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Motivation

@ Goal: Approximate solutions of highly oscillatory ODE’s, of the form:
{ ya(t) = f (ﬁv ye(t)) (1)
y(0) = yoeR?

where 7 — f(7,-) is 2m-periodic, € is a small parameter.
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Motivation

@ Goal: Approximate solutions of highly oscillatory ODE’s, of the form:
{ ya(t) = f (ﬁv ye(t)) (1)
y(0) = yoeR?
where 7 — f(7,-) is 2m-periodic, € is a small parameter.

@ Issue with standard methods: Error bound increasing when ¢ — 0,
e.g. with Forward Euler method: yn41 = yn + hf (”?h, yn):

—F < ==
Maz lyn —y~(nh)] < — @)
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Motivation

@ Goal: Approximate solutions of highly oscillatory ODE’s, of the form:
{ ya(t) = f (ﬁv ye(t)) (1)
y(0) = yoeR?
where 7 — f(7,-) is 2m-periodic, € is a small parameter.

@ Issue with standard methods: Error bound increasing when ¢ — 0,
e.g. with Forward Euler method: yn41 = yn + hf (”?h, yn):

—F < ==
Maz lyn —y~(nh)] < — @)

@ Efficient numerical methods exist: But require complex
preliminary computations.
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Motivation: How to avoid these computations ?

Main tools used:
@ Function approximations by neural networks
@ Backward error analysis for autonomous ODE’s

@ Averaging theory & Numerical methods for highly oscillatory ODE’s

Maxime BOUCHEREAU - Univ



@ Introduction and previous results
© Autonomous ODE’s

© Extension to highly oscillatory ODE’s

@ Conclusion and perspectives
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Autonomous case: f is independant from 7: y(t) = f(y(t))
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Autonomous case: f is independant from 7: y(t) = f(y(t))

Definition (Modified field w.r.t. a nume

Let consider a one step numerical method ®p,(-). The modified vector
field w.r.t. @, denoted fn, is defined by the relation:
o) = (o) wo) 3)
V.
b
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Backward error analysis for autonomous ODE’s
Highly oscillatory OL theory & UA methods

Autonomous case: f is independant from 7: y(t) = f(y(t))

Definition (Modified field w.r.t. a numerical method)

Let consider a one step numerical method ®p,(-). The modified vector
field w.r.t. @, denoted fn, is defined by the relation:

etao) = (o) (o) 3)

Proposition (Properties of the modified field)

@ Formal serie w.r.t. h: If ® is of order p, then
fu(y) = F(y) + BP frly) + WP fay) + -

@ Truncated modified field: Let consider fh[q] the truncated modified
field fu" () = f(g) + W7 Fu(y) + -+ B2y 1 (y). Thus we have

clal\ " _
<¢£hq) (o) — ¥Ln(yo)| < ChPHIT! (4)

v
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Autonomous case: example of modified field

for autonomous ODE’
theory & UA methods

@ Linear equation:
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Autonomous case: example of modified field

@ Linear equation:

@ Modified field - Forward Euler:

) = ay (6)
- q—1
) = (a+§a2+ T aq)y (7)
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Autonomous case: example of modified field

@ Linear equation:

@ Modified field - Forward Euler:

) = ay (6)
- q—1
) = (a+§a2+ T aq)y (7)

@ Error estimate:

Mazx
0<n<N

o) - (277) oy < o ®)
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Introduction and previous results
Backward error analysis for autonomous ODE’s
Highly oscillatory ODE theory & UA methods

Learning hidden dynamics & structure pres tion

@ Learning dynamics: M. Raissi, P. Perdikaris, G. Em Karniadakis,
2018.

@ Learning dynamics with Backward error analysis: Y. Zhu, P.
Jin, B. Zhu, and Y. Tang, 2020
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Introduction and p
Backward error analy or autonomous ODE’s
Highly oscillatory OL theory & UA methods

Learning hidden dynamics & structure preservation

@ Learning dynamics: M. Raissi, P. Perdikaris, G. Em Karniadakis,
2018.

