-cosr 1-cosr|® [Rsinr
[ty [ L) e,
5 r r s Js 1

The boundary term tends to zero as 6 | 0 and R — oco. The remaining improper integral converges by the
Dirichlet criterion. Denoting
Rginr
F(R):= f —dr,
0 r

let L:=limg_ F (R). Since F is bounded, integration by parts gives, for every € > 0,

o sinr o
f e ——dr= ef e “"F(r)dr
0 0

oo
=f e SF(s/e)ds.
0

Dominated convergence therefore implies that the last expression tends to L as € | 0. On the other hand, by
the calculation for I,

©0 sinr b/
f e " ——dr=arctan(l/e) — —-
0 r 2
Hence L = /2, and therefore

®©1-cosr T
—zdr:_'
0 r 2

It follows that =

including t = 0, where both sides vanish. This proves the third identity in|Eq. (A.1)|and concludes the proof.
O

B Abstract paralinearization for subcritical homogeneous graph kernels

Let 0 < n < d and let (h, k) be an admissible homogeneous pair of order —7 and vanishing order ¢ in the

sense of|Definition 5.4, Throughout this appendix we assume

Bf:=d-n>0, k(0) =0, ¢>p. (B.1)
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The condition k (0) = 0 removes the flat homogeneous convolution, while ¢ >  makes the nonlinear far-
field contribution integrable.
For every real ) satisfying sup ||Azn||Loo <1y, define

() 0] (x) = f |(|n) (A0 ()0 (x - 2)dz,

NPT LR LS R
|z |z|

(B.2)

The integral in|[Eq. (B.2)|is ordinary both at the origin and at infinity: local integrability follows from n < d,
while[Eq. (B.1)|and the vanishing order of k give the required far-field decay. Our main goal is to prove the
following theorem.

Theorem B.1 (Abstract subcritical paralinearization). Let 0 < n < d, and let (h, k) be an admissible homo-

geneous pair of order —n in the sense of[Definition 5.4 and satisfy[Eq. (B.1)| There exists po > 0 such that, for

every o = 0o, there exist so >d/2+1, u= 0, and ry > 0 such that, for every s = sy, every real
ne St (Rd; R), we HSH (Rd;IR), ||77|

the operator in|Eq. (B.2)| can be recasted as

Hso+1+p <To,

() _ B [ 4Rk , ap,zo (@] (n;x,¢) 77 lin,R n
thflk (n) [w] = Op Aly_ﬁ [w] (m;x,&) + ap_pgzr] (mx,8)]) R[19n>é] (n,w)- ol (B.3)
The objects in[Eq. (B.3)| are as follows.
* The vector symbol
h,k;n
hk _|owa""" (Vn(x),8)
AlZplw) (m;x,8) = a5 (v (2,6 (B.4)
has the following components.
= a"®(vn,¢) e I, | isthe symbol
™ (p, f X&) — |n+1 K (p-2)(1-e7)dz; (B.5)
- a%“‘" (Vn,¢) el ﬁ is defined by
i (p.& f Y@ ( ) (p-2) e de. (B.6)

Both components satisfy

™ (=8 =™ (p8), @’ (p.=8) = alg (p.6).

* The generic vector symbol
ap,z01 0] (1;%,§)
a|_p_,>¢] (1 %,§)

has the following components.

- ap>¢ [ € L(HT?), and, for every real w,

a0 (0] (0;x, =€) = ajo,2¢) (] (17;x,€).

