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TD 2: SOBOLEV SPACES

EXERCISE 1.
1. Show that u(x) = |z| belongs to W12(—1,1) but not to W2(—1,1).

2. Check that v(z) = f}?(f% belongs to L?(R) but not to WH2(R).

3. Show that H!(R?) is not included in L>°(R?).
Hint: Consider a function of the form x — x(|z|) |log |z||
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EXERCISE 2. Let Q= (0,1).
1. Prove that the following continuous embeddings hold

WhHQ) — C°(Q) and W'P(Q) — C™'7VP(Q)  when p € (1,00],

with the convention 1/00 = 0.
2. Prove that for all 1 < p < oo, the space Wol’p(Q) is given by

Wy P(Q) = {u € WHP(Q) : u(0) = u(1) = 0}.

EXERCISE 3. The aim of this exercise is to give a characterization of the space H'(0,1).

1. (a) Prove that if u € C1[0,1], then we have for any a € (0,1/2), € (a,1 —a) and h € R
such that || < a,

1
lu(x + h) —u(x)]* < h2/ ' (z + sh)|* ds.
0

(b) Deduce that for any u € H(0,1), any o € (0,1/2) and h € R such that |h| < «, we have
I 7Thu — ullp2(a1—0) < |BIIW [ £2(0,1)-

2. Conversely, we assume that u € L?(0, 1) is such that there exists a constant C' > 0 such that
for any o € (0,1/2) and for any h € R such that |h| < «, we have

”Thu - UHLQ(aJ—a) < C|h|

(a) Let ¢ € C3(0,1) and @ > 0 such that ¢ is supported in («,1 — «). Prove that for any
|h| < a, we have

11—« 1
/ (u( + h) — u(2))é(x) dz = /0 u(@)(B(z — h) — o(x)) da.

Deduce that

‘ /0 (@) (2) de

< Clloll 20,y
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(b) Conclude that u € H(0,1).

EXERCISE 4. Let p € [1,400) and let  be an open subset of R%.

1. Assume that §2 is bounded in one direction, meaning that 2 is contained in the region between
two parallel hyperplanes. Prove Poincaré’s inequality: there exists ¢ > 0 such that for every

f e W),
1 fllzr) < eV FllLr@)-
Hint: Consider first the case Q € R4™1 x[—M, M].

2. Assume that ) is bounded. Prove Poincaré-Wirtinger’s inequality: there exists a constant
¢ > 0 such that for any f € WP(Q) satisfying [, f =0,

[ fllzr) < cllV il )-

EXERCISE 5. Let Q be an open subset of R? and let p € (1,+00). Prove that for all F € Wy*(Q),
there exist fo, f1,..., fa € L4(Q) (with % + % = 1) such that for all g € Wol’p(Q),

d
<F7 g>W017p(Q)/’W017P(Q) = /Qng dz + Z/szazg dz.
=1

Assuming that  is bounded, prove that we may take fo = 0.

EXERCISE 6. Given some real number s € R, we define the Sobolev space H*(R%) by
HRY = {ue ' RY : (¢)*u e L* (R},
equipped with the following scalar product

wo)ne = [ (OFATE U woe HR).

1. Prove that there exists a positive constant ¢ > 0 such that for all u € S(R?),

1/2 1/2
lull oo o) < el el aes)-

Hint: Considering R > 0, use the following decomposition

a — a% 2&%
HUMﬂm%-—jggR@H @><®~+/Q>R@><@ o

2. (a) Prove that if s > d/2, the space H*(R?) embeds continuously to C°,(R%), the space of
continuous functions u on R? satisfying u(z) — 0 as |z| — +oo0.

(b) State an analogous result in the case where s > d/2 + k for some k € N. Deduce that
Neer H*(RY) C C2(RY).

EXERCISE 7. Let us consider the function
Yo 1 p(a,xq) € Cgo(Rd) = p(r',xg =0) € Cgo(Rdfl).

Prove that for all s > 1/2, the function 7 can be uniquely extended as an application mapping
HS(Rd) to Hs—l/Q(Rd—l).
Hint: For all ¢ € Cgo(Rd), begin by computing the Fourier transform of the function voo.