@ Learning dynamics with Backward error analysis: Y. Zhu, P.
Jin, B. Zhu, and Y. Tang, 2020

@ Hamiltonian structure (HNN): M. David and F. Méhats, 2023.

@ Poisson structure (PNN): P. Jin, Z. Zhang, I. G Kevrekidis, and G.
Em Karniadakis, 2022.

@ Free-divergence structure (VP-Nets): A. Zhu, B. Zhu, J. Zhang,
Y. Tang, and J. Liu, 2022
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Introduction and previous results
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Highly oscillatory theory & UA met

Highly oscillatory ODE’s: Structure of solutions
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Backward error an or autonomous ODE’s
Highly oscillatory ODE theory & UA methods

Highly oscillatory ODE’s: Structure of solutions of y¢(t) = f (fi

Theorem (P. Chartier, A. Murua, and J.M. Sanz-Serna - 2015)

There exists €9 s.t. for all € € (0,e0], there exists ne € N s.t. For all
tel[0,7T]:

Beg

u (0 =67 (o w0)| < Me

where:
@ F=el s the truncation at order O(e"*) of averaged field F*.

y°

Structure: F=(y) = (f)(y) + eFi(y) + > Fa(y) + - - -, where (f) is the

average field w.r.t. time variable:

1 27

N = 5 [ frydr

@ ¢>[" is the truncation at order O(e™) of high oscillation

(10)

generator ¢="<(y) = y + ey (1,y) + £2¢a(r,y) + - - (Near to identity

mapping) and is 2mw-periodic w.r.t. T.

v
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Highly oscillatory ODE’s: UA method

@ Micro-Macro decomposition:
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Highly oscillatory ODE’s: UA method

@ Micro-Macro decomposition system:
o(t) = (v (t))
i) = (E,cb (v(t)) +w(1))
— (20-67 + 0,01 F) (w(e)
(4¥°(0),0)

(12)

(v, w)(0)
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Backward error an or autonomous ODE’s
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Highly oscillatory ODE’s: UA method

@ Micro-Macro decomposition system:

o) = Plo(t))
i) = (E,¢ (v(t)) +w(1))
= (Lot + 0,6 FY) (1)
(v,w)(0) = (4¥°(0),0)
@ Numerical integration: Integrate this system with a standard
numerical method of order p giving approximations (vn, Wn)og<n<n Of
(v(nh), w(nh))ogn<n. Approximation of y°(nh) given by

(12)

yi = P () +wn (13)

Maxime BOUCHEREAU - Uni (IRMAR)



Introduction and previous results
Backward error

Highly oscillato

Highly oscillatory ODE’s: UA method

tonomous ODE
theory & UA meth

Theorem (P. Chartier, M. Lemou, F. Méhats, G. Vilmart - 2020)

Mazx |y, —y°(nh)| < ChK

0<n<N

where h = % and the constant C' is independant from €.

(14)
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General framework
Autonomous ODE’s ! ine i method

Numerica

@ Autonomous ODE:

fy®)

Yo (15)

—
< <.
A~
=2
=~
[

@ Numerical method: ®(-), assumed to be of order p.

@ Goal: Approximate a truncated modified field fh by a neural network
fo(-, h) in order to get an approximated solution

Yon = (<I>£9("h)> (yo) very close to the exact solution y(nh).
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General framework
Autonomous ODE’s Machine Learning method

Neural network structure

@ Structure of fy (approximation of f'}[Lq]):

fouh) = f(y)+ " for(y) +h"" foa(y)
(16)
RIYP72 fo 01 (y) + TP Ro(y, h)

Maxime UCHEREAU - Uni



General framework

Autonomous ODE Machine Learning method

Conver 12 il 1t
Numeri

Data creation




General framework
Autonomous ODE’s Machine Learning method
re
Numeric 5

Data creation

@ Repeat for 0 < k< K —1.