If¢ = 2, the range of ajo,»¢ ['] improves to 1">[ v
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— a[—ﬁ—Z,Z[] € F;g_z, and

a_p_z50) (1%, —€) = a_p_s,5¢) (1 %,€)-

. RFn Ee ] (n,w) is a real-to-real linear smoothing remainder of the form
e @1 (n)
lin,R — | [e=?]
R (nw):=| °g , (B.7)
=0
l0.2] "lo2] (n
where
e e
[Q>€][]€£(H ;RE), [g>£]€R
Moreover, if ¢ =2, then
rﬁ),zé] (e £(H; Rg( 1)
B.1 Local-tail and Bony reduction
For fixed z # 0, write w, (x) := w (x — z). Since k (0) = 0, one has k = k in the notation of
Lemma B.2 (Local-tail and paraproduct reduction). For every prescribed p = 0, one has
) 0= 62 ) )+ 5, ) 01+ 48 (1) 01+ O™ (5897 0 (1)) + RV, (n0)- 7], B
The objects in[Eq. (B.8)| are as follows.
* The quasilinear branch is
L . h (2) BW
n) lw] := Rd)((z) WOP (k(Azn)) w.dz. (B.9)
e The transported branch is
h(2)
th (n) 0] := f X (2) —— PE 0p™W (v,) [k (Azn)] dz. (B.10)

* The localized Bony remainder is

(2)
) 0= [ ) TR [k (an) 2] dz

* The tail function is

ftall[R[w](n’ )_f (1- X(Z))| |E’l+)1 "(Azn (x) 0, (x)dz.

* The smoothing vector Rl[i;’f[] (n,w) is as in|Eq. (B.7)

Proof. The localized contribution is decomposed as in the proof of by applying|Lemma 4.18|to
k(Azn)wz.
For the tail contribution, by|Eq. (B.1)

n+f=d-p+¢>d.

Moreover,
h (z)

T2l

by, (2) :=
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satisfies the far-field bounds required in the definition of KF; >¢. Hence

(1-x@) | (|n) (Azn) € K Fail,>e-

Applying|Proposition 4.37|gives

fR (1 x(z))|(|n) (Azn) w-dz

_ BW [ ctail,R lin,R n

=0p (f [w] (m; )) n+ R[ =] (nw)- a)] :
after absorbing the two smoothing remainders in the generic smoothing vector. Combining the local and
tail contributions proves|Eg. (B.8) O

Lemma B.3 (Localized Bony remainder). For every prescribed p = 0, the localized Bony remainder satisfies
R R
ty i (1) [0] = [Q#]( n)o, r[Q’Z[]ER’;é. (B.11)

In particular, the remainder is real-to-real.

Proof. Since n < d, the localized homogeneous factor y (z) h (2) |z|~" haslocal order —n > —d. By[Remark 4.19
after increasing the baseline index according to the prescribed p, the family

R™Y [k (Azn) ) wz]

is a z-dependent smoothing operator with background vanishing order ¢. Multiplication by the local-
ized homogeneous factor preserves a locally integrable kernel-smoothing class. Hence gives
Eq. (B.11)l The real-to-real property follows from that of the Bony remainder and from the reality of the
kernel. O

B.2 Quasilinear contribution

Lemma B.4 (Quasilinear contribution). For every prescribed p = 0, the quasilinear branch in|Eq. (B.9)|satis-
fies
QL L (n) fw] = Op*W (aﬁgaw (Vm.8) +aj_g_p2¢) (M, 6)) o+ rﬁ;,zé] (n) w. (B.12)

The objects in this equation have the following properties.

. a’jrg;w is defined in|Eq. (B.6)|and belongs toT_";

* A p o2 € F;ﬁ ““and r[ € R‘; , are generic terms in the sense of|Notation 5.1, Both are real-to-real.

