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TD 9: PSEUDO-DIFFERENTIAL OPERATORS

EXERCISE 1.

1. Let L = },<p aa(2)07 be a differential operator of order m > 0 with smooth and fast
decaying coefficients a, € C>®(R%). Prove that for all u € ¥ (R%),

(L)@) = gy [ €Cate a0, e RS
where the symbol «a is defined by
a(@,&) = Y aa(@)(i0)*, (2,6 e R*.

laf<m

2. For all ug € LQ(Rd) and t > 0, we set e'®ug as the semigroup solution at time t of the heat
equation

Ou—Au =0  on (0,+00) x R,
u(0,-) = up on R%

Prove that for all ¢ > 0, the evolution operator et®

the expression of its symbol.

3. Let m € R and A € Op(S™). Prove that there exists a unique a € S™ such that Op(a) = A.

is a pseudo-differential operator and give

EXERCISE 2. Let a € ™ be a symbol of order m € R.
1. We denote by [Op(a), 9;,] the commutator between the operator Op(a) and the partial deriva-
tive d;; with respect to z;. Prove that [Op(a),ds,] is also a pseudo-differential operator and
compute its symbol as a function of a.

2. Same question with [Op(a), z;], where x; stands for the multiplication by x;.

EXERCISE 3.

1. Let m € R and a € S™. Prove that for all s € R, there exists a positive constant ¢; > 0 such
that

Vu e S(RY), || Opla)ullmgs < csllul gasm.
Hint: Any operator in Op(S°) is bounded in L*(R?).
2. Let my,ms € R and a1 € 8™, as € §™2. Check that

Op(a1),Op(a)] ~ Op ( far,az) ) € Op(s™ #7=2),

where {a1, a2} stands for the following Poisson bracket

{al, CLQ} = V£a1 . ang — anl . Vgag.



EXERCISE 4. Let m € R and a € S™.

1. Assume that there exists b € S™" such that Op(a) Op(b) — I € Op(S~™>°). Prove that there
exist R > 0 and ¢ > 0 such that

(1) V(z,8) €R*™, €] > R = la(x,&)| > (&)™
Hint: Begin by checking that ab—1 € S~1.

2. Let us now assume that the symbol a satisfies the condition (1). We aim at proving that there
exists a symbol b € ST such that Op(a) Op(b) — I € Op(S~—>°). The operator Op(d) is called
a parametriz of the operator Op(a). To that end, we will construct a sequence of symbols
(bj); such that b; € S~™J and

Vn>0, af(bg+---+b,)—1ec8S L

(a) Let F' € C*°(C) such that F(z) = 1/z when |z| > ¢. We set

bo(z,€) = @F(a@,am—m), (2,€) € R¥.

Prove that by € S~ and that afibg —1 € S~
(b) Construct then the other symbols b; and conclude by using Borel’s summation lemma.
(c) Check that we also have Op(b) Op(a) — I € Op(S™°).

(d) Application: Prove that for all s,¢ € R, there exist some positive constants as,bs; > 0
such that

(2) Vue SR, lullgsem < asll Op(a)ulls + bsellul -

EXERCISE 5. Let m € R and a € S™ be a symbol satisfying that there exist ¢, R > 0 such that
¥(2,6) €R*, [¢] > R = Rea(w,€) > ()™
1. Prove that there exists r € S™~! such that

Vu e £(RY), Re(Op(a)u,u)r2 = (Op(Rea)u, u) 2 + (Op(r)u, u).

2. Prove that for all # € S™~!, there exists a positive constant ¢ > 0 such that
Yu € SR,  [Op(F)u,u) 2] < cflullFon )2
3. Prove that there exists b € S™/2 which is elliptic in the sense that (1) holds with m/2, and
such that Op(Rea) — Op(b)* Op(b) € Op(S™~1).
4. Check that there exist ¢g, ¢; > 0 such that

Yu € #(RY), Re(Op(a)u,u)z + cil[ulfm-1z = collullfms-

Hint: Use the estimate (2) with the operator Op(b).
5. Prove finally that for all s € R, there exist some positive constants as, bs > 0 such that

Yu e S (RY), Re(Op(a)u,u)pz + as|ulfrs 2 bsllulFme-

Hint: When s < (m—1)/2, use Young’s inequality with the exponents p = 2(m—2s)/(m—2s—1)
and ¢ = 2(m — 2s).