General framework
Autonomous ODE’s Machine Learning method

Data creation

@ Repeat for 0 < k< K —1.
@ Select time step h*) € [h_, h] randomly.




General framework
Autonomous ODE’s Machine Learning method

Data creation

@ Repeat for 0 < k< K —1.
@ Select time step h*) € [h_, h] randomly.

@ Select initial condition y(()k) € Q ¢ R? randomly.




General framework
Autonomous ODE’s Machine Learning method
result

Data creation

@ Repeat for 0 < k< K —1.

@ Select time step h*) € [h_, h] randomly.

@ Select initial condition y(()k) € Q ¢ R? randomly.

@ Compute exact flow ygk) = Lpfb(k) (y(()k)) with accurate but expensive
integrator.
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General framework
Autonomous ODE’s Machine Learning method

Training

@ Training of the neural network: Optimization of:

Ko—1

1 1

fo(-,h () k Ak
LossTrain = Ko Z XGEasl ool )(y(() )) —ZA )’
k=0

h(k)

—4jy (B)




General framework
Autonomous ODE’s Machine Learning method

Training

@ Training of the neural network: Optimization of:

Ko—1

1 1
Losstrain = Ko > Rk)2P+2
k=0

fo (- n(F) k K
315" () o

—4jy (B)

@ Good training: Lossrrqin has the same decay pattern as:

1 -1 (R (k) |2

_ fo(-,h k k

LOSSTest = K — KO Z h(k)2p+2 hg(k) (yo ) — Y
k=Ko
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Autonomous ODE’s Machine Learning method
o result

Training

@ Training of the neural network: Optimization of:

Ko—1

1 1

fo(-,h(F) k k)12
LossTrain = Ko Z XGEasl ool )(y(() )) —ZA )’
k=0

h(k)

iy (B)
@ Good training: Lossrrqin has the same decay pattern as:
K—1

1 1
LOSSTest - K — KO Z h(k)2p+2
k=Ko

2

L h(F) k k
M 04)

@ At the end of the training: Good approximation fy of f}[f] (only
one training required).
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General framework
Autonomous ODE’s Machine Learning method
result

Numerical integration

@ Numerical integration: We get a small numerical error:

con = (@) (o) — ol w0) ()

Denoting the learning error by

|72 @) = foly,h)
6 = Max

(y,h)€QX[0,h4] he
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General framework
Autonomous ODE’s Machine Learning method

Convergence sult

Numerical tests

Theorem (M.B, P.Chartier, M.Lemou, F.Méhats - 2023%)

Assuming that
@ For any pair smooth vector fields fi1 and f2, we have

ey S Chl|fr = follpoo () (19)

VO < h < hy, chﬁl —of

for some positive constant C, independent of fi and fa;
@ For any smooth vector field f, there exists a constant L > 0 such that
Y0 < h < hy, Y(y1,y2) € Q%

(1) — @ (y2)| < (1+Lh) |y — 2l (20)

Then there exists positive constant Cy such that:

Maz |egn| < Codh? (21)

oKng N
v

1B, M., Chartier, P., Lemou, M., & Méhats, F. (2023). Machine Learning
Methods for Autonomous Ordinary Differential Equations
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Autonomous ODE’s

Numerical test: Rigid Bo

k 1
K el U1 5 1) Y23
[
. 1 1
2 - = 22
re Y2 =1 ) vys  (22)
;. 1 1
Yys = Ta T Y1Y2
. v ]
i u
source: Wikipedia.org with (I, Iz, I3) = (1,2, 3).
Parameters
7 Math Parameoters:
Interval where time steps are selected: [h_,hy ] =1][0.5,2.5]
Time for ODE simulation: T = 20
Time step for ODE simulation: h = 0.5
# Al Parameters:
Domain where data are selected: {z €[-2,212:0.98 < |z| < 1.02}
Number of data: K = 100000 000
Proportion of data for training: 80% - Ko = 80000 000
Number of terms in the perturbation (MLP’s): q=1
Hidden layers per MLP: 2
Neurons on each hidden layer: 250
Epochs: 200