>[]

Proof.
Part 1 (Proof of[Eq. (B.13)). We first decompose, analogously as it was done in the critical case in

T A U A (B.13)
where
QLr_ﬁ . h(é) BW
i (M)10):= | x(@) e 0p (k(v[n])) wzdz, (B.14a)
-~ 1 h(2)
e 7 () () ¢=—§fRdx(Z)| = op™ (k' (v [n]) h [n]) w-dz, (B.14b)
L<—f-2 h(z)
tf?.k g (n) [w] ::/[R{d BE (kgcjﬁ])wzdz.
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Part 2 (Analysis of|Eq. (B.14a)). We prove

}?i ﬁ( ) [w] = 0p™W | a hﬁkw(vn &)+ (Vx Ve)a hﬁkw(vn,f)+a[_ﬁ_2,2[] w+rﬁ),2[] (n) o, (B.15)
h
wnere r—,[)’—2 ,Rg
a[_ﬁ_zyzi] € >0 r[Q >[] €

The point at which the subcritical assumption differs from the critical case is that n < d. Hence the
kernel in[Eq. (B.14a)|is locally integrable at z = 0, and[Proposition 4.35|applies directly to the leading branch.

In particular, by|Eq. (4.23)}

b P (n) ) = 0p™ (B (m:%,6) )

where he2)
hko(, . " Z z —iz:¢
by (%, €) .—fRdx(z) B k(v [n] (x+ 2,z))e dz. (B.16)

For fixed z # 0, set
F,(x):=k(v[n] (x,2).

Taylor’s formula at x gives
z 1 1! t
F, (x+ E) = Fo (0452 VaFa (0 + Zf() (1-1)(z-V,)?F, (x+ 5z) dr. (B.17)
Substituting the zeroth Taylor term into |[Eq. (B.16)|gives exactly
allg (Vi (), ¢)

by[Eq. (B.6)| For the first Taylor term, differentiating under the integral sign gives

1 h(2) i i .
Efm X (@ T2 Valk(v[n] oo )] e dz = 2 (Vo Ve) g™ (V1 (), 6).

It remains to consider the last term in|Eq. (B.17)} The two explicit factors of z improve the local order of
the kernel from —n to —n + 2, while differentiation in x preserves its background vanishing order ¢. Hence

the corresponding kernel belongs to KF_ ;+2. Since —n + 2 > —d, another application of |Proposition 4.35|
( n+2)+d) _ ﬁ 2 -
=TI,

gives a symbolinI'_
Part 3 (Analysis of[Eq. (B.14b)). We prove

- This yields the term a|_g_, -, in[Eq. (B.15)| and proves the claim.

LQL—p-1 i
with the classes in|Eq. (B.15)} Differentiating|Eq. (B.6)|under the integral sign gives
: . h(2)
h,k;w _
(Vi Ve) a’s (Vn(0),¢) = lfu@d z =

Thus the uncentered Fourier integral of the kernel in is the explicit term in[Eq. (B.18)| The kernel
has local order —n + 1, so every nonconstant term in its expansion at x + z/2 has local order at least —n +
2. Applying [Proposition 4.35| proves Consequently, the two order-(—f—1) terms in
and cancel:

k' (v[n] (x,2))h[n] (x,2) e dz.

i hko 1 hk;
5 (Ve Vo) =2 (Vi V) al'f =o. (B.19)
Part 4 (Proof of[Eq. (B.20)). We prove
;?2 <-p-2 ( ) (0] = OpBW (a[—ﬁ—z,zé] (n;x, f)) W+ rER;E[] (n) w, (B.20)
where 5
_B-2 9
a-p-2200€Tsp [ >0 € R

Since —n + 2 > —d, this follows from [Proposition 4.35| The real-to-real conclusions follow from [Eq. (4.22)
and the reality of the kernel.
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Part 5 (Proof of [Eq. (B.12)). Combining [Egs. (B.13)l (B.IS)L (B.18)| and |(B.20)| and using [Eq. (B.19)| proves
Eg. (B.12)| The symbol estimates in[Proposition 4.35} applied to the Fourier integral in|Eq. (B.6)} give

aﬁg;w (Vn,é) € F;g.

All kernels are real-valued; hence gives the real-to-real symbols and remainders in|Eq. (B.12)

B.3 Transported contribution

Lemma B.5 (Transported contribution). For every prescribed o = 0, the transported branch in|Eq. (B.10)

satisfies

t;zrk (n) [w] = OpBW (w (%) ail’k;n (VN (x0),&) + a0 @] (1; x, f)) n+ rﬁ)'zg] [w] (1) 7. (B.21)

The objects in this equation have the following properties.