Computational time for training: 1 Day 21 h 59 min 51 s
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Con

Numerical t

Numerical test: Rigid Body system - Forward Euler

Trjectres Comparson ofocal eres

— el - el
oty vl

Figure: Comparison between Loss decays (green: LossTygin, red: Lossrest),
trajectories (dashed dark: exact flow, red: numerical flow with f, green: numerical
flow with fg(-,h)) and local error (blue: exact flow and numerical flow with f,
yellow: exact and numerical flow with fo(-,h) )
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Autonomous ODE’s

Numerical test: Rigid Bo

Computation time vs Error between trajectories

10° & g m  Forward Euler - f
.

Error between trajectories with Forward Euler

10° = m  Forward Euler - f

0
. - L] m  Forward Euler - o, - " m  Forward Euler - o,
n 1011 DOPRIS - f
107
1072
8 8
£ s .
1072 K 1072 =
K] ° =g [
[ [} ]
L |
- 1074
]
1072 L]
] -5
- . m - 10
a W
10°°
6x10° 100 2x10° 10-2
Time step Computation time (s)

Figure: Left: Integration errors (green: integration with f, red: integration with
fo(-,h)). Right: Comparison between computational time and integration error
(red: numerical method with f, green: integration with fo(:, h), yellow:
integration with DOPRI5).




Autonomous ODE’s ) > arni method

Numerical test: Nonlinear Pendulum - Midpoint

s 1 = —sin(y2) (23)
Y2 = Y1
Hamiltonian function:
1,
H:y — Sy + (1 — cos(y2)) (24)
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Autonomous ODE’s

Numerical test: Nonlinear Pendulum - Midpoint

Parameters
# Math Parameters:
Interval where time steps are selected: [h_,hy]=1[0.05,0.5]
Time for ODE simulation: T = 20
Time step for ODE simulation: h = 0.25
Z# Al Parameoters:
Domain where data are selected: Q= [-2,2]2
Number of data: K = 20000000
Proportion of data for training: 80% - Ky = 16 000 000
Number of terms in the perturbation (MLP’s): q=1
Hidden layers per MLP: 2
Neurons on each hidden layer: 200
Epochs: 200

Computational time for data creation: 2 Days 21 h 49 min 50 s
Computational time for training: 9 h 47 min 51 s
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Numerical tests

Numerical test: Nonlinear Pendulum - Midpoint

— o= il

s ]
Evolton of the Los function (415)
8

Figure: Comparison between Loss decays (green: LossTygin, red: Lossrest),
trajectories (dashed dark: exact flow, red: numerical flow with f, green: numerical
flow with fg(-,h)) and local error (blue: exact flow and numerical flow with f,
yellow: exact and numerical flow with fo(-,h) )
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Autonomous ODE’s “hine rni method

Numerical t

rical test: Nonlinear Pendulum - Midpoint

Error between trajectories MidPoint Error for Hamiltonian
- MidPoint - £ =
10-1{ ® Midpoi - .
m MidPoint - fup, - 10
]
]
-2

10 . " 10-4
L] 2
5 L] " g

5107 g 107°
3 =
§ . ¢

10-4 - §10°
[] a

- v
] 1077
1075 - L] —— MidPoint - fypp
= —— MidPoint - f
« " 104 | DOPRIS - f
10° 00 25 50 75 100 125 150 175 200
Time step Time

Figure: Left: Integration errors (green: integration with f, red: integration with
fo(-,h)). Right: Evolution of the error between Hamiltonian
H:yw— (1—cos(y2)) + %y% over the numerical flow and Hamiltonian at ¢t = 0,

H(yo).
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© Extension to highly oscillatory ODE’s




Extension to highly oscillatory ODE’s

General Framework
Machine Learning method
Convergence 11t
Numerical t

@ Goal: Find an approximation of the solution of

(L5 (@)
Yo
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Extension to highly oscillatory ODE’s Converge

Numerical te

@ Goal: Find an approximation of the solution of

et = f(LyE)
{yf(m " (25)

@ General strategy: Use the decomposition (9)

yo(t) ~ ¢2’["E] (@fs’[ns](yo)) (26)

in order to approximate F=["<) and ¢ (.) with neural networks.
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Main idea

e e,[ne e,[ne] 5
o+ h) ~ ol (i W O)

General Framework
Machine Le:
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Main idea

e e,[ne e,[ne] 5
o+ h) ~ ol (i W O)

e,[ne e, [nel elnel o
ouli (eh " (el " )

Q

(27)
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method
Extension to highly oscillatory ODE’s

Main idea

e,[ne]
y‘s(to—i-h) ~ (25%[11] (‘Pg)Jrh (?JE(O))>
ne e,[ne] e,[nel]
~ o) (oF 7 (0 )
(] -1 [ne]
y[Me Feolne sne »[Me Sine
< ol (o e (63) e (63) (o5 o)




Extension to highly oscillatory ODE’s

Main idea

e g,[ne e:lnel ¢
Ylto+h) ~ ¢ (%iﬂ (y (0)))
£,[ne e, [nel e, [ne] I3
~ ol (f 7 (o o)
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Extension to highly oscillatory ODE’s

Main idea

e £, E’["E] 5
vt h) & ol (ol W)
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e lnel

A Feslnel ,
“to (=) wFZ[;LE] WE(0) = o, 1

(et " o)
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Machine Learning method
Extension to highly oscillatory ODE’s

Neural networks structures

—_~

@ Structure of Fy (approximation of F:'")(y)):

Fo(y, he) = (f)(y) + Ro,r(y, b )

(28)
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Neural networks structures

@ Structure of Fy (approximation of F:'")(y)):

Fo(y, h,e) = (F)(y) + Ro,r(y, h, ) (28)

@ Structure of ¢y (approximation of qﬁi’["gl(y)):

do(T,y,€) =y + € [Ro(cos(7),sin(7),y,e) — Ro(1,0,y,¢)] (29)
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Neural networks structures

@ Structure of Fy (approximation of F:'")(y)):

Fo(y, h,e) = (F)(y) + Ro,r(y, h, ) (28)

@ Structure of ¢y (approximation of qﬁi’["E](y)):

do(T,y,€) =y + € [Ro(cos(7),sin(7),y,e) — Ro(1,0,y,¢)] (29)
@ Structure of ¢y (approximation of (ﬁ’["srl(y)):

Po,— (7-7 Y, E) =y+e [R97* (COS(T)a Sin(T)a Y, E) — Ro, - (17 0,y, 5)} (30)
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Data creation

@ Repeat for 0 < k< K —1.
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Data creation

@ Repeat for 0 < k< K —1.
@ Select time step k" € [h_, hy] randomly.
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Extension to highly oscillatory ODE’s

Data creation

@ Repeat for 0 < k< K —1.
@ Select time step k" € [h_, hy] randomly.

@ Select high oscillation parameter * ¢ [e~,e+] randomly.
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Extension to highly oscillatory ODE’s

Data creation

(*]
(*]
(*]
(*]

Repeat for 0 < k< K —1.
Select time step h* € [h_, hy] randomly.

Select high oscillation parameter ¢* € [e~,e+] randomly.

Select initial conditions t§ € [0,27] and y§ € Q C R? randomly.
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Machine Learning method
Extension to highly oscillatory ODE’s nce result

Data creation

(*]
(*]
(*]
(*]
(*]

Repeat for 0 < k< K —1.

Select time step h* € [h_, hy] randomly.

Select high oscillation parameter ¢* € [e~,e+] randomly.