. a?’k;n is defined in|Eq. (B.5)|and belongs to Flzg_l;

* apspnllel (HSO;FO) and r® [[] € L(H%;RC). If¢ = 2, both ranges improve to vanishing order ¢ — 1.

The symbol and the remain[cél)jréo]lre real-to-real.
Proof.
Part 1 (Proof of. Applyingto k(Azn) gives
k(azn) = 0p™" (K (8zn)) Az + e (Azn) [Azn], (B.22)
where g := R. Substitution into[Eq. (B.10)|gives
-
with

h(2)
7 O™ (02) Op™ (k' (A1) Az,

1,1 o
arimiol= | x0T
h

b (n) [w) = fR 1 22 0pPY (,) gt (A2m) [Aar]

(
|z]
Part 2 (Proof of|[Eq. (B.24)). We prove

i (1) (0] = 70 (1) 1] + Op™Y (a2 [w]) 7+ 1, _ (0] (1), (B.24)
where the first term is
. h(z
b0 () lw] = fR R1C) Izli)l op™W (w (x) k' (v[n])) 8.ndz, (B.25)

and the generic terms have the classes stated in Recall v [n] from The identities
1 1
Wz —w(x) = - Izlf0 Vo (x-t2)-2dt, K (An) =k (v[n]) = (an—v[n]) fo k" (v[n] +2(Azn—v[n]))dz,
together with[Eq. (5.38)} give
w k' (An) =w ) K (v[n])+ef 0],  ef} 1€ L(HKF). (B.26)

If ¢ = 2, the range improves to K}"ﬁ) =01+ Using the composition defect[Eq. (5.72)|and A,n = 6.1/ |z|, we
obtain the exact splitting

b (1) (0] = 73 (n) 0]

h(2) r
+ fR @) oy Op™ (efyy [w]) 8znda (B.27)

iz
+ f x(z)L?cz [w] (n) [Azn] dz.
Rd |z]

We analyze the three terms in|Eq. (B.27)|in their order of appearance.
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Subpart 2.1 (Proof of|[Eq. (B.28)). We first prove

i () (@) = 0p™ [0 @ & (Vi (), €)1

B (B.28)
+0p (a[0>é1[w1)77+r[ =@ ] ().

The first difference in[Eq. (B.25)|cannot in general be split as § ;1 = n—1n: the two terms would be separately
locally integrable only for § > 1. We therefore retain the first difference. In the Bony—Weyl Fourier represen-
tation [Egs. (4.8)|and|(4.24)} let ¢ be the Fourier variable of the coefficient and ¢ the midpoint frequency. We
use

1— —1(5 ¢l2)z _ -1- e—lé z
+ e—1§~z (1 _ eic-z/Z) )

By[Eqg. (B.5)] the first term in[Eq. (B.29)|produces exactly the principal symbol in[Eq. (B.28)} For the second
term,

(B.29)

. 1
- i irc- ic-
1_eICZ/2=_E(C'Z)f elth/zdt, |1_eICZ/2|,§IC| |z].
0

The factor ¢ differentiates the coefficient, while |z| lowers the local singularity from —(n+1) to —n > —d.
Thus[Proposition 4.35|gives an order-zero symbol and a smoothing remainder, as in[Eq. (B.28)]

To record the order of a?’km, decompose the localized kernel in |[Eq. (B.5)|dyadically. On an annulus
|z| ~ 27, its L.-size is O (Zj(ﬁ‘l)), while 1 - e~#¢ gives min {2/ |¢|,1}. The resulting bounds, and their p- and
¢-derivatives, imply

aaa}’ I’l Jen (p’§)| Sa,)/ <€>1_|Y|’ |p| < TIy. (B.30)

Together with|Eq. (5.14)| this proves “1 T(vn,&)erl, |

Subpart 2.2 (Proof of|Eq. (B.31)). For the second term in[Eq. (B.27)} we prove

f Xz W (eff) [1) 82ndz = Op™Y (aj 241 (@] (1%, €))7
(B.31)
+ r[p _g @] (n)n.