Select initial conditions t§ € [0,27] and y§ € Q C R? randomly.
Compute exact flow yik) = (ptf’g,h" (y¥) with accurate but expensive

integrator.
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General Framework
Machine Learning method
Extension to highly oscillatory ODE’s

Training

@ Lo0SSTrein Optimization:

Ko—1

1 e
L0SSTrain = ?0 E ’Z/f*ylk (31)
k=0
Kop—1 k k
1 2 [0 (Gt oo (Ghonet) ) — ]
+ Ko =~ lég(gk’ &) o do.- ek (vo) — v

Ko—1

+ L > ’¢9 (ﬁ : Ek)mb@(ﬁ : Ek)(yk)_yk
KO o — €k7 ) Ek7 ) 0 0

‘ 2
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Extension to highly oscillatory ODE’s Conv result

Training

@ Lo0SSTrein Optimization:

Ko—1

1 L2
LOSSTTain = ?0 Z ’Z/f - ylk
k=0

ODE part:

) tk+hk ok Lk tk
ylk :¢9 L q)FB( e ¢9,* (€%7y§78k) 75k . (32)

k
ek 7 7h
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Extension to highly oscillatory ODE’s

Training

@ Lo0SSTrein Optimization:

LoSSTrain = (31)
Ko—1 & .

1 0k o _k\( k k|2

g o (G oo () ) -
Ko—1 k k

1 1o k to k) k k|2

Y L R R S [(OR

+ Auto-encoder part




General Framework
Machine Learning method
Extension to highly oscillatory ODE’s

Training

@ Lo0SSTrein Optimization:

| Ko
LosSTrain = Ko Z ’y1 *y1 (31)
KO 1 &
1 k to k) k k|2
S () o (B
k=0
Ko 1 &
1 t 2
+ fo ’¢9 ( . ak) O¢9(E—?€7~7€k) (yg) _yg‘

ODE part:

th + h* Rk ek th
* = oo (° LA )<¢o,7(€%7y§,€k))7ek)- (32)

+ Auto-encoder part
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Extension to highly oscillatory ODE’s

Training

K-1
I _ 1 ko k|?
08STest = m E Y — N (33)
k=Ko
1 Kz_l t6 k 5 k) k |2
KK, k=K0’¢9(57’ '€ ) Po, ( A )(yo) ~ Yo
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Extension to highly oscillatory ODE’s

Training

@ Good training: Lossrrqin has the same decay pattern as:

Lossrest = Z vt — i ‘ (33)
0 k=Ko
1 P th 2
K\ [k k
+ K_KO Z’¢0( k” ) ¢07( k” )(yo)—yo
k=Ko
K—1 A X
L to k o £/ k k|?
YRR X [0, (22" ) 0 g (S, ") (u6) — b -
=0

e~

@ At the end: Good approximation of F,f’[ns] and ¢l after training
(only one training required).
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@ Numerical integration for Macro part:

V0,0 = 4°(0)

34
{ V’I’L S N, Vo,n+1 ( )

S
3
-
=
™
~
—
~
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Machine Learning method

@ Numerical integration for Macro part:

V9,0
) he 34
{ VneN, vgnpi1 = @}Ije( o )(W,n) (34

@ Numerical integration for Micro part: We introduce Micro part
vector field:

go (T,w,v,e) =

f(m o (1,v,8) + w) — é&@, (r,v,¢)  (35)
Ayo (1,v,€) Fy (v,0,¢)

we,0

0
g0 ( nh

nh e (36)
Qonn > )(w6 )

)

Vn €N, wynt1
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Machine Learning method

9,0 = y°(0)
’ . 34
{ VneN, vgny1 = q)fje( ,h,S)(Ue,n) ( )
@ Numerical integration for Micro part: We introduce Micro part
vector field:

go (Tyw,v,8) = f(7,¢0 (T,0,8) + w) — éaﬂbe (t,v,e)  (35)
- Oy¢o (T,v,€) Fyp (v,0,¢)

we,0 = 0
90 (2L -,vg, ) (36)
Vn € N, We,n+1 = (Pnh h (w67n)
@ Approximation of the solution:
. nh
VneN, yon,=do v, € | + wo,n. (37)

"HEREAU - Ur
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Numerical integration inspired from Micro-Macro method

@ Let introduce both learning errors:

- ¢[p],¢0
55 = Hi

Wl (Qx[0,27]),L>° ([0,61])

P HFS‘[”]‘[C‘LFe

L2 (2x[0,h1x[0,64])

1e BOUCHEREAU - U ennes (IRMAR)




Machine Learning method
Extension to highly oscillatory ODE’s Convergence result
Numerical tests

Theorem (M.B., P.Chartier, M.Lemou, F.Méhats - 2024)

Assuming that

@ For f1, fo:[0,T] x Q — R smooth enough and t € [0,T], we have, for
all h > 0,

@t - of,

|y S O = Pl (40)

for some positive constant C' > 0 independent from f1 and fs.

@ For f:]0,T] x Q — R? smooth enough and t € [0,T], there exists
Ly >0 s.t. for all yr,y2 € Q, for all h > 0, we have

O] (1) — @], (y2)| < A+ Lsh)[yr — v2 (41)
Then there exists positive constants C', M’ such that:

Max |69,n‘ < M'RP + c’ [5F + 54)] (42)

0<n<N

Maxime BOUCHEREAU - Ur e Rennes (IRMAR)
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Extension to highly oscillatory ODE’s

Numerical

Numerical test: Van der Pol oscillator - Forward Euler

. 1
q = D
. € 43
{p = —q+(i-4)p (43)

source: wikipedia.org
by making the variable change (y1,y2) — S (%) (¢, p), where 7 — S(7) is
given by

_Jecos(r) —sin(r)
T 8(r) = {sin(T) cos(T) ] (44)

we get the system:

n@ = —sin (L) [§ = (n@eos (£) +uaysin (£))%] [~ursin (L) + va (o) cos (£)]
i = cos () [3 = (m0rcos (£) + va@sin (£))*] [~ur@sin (£) + a0y cos (L))

Maxime BOUCHEREAU - (IRMAR)



Extension to highly oscillatory ODE’s

Numerical test: Van der Pol oscillator - Forward Euler

Parameters

7# Math Parameters:

Interval where time steps are selected:

[h_ hy]=[10"3,10"1]

Interval where small parameters are selected: ,5+] = [10_3, 1]
Time for ODE simulation: 1

Time step for ODE simulation: 0.01

High oscillation parameter for ODE simulation: 0.1

# Machine Learning Parameters:

Domain where initial data are selected: Q=[-2,2]?

Number of data:

Proportion of data for training:
Hidden layers per MLP:
Neurons on each hidden layer:
Epochs:

K = 20000000
80% - Kg = 16 000 000
2

200
200

Computational time for data creation: 2 Days 8 h 2 min 30 s
Computational time for training: 3 Days 13 h 50 min 30 s
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Numerical test: Van der Pol oscillator - Forward Euler

Tajecories Comparison o loca erors

0530 f - a0 -yl
— i

os2s
os20

osis

os10

o305

Evalution o the Loss function (MLP)

— oo

10

Figure: Comparison between Loss decays (green: LossTyqin, red: Lossrest),
trajectories (dashed dark: exact flow, green: numerical flow with learned vector

fields and local error (yellow) in the case e = 0.1.
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Extension to highly o

Numerical test: Van d

s £=0.1 Error between trajectories
—— Learned flow
06 == Exact solution
0.4
1072
0.2 N
£
o
a 00 <
2
°
©
-0.2 10 -®- 1.0000E-03
3.1623€-03
_04 1.0000E-02
3.1623€-02
1.0000E-01
-06 3.16236-01
o8 104 ~®- 1.0000E+00
-1.00 -0.75 -050 -025 0.00 025 050 075 100 107? 102 107!
q Step size h