By|Eq. (B.26)| the kernel after multiplication by y%|z|~"*"! has local order —n > —d. We may therefore split
6.1 =n-1n.. ThenRemark 4.28|applies to the unshifted term and [Proposition 4.35|to the translated one,
with w as a separately estimated linear parameter and 7 as the argument. The latter symbol has order - < 0

and is included in the generic order-zero term. This proves|Eq. (B.31)} with the classes stated in
Subpart 2.3 (Proof of|Eq. (B.32)). For the last term in|Eqg. (B.27)|, we prove the equivalent reduction

trI a)] f ¥ (@) h@ O Bw(wzk’(Azn))6z77dZ

|n+1

(B.32)
[9 2] [w] (n)n-

The two symbols in are independent of ¢. Hence every non-principal term in their Bony-Weyl
product vanishes, and the composition defect is arbitrarily smoothing by|Proposition 4.24|and|[Lemma 4.33|
Since its homogeneous factor has local order —n > —d, applies directly, without a frozen sub-
traction. This proves [Eq. (B.32)} the composition defect contributes only to the smoothing remainder in

Combining[Egs. (B.26)} [B.31)]and[(B.32)]proves[Eq. (B.24)]
Part 3 (Proof of[Eq. (B.33)). We prove

g (m) 10l = 1 (0] (0)n. (B.33)
By[Lemma 4.20} choosing a smoothing gain larger than the prescribed p, we have

Tk ERgl
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Moreover, g (u) [u] vanishes to order at least ¢, while its differential vanishes to order at least £ — 1. Since
the homogeneous factor has local order —n > —d,[Remark 4.19/and|Lemma 4.34|apply directly to the second

line of[Eq. (B.23)|and give|Eq. (B.33)| If £ = 2, the range vanishes to order at least ¢ — 1.
Part 4 (Proof of [Eq. (B.21)). Combining|[Egs. (B.23)}[(B.24)}[(B.28)|and [(B.33)|proves|[Eq. (B.21)] The symbol

classes and their vanishing orders follow from|[Egs. (B.26)|and|(B.30)|and the reductions above. Conjugating
Eq. (B.5)|and replacing ¢ with —¢ gives the principal real-to-real symmetry. For the other terms, the same
property follows from[Egs. (4.14)|and|(4.22)|and [Lemma 4.34}

O

B.4 ProofofTheorem B.1
Proof. For smooth inputs, combining[Egs. (B.8)}[(B.11)}|(B.12)|and|(B.21)|gives

tp(lnli (1) lw] = Op®* (w (%) d{l'k;n (Vn, &)+ ap,=¢) [w] + f:}il’[R (] (n)) n

+0pBW (a’f;é“‘” (Vn, &) + ﬂ[—ﬁ_z,zz]) w

R tail,R

+ (r[g)zf] [w] () + (o] (] (17))17 + riyzi] (n) w.

The first principal term is identified in [Eq. (B.28)l The second follows from [Eq. (B.15), while [Eq. (B.19)

removes the intermediate order —8—1. The symbol and remainder classes, their vanishing orders, and their
real-to-real properties follow from to

Absorbing the tail function in the generic order-zero coefficient and the tail remainders in the corre-
sponding smoothing components, and using[Remark 4.31} the bracketed terms have total vanishing order
at least ¢. Collecting the terms according to [Egs. (B.4)|and [(B.7)| then gives Choose a common
baseline sy, finite loss y, and radius ry for the preceding reductions. Smooth approximation and their tame
estimates extend the identity to the Sobolev inputs of the theorem. O
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