Figure: Left: Comparison between trajectories (dashed dark: exact flow, green:
numerical flow with learned vector field) in the case € = 0.1 after the inverse
variable change. Right: Integration errors (each color corresponds to a parameter

€).
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Numermal

Numerical test: Inverted Pendulum - Midpoint

source: Wikipedia.org

<
N
—~
~+
=
I

{ yf(t) = y5(t) +s1n( )sm (y‘i’ )
sin (yl (t)) — = sm (é) sin (2y§ (t)) — sin ( t) cos (yf (t)) y5(t)
(45)

Maxime BOUCHEREAU - Univ
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Numerical test: Inverted Pendulum - Midpoint

Parameters
# Math Parameters:
Interval where time steps are selected: [h_ hy]=[10"3,10"1]
Interval where small parameters are selected: ,5+] = [10_3, 1]
Time for ODE simulation: 1
Time step for ODE simulation: 0.01

High oscillation parameter for ODE simulation: = 0.05

# Machine Learning Parameters:

Domain where initial data are selected: Q=[-2,2]?
Number of data: K = 1000000
Proportion of data for training: 80% - Kg = 800 000
Hidden layers per MLP: 2

Neurons on each hidden layer: 200

Epochs: 200

Computational time for data creation: 1 h 44 min 19 s
Computational time for training: 9 h 11 min 8 s




Extension to highly oscillatory ODE’s

Numerical tests

Numerical test: Inverted Pendulum - Midpoint

- vlon b0 -0
— v

Figure: Comparison between Loss decays (green: Lossrygin, red: Lossrest),
trajectories (dashed dark: exact flow, green: numerical flow with learned vector
fields and local error (yellow) in the case e = 0.05.

1e BOUCHEREAU - U ennes (IRMAR)
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Numerical t

rical test: Inverted Pendulum - Midpoint

Error between trajectories

.
-
-
P
’
il
7‘,;,
. = 24
[ / /7
5 p
2 /
2 - o
©° LM
[T] -m- 1.0000E-03
3.1623E-03
1.0000E-02
3.1623E-02
-m- 1.0000E-01
a4 v
10 ) -m- 3.1623E-01
w -m- 1.0000E+00
10-3 10-2 10!

Step size h

Figure: Integration errors (each color corresponds to a parameter €).




Conclusion and perspectives

@ Conclusion and perspectives




Conclusion and perspectives




Conclusion and perspectives

Conclusion - Main results:

@ Performing of existing numerical methods to solve autonomous ODE’s
by usine Machine Learning to approximate truncated modified field®.

@ Approximation of averaged field and high oscillation generator
(truncations) for highly oscillatory ODE’s by adding auto-encoders?.

1M. B., Philippe Chartier, Mohammed Lemou & Florian Méhats, Machine Learning
Methods for Autonomous Ordinary Differential Equations, 2023, accepted in
Communications in Mathematical Sciences in December 2023.

2M. B., Philippe Chartier, Mohammed Lemou & Florian Méhats, Machine Learning
Methods for Highly Oscillatory Differential Equations, 2024, to be submitted.
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Conclusion and perspectives

Conclusion - Main results:

@ Performing of existing numerical methods to solve autonomous ODE’s
by usine Machine Learning to approximate truncated modified field®.

@ Approximation of averaged field and high oscillation generator
(truncations) for highly oscillatory ODE’s by adding auto-encoders?.

Research perspectives:

@ Include geometric properties for approximation of truncated averaged
field and high oscillation generator (e.g. Hamiltonian equation of
divergence free).

1M. B., Philippe Chartier, Mohammed Lemou & Florian Méhats, Machine Learning
Methods for Autonomous Ordinary Differential Equations, 2023, accepted in
Communications in Mathematical Sciences in December 2023.

2M. B., Philippe Chartier, Mohammed Lemou & Florian Méhats, Machine Learning
Methods for Highly Oscillatory Differential Equations, 2024, to be submitted.
